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PREFACE. 



Geometry is the science best adapted to the develop- 
ment of the faculties of the student in deductive reasoning. 
Among the invaluable results of successful work in this sub- 
ject are the habit of forming distinct conceptions and the 
power of continuity in thought and speech. The knowl- 
edge, moreover, to be acquired by its study is of the highest 
importance, not only in the pursuit of allied sciences, but 
also in many useful arts and industries. 

A prominent feature of this text-book is its strict adher- 
ence to the principle of association. Each book treats of 
one subject, and each section treats of one subdivision of 
the subject. The student will thus not only acquire more 
distinct and more general concepts, but his memory will 
have the full benefit of the operation of the laws of asso- 
ciation of thought. 

Another and perhaps the leading feature of the book is 
the system of graded exercises. A body of work is here 
presented in a form rendered possible only by the grouping 
of propositions. At the end of each section miscellaneous 
exercises, thoroughly assorted and graded, are presented in 
such order that their successive solution causes a constant 
growth in the power of thought, analytic and synthetic. A 
synopsis of each book precedes the book itself, to encourage 
students to work independently of the demonstrations given 
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in the text. The entire volume thus becomes one complete 
set of graded exercises. 

The miscellaneous exercises in Books II., III., and IV. 
are not only assorted and graded in kind, but they are 
graded into three degrees of difficulty. The second grade 
of exercises may be reserved for review, and the third 
grade for subsequent review, or examination. 

Teachers desiring a shorter course may omit not only 
many of the exercises, of which there are more than nine 
hundred, but also some of the more difficult sections of the 
several books. The books themselves, moreover, should be 
treated as sets of exercises, and it will be found that several 
propositions, in some cases, may be assigned for a single 
lesson. To a student, thus, that has mastered Book II., 
the propositions of Book III. will prove to be easy exercises, 
of which several may form but one lesson. 

The subject of proportion is developed in Book V., and 
this being the basis of mensuration, it is immediately fol- 
lowed by two books on the application of proportion to the 
mensuration of plane figures. 

In the treatment of each part of the work, the induct- 
ive method, now in general use by successful teachers in 
more elementary studies, has been employed. While the 
approaches to the subject are thus rendered more agree- 
able, the author has been conservative in retaining, so far as 
possible, the usual phraseology of propositions and a whole- 
some rigor in demonstration. 

At the end of several books, general scholia are given, not 
as an essential part of the volume, but as matter of interest 
to the more advanced student. 

In the presentation of propositions, the several parts are 
distinctly named : Theorem or Problem, Statement, Con- 



PRE FA CE. 



struction, Demonstration, and Conclusion. The student thus 
becomes familiar with the proper sequence, and loses no 
time in finding any desired part of a proposition. The im- 
portant language lessons, moreover, involved in the study of 
Geometry are not marred by disjointed sentences and irreg- 
ular typography ; but the entire text, with the exception of 
the theorems or problems, is printed in ordinary type. 

The attention of teachers is called to the Table of Con- 
tents and to the headlines — the one much the same as the 
other. The student may thus readily find any desired sub- 
ject, and know at a glance to which part of the book he may 
have opened. 

It will be noted that a definite plan is followed with 
respect to diagrams. Lines mentioned in the statement are 
solid Imes, unless planes intervene ; while additional lines, 
mentioned in the construction^ are dotted lines. The solid 
lines, moreover, represent that which is given, primary lines 
being heavier than secondary lines. 

In Solid Geometry, the diagrams are drawn with full 
regard to perspective. Throughout the volume, the dia- 
grams and demonstrations are invariably in full view of 
each other. 

As different purposes are served in teaching Geometry and 
Algebra — two distinct forms of mathematical thought — the 
author, so far as possible, has pursued the methods pecu- 
liar to Geometry. A large number of numerical exercises 
will be found distributed throughout the volume. 

Criticisms and suggestions will be gratefully received. 

SETH T. STEWART. 
Brooklyn, June 23, 1891. 
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NOTE. 



Abbreviations and symbols may be used in written reci 
tation, by the student, as follows : 

-L, perpendicular ; z , angle ; 

JjSy perpendiculars ; Zs, angles ; 

I , parallel ; L, right angle ; 

||s, parallels ; Ls, right angles. 



A , triangle ; 
AS, triangles ; 
o, parallelogram ; 
□s, parallelograms ; 



O , circle ; 
Os, circles ; 
^, arc ; 
'^s, arcs. 



+ , plus; 

— , minus ; 

X , multiplied by ; 

-^, divided by ; 

•/, since ; 



= , equals, ^r, is equal to ; 

O, is equivalent to ; 

>, is greater than ; 

<, is less than ; 

.'. , therefore ; hence. 



Quod erat demonstrandum ((^. E, Z>.), which was to be 

proved. 
Quod erat faciendum {Q. E. E,)^ which was to be done. 



ELEMENTS OF GEOMETRY. 



INTRODUCTION. 



RULE AND COMPASS.* 



1. Exercise L PVM points : i. Place several dots on the 
blackboard, paper, or slate, representing as many points. 



*H -9 'tf 



'8 -10 '12 

I. Name the points, as the point / or the point 2, the point Af or the 
point 0, etc. 2. Where are points G, H, 9, and 12 ? 3. What 
has every point ? Has il length, breadth, thickness, or only posi- 
tion ? The dots have size, but the points have neither length, 
breadth, nor thickness. They have position only. 

2. Indicate two points on the writing surface, as the 
points / and 2. 

I. As each point has position, so any two points have relative posi- 
tion. 2. With one end of the rule on the point 8, direct the 
other end toward the point / /. 3. With one end of the rule 
on the point / /, direct the other end toward the point 8. 4. 
What name shall be given to the relative position of two points ? 
What is meant by direction? 



*The exercises under Rule and Compass, preceding sections of the 
first few books, are intended to develop ideas subsequently embodied in 
definitions and, also, to enable the student to make correct constructions 
of required figures. 
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2. Exercise II. With lines: i. Between any two points 
draw several lines, as between the points 
/ and 3. 

I. What has each line besides position and 
direction ? 2. Are the lines of equal 
length? 3. What is, then, the peculiar 
property of lines? Length. 4. The 
marks have breadth, but the lines are 
supposed to have no breadth. 

2. Indicate any two points, as the points / and 4, and, 
placing the ruler so that the two points are against the 
same edge, draw a line from the one point to the other : 
viz., the line 1a4; draw also other lines /, 
between / and 4, as 7 b 4, and 1 c 4. 

I. What kinds of lines are the different lines 
thus drawn ? 2. Which of the lines is 
made without change of direction ? 3. 
What kind of a line is it ? 4. Which line 
is a straight line? 5. Which line might 
be called a crooked line, and which a 
curved line ? 6. Which line seems to be made with irregular 
changes of direction ? 7. Which line seems to be made with 
regular changes of direction ? 

3. Draw a straight line between any two points. 

I. Draw, if possible, a shorter line between the same two points. 
2. Which line, then, is the shortest line that can be drawn 
between any two points? 

4. From one point to another, or from one point in the 
direction of another point, draw a straight line. 

I. Draw, if possible, another straight line, either {a) between the 
same two points, or {b) from the one point in the direction of 
the other point. 2. II ow many straight lines can be drawn 
between the same two points ? 3. How many straight lines can 
be drawn fr.m one point in the direction of another point? 4. 
What will determine, then, the directions of a straight line? 




RULE AND COMPASS. 



5. By using the rule, and also by using the compass or 
dividers, compare the lengths of any two straight lines. 

A 



B 



6*- 



•*-^ 



1 — r 




I. Is the line f( or the line L, the longer, by the compass and by the 
rule ? 2. How long is the line IC ? How long is the line L ? 
3. Show by the dividers that two of the lines on this page are 
equal. 4. Show by the rule that two other lines are equal. 

6. By the dividers, lay off one line on another, or take a 
part of one line equal to another line. 

I. From 6 lay off ^ 5 on the line 6 7. What part of the line does it 
cover ? 2. Lay off the same line on 5 7 from 7. 3. In 4 7 
take any point 3, and cut off a part of 5 7 equal to 3 4. 

3. Exercise III. With angles: i. Draw a straight line 
from any point in any direc- 
tion, and from the same point 
draw a straight line in any ^' 
other direction. ^^^ 





I. What name shall be given to 
the difference of direction 
between two straight lines 
that meet ? 2. What is an angle ? 3. Where is the angle abc ? 
cba? d ? 1 ? 4. Make a number of angles and indicate 
their names in different ways. 5. Point to different angles in 
the structure of the recitation room, furniture, etc. 

2. From any given point, draw a number of straight lines. 

I. Indicate all the angles thus made at the given point. 2. How 
many angles can be made at a given point ? 
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DEFINITIONS. 



4. A point is that which has position only. 

5. Direction is relative position of points. 

From one point toward a second point is one direction ; from the 
second point toward the first point is the opposite direction. 

6. An angle is a difference of direction. 

7. A line is that which has length, but not breadth, or 
thickness. 

It has also position and directions. 

S. A straight line is a line that does not change its direc- 
tions at any point ; it has but two directions, each the oppo- 
site of the other. 

9. A broken line is a line made up of several straight 
lines, no one of which has the directions of any adjoining 
line. 

All points lying in the same two directions are said to be collinear. 



10. A surface is that which has length and breadth, but not 
thickness. 

The edges of a box are lines ; and the sides of the box are surfaces. 
Point out some surfaces in the school-room. 

11. A plane or a plane surface is a surface such that, if 
any two of its points are joined by a straight line, that line 
will lie wholly in the surface. By the use of a straight edge, 
a surface may be found to be plane ^ or curved^ or it may be 
found to be a roughs or irregular^ surface. 

13. A plane angle is an angle in a plane. It is the differ- 
ence in direction between two straight lines that meet, or 
that may meet, in a plane. 
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13. The vertex of a plane angle is the point at which the 
lines meet. 

14. A plane figure is a portion of a plane bounded by 
lines. 

The figures of the first seven books in this volume are all assumed 
to be plane figures. 

1ft. A solid is that which has length, breadth, and thick- 
ness. The space, rather than the substance occupying the 
space, is intended. 

16. Geometry is the science of space ; it treats of solids, 
surfaces, figures, lines, angles, and points. 

17. Solids, surfaces, figures, lines, and angles are called 
geometrical magnitades. 

18. A proposition is that which is offered for consider- 
ation. 

The parts of a proposition are the following : i . Theorem or Prob' 
lem ; 2. Statement; 3. Construction; 4, Demonstration; 5. 
Conclusion; 6. Corollaries; 7. Scholium. In addition, there 
may be a discussion of the limiting conditions. In general, how- 
ever, a proposition is divided into the first five parts. 

19. A theorem is an assertion to be proved. 

Every theorem consists of two parts : (i) Hypothesis ^ or condition ; 
and (2) Conclusion. 

20. If the conclusion of one theorem is used as the condi- 
tion of another, the condition of the first being the conclu- 
sion of the second, each theorem is the converse of the other. 

31. A problem is a question proposed for solution. 

3d. The statement announces the theorem or problem with 
respect to some special figure. 

33. The construction is the drawing of additional lines or 
figures used in the proposition, or the placing of figures in 
any desired position. 
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34. The demonstration or proof is the formal course of 
reasoning used to establish the truth of a proposition. 

25. The conclusion is the final announcement of a theorem 
as proved, or of a problem as solved. 

26. A corollary is an obvious consequence of a propo- 
sition. 

27. A scholium is a remark on one or more propositions. 

AXIOMS.* 

2§. An axiom is a self-evident truth ; as, 
Axiom I. Things equal to the same thing are equal to 
each other. 

It follows, that : a. Things equal to equal things are equal to each 
other, b. Things that may coincide in all their parts are equal 
to each other, c. Things that are equal may be substituted, in 
expressions of extent, one for the other. 

Axiom n. The whole is equal to the sum of all its parts. 
The whole is, therefore, greater than any of its parts. ^^^\ 

Axiom III. Equals added to equals give equals. 
Axiom IV. Equals subtracted from equals give equals. 
Axiom V. Equals multiplied by equals give equals. 
Axiom VI. Equals divided by equals give equals. 
Axiom VII. Equal powers of equals are equals. 
Axiom Vni. Equal roots of equals are equals. 

POSTULATES.* 

39. A postulate is a self-evident problem ; as. 

Post I. One straight line, and only one, can be drawn 

between any two points. 

Post. n. A straight line is the shortest line that can be 

drawn between any two points. 

* For additional axioms, see p. 75 ; for additional postulate, p. 23. 



BOOK I.— STRAIGHT LINES AND ANGLES. 



SYNOPSIS.* 

SECTION I.— SUPERPOSITION. 

30. I. Propositions. 

Prop. I. Problem : To make two straight lines coincide in direction. 
Prop. II. Problem : To make two equal straight lines coincide in 

position. 
Prop. III. Problem : To make two equal angles coincide. 
Prop. IV. Problem : To make two equal angles and respectively 

equal sides coincide. 

Prop. V. Problem : To make two angles and the included side of 
one figure coincide with respectively equal angles and the 
included side of another figure. 

2. Miscellaneous Exercises. 

SECTION II.— ANGLES. 

31. I. Definitions. 
2. Propositions. 

Prop. VI. Theorem : If one straight line meets another straight 
line at a point not an extremity, the sum of the adjacent angles 
is equal to two right angles. 

Prop. VII. Theorem : If two straight lines intersect, the vertical 
angles are equal. 



* A statement of the theorems and problems is given at the beginning 
of the respective books, not only for purposes of review, but so that 
students may, if possible, be induced to make demonstrations of their 
own without the assistance of the demonstrations in the text. 
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Prop. VIII. Theorem : If two straight lines meet a third straight 
line at the same point, making the sum of the contiguous angles 
one each side of the third straight line equal to two right angles, 
the two lines that thus meet form one and the same straight line. 

Prop. IX. If two straight lines, on opposite sides of a third straight 
line, meet at a point in that line making the vertical angles 
equal, the two straight lines that thus meet form one and the 
same straight line. 

Prop. X. If two straight lines intersect, making one of the angles 
at the point of intersection a right angle, the three other angles 
will also be right angles. 



SECTION III.— PERPENDICULAR LINES. 

33. I. Definitions. 
2. Propositions. 

Prop. XI. Theorem : From a given point on a straight line, only 

one perpendicular to that line can be erected. 
Prop. XII. Theorem : From a given point without a straight line, 

only one perpendicular to that line can be drawn. 
Prop. XIII. Theorem : If two straight lines are perpendicular to 

the same third straight line, they are parallel. 
Prop. XIV. Theorem : A straight line perpendicular to one of two 

parallel straight lines is also perpendicular to the other. 
Prop. XV. Theorem : If a straight line is perpendicular to another 

straight line at its middle point, it is everywhere equally distant 

from the extremities of that line. 

'K. Miscellaneous Exercises. 



SECTION IV.— PARALLEL LINES. 

33. I. Definitions. 
2. Propositions. 

Prop. XVI. Theorem : If two parallel straight lines intersect a 
third straight line, the alternate angles are equal. 

Prop. XVII. Theorem : If two parallel straight lines intersect a 
third straight line, the opposite exterior and interior angles on 
the same side are equal, and the two interior angles on the same 
side are together equal to two right angles. 
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Prop. XVIII. Theorem : If two straight lines intersect a third 

straight line, making the alternate angles equal, the two straight 

lines are parallel. 
Prop. XIX. Theorem : If two straight lines are parallel to the 

same third straight line, they are parallel to each other. 
Prop. XX. Theorem : Angles made by straight lines extending in 

respectively the same parallel directions are equal. 



SECTION v.— OBLIQUE LINES. 

34. I. Definitions. 

2. Propositions. 

Prop. XXI. Theorem : A perpendicular is the shortest line that can 
be drawn from a given point to a given straight line. 

Prop. XXII. Theorem : If a perpendicular and oblique lines are 
drawn from a given point to the same straight line, any two 
oblique lines, meeting the given line at points equally distant from 
the foot of the perpendicular, are equal. 

Prop. XXIII. Theorem : If from a given point without a straight 
line a perpendicular and several oblique lines are drawn to 
that line, of two oblique lines that meet the given line at differ- 
ent distances from the foot of the perpendicular, the one that 
meets the given line at the greater distance is the longer line. 

Prop. XXIV. Theorem : If two oblique straight lines drawn from a 
given point to a given straight line are equal, they meet the given 
line at points equally distant from the foot of the perpendicular 
drawn from the same point to the same straight line. 

Prop. XXV. Theorem : If two oblique straight lines from the same 
point to the same straight line are unequal, they meet the given 
line at points unequally distant from the foot of the perpendic- 
ular from the same point to the same straight line ; and the 
longer line meets the given line at the greater distance from the 
foot of that perpendicular. 

3. Miscellaneous Exercises. 



GENERAL SCHOLIA. 
35* I. The Theory of Loci. 2. The Science of Geometry. 
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SECTION L— SUPERPOSITION. 

Proposition I. 

36. Problem : To make two straight lines coincide 
in direction. 

H 
C- 

A ^"^^ B 



Statement : Let A B and C / be any two straight lines. It 
is required to make them coincide in direction. 

Gonstmction : Place any point of the line C I, as the point 
C, upon any point in the line A B, as the point A, and then 
move CI until some other point, as H, falls on A B, as at E ; 
that is, cause the lines to have two points in common. 

Demonstration : At A and E, the lines coincide, by construc- 
tion. Between A and £, the two lines coincide ; for between 
two points only one straight line can be drawn. (Post i.) 
Beyond A and E, the lines coincide in direction ; for, if they 
do not, they must at some point separate, taking different 
directions, as E F and E B, If they separate, one line or the 
other must change its directions. Both lines, however, are 
straight lines, and no straight line can change its directions. 
(Def.) The lines then coincide in direction beyond the points 
A and £. They must, therefore, coincide throughout in 
direction. 

Conclnsion : A B and C I being any two straight lines, it fol- 
lows, in general, that : Any two straight lines may be made 
to coincide in direction by being made to have two points in 
common. 
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Proposition II. 

37. Problem : To make two equal straiglU lines 
cmncide in position. 



Statement : Let the lines / 2 and 5 4 be any two equal 
straight lines. It is required to make them coincide in position. 

Gonstmction : Place the line / 2 upon the line 3 4, so that 
the point / shall fall upon the point 3, and so that the line 
/ 2 shall take the direction of the line 3 4 (Prop, i.) ; that is, 
so that two terminal points shall coincide, and the lines shall 
have the same direction. 

Demonstration : The point / having fallen upon the point 
3, and the line / 2 upon the line 3 4, the point 2 will fall 
somewhere in the line 3 4. (Prop, i.) If the line / 2 were 
shorter than the line 3 4, the point 2 would fall short of the 
point 4. If the line / 2 were longer than the line 3 4, the 
point 2 would fall beyond the point 4. As the line / 2 is 
neither shorter nor longer than the line 3 4, the point 2 falls 
neither to the one side nor to the other of the point 4, but 
upon that point. 

Conclusion : / 2 and 3 4 being any two equal straight lines, 
it follows, in general, that : Any two equal straight lines may 
be made to coincide in position by placing two extremities 
together, and making the lines coincide in direction. 
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Proposition III. 
S§. Problem : To make two equaZ angles coincide. 





Statement : Let H A E and C BF h^ any two equal angles. 
It is required to make them coincide. 

Gonstrnction : Place the angled upon the angle A, so that 
the point B shall fall upon the point A, and the line B C shall 
take the direction of the line AH (Prop, i.) ; that is, so that 
the vertices coincide in position and two of the sides coin- 
cide in direction. 

Demonstration : By construction, B has fallen on A, and B C 
has fallen on A H. If the angle B were greater than the angle 
A, the line ^F would fall beyond the line A E. If the angle B 
were less than the angle A, the line 5 F would fall within the 
angle A. As the angle B is neither greater nor less than the 
angle A, the line B F falls neither to the one side nor to the 
other, but on the line A E ; and the two angles, then, coin- 
cide. 

Conclusion : The angles H A E and C BFhomg any two equal 
angles, it follows, in general, that : Any two equal angles may 
be made to coincide by placing one upon the other, so that 
the vertices coincide in position, and two of the sides coin- 
cide in direction. 
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Proposition IV. 

39. Problem : To make two equal angles and respec- 
tively equal sides coincide. 





Statement : The angles 2 and 5 are equal, the side 2 1 
equals the side 5 4, and the side 2 3 equals the side 5 6. It 
is required to make the respectively equal parts coincide in 
position, — 2 with 5 ; 2 3 with 5 6 ; and 2 1 with 5 4. 

Construction : Place the angle 2 upon the angle 5 so that 
the vertex 2 shall fall upon the vertex 5, and the side 2 3 upon 
the side 5 6. 

Demonstration : Since the point 2 falls upon the point 5, 
and the line 2 3 upon the line 5 6, as 2 5 equals 5 6, the point 
3 falls upon the point 6. (Prop, ii.) As the angle 2 is equal 
to the angle 5, the side 2 1 falls upon the side 5 4. (Prop. 
III.) As 2 / is equal to 5 4, the point / falls upon the point 4. 
(Prop, ii.) The respectively equal parts have thus been 
made to coincide in position. 

Conclusion : The angles 2 and 5 being any two equal angles 
with sides equal, each to each, it follows, in general, that : 
Any two equal angles and their respectively equal sides may 
be made to coincide by placing one upon the other, so that 
the vertices coincide in position and two of the sides coin- 
cide in direction. 
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Proposition V. 

40, Problem : To make two angles and the included 
side of one figure coincide with respectively equal, 
angles and the included side of another figure. 

1 







Statement: The figures / and 2 have the straight lines A B 
and EF equal, the angle A equal to the angle E, and the angle 
B equal to the angle F. It is required to make £ F coincide 
with A B, the angle E with the angle A, and the angle F with 
the angle B. 

Construction : Place the figure 2 upon the figure /, so that 
the point E shall fall upon the point A, and the line £F shall 
take the direction of the line A B. (Prop, i.) 

Demonstration : Since the angle E equals the angle A, the 
line EG coincides with the line A C. (Prop, hi.) Since the 
line ££ equals the line A B, the point F falls upon the point B: 
(Prop, ii.) Since the angle F is equal to the angle B, the line 
FAT coincides with the line B H. (Prop, hi.) 

Conclusion : / and 2 being any figures with corresponding 
parts equal, it follows, in general, that : The equal parts of 
figures may be made to coincide by placing the one figure 
upon the other, so that an extremity of a given line in the 
one figure shall coincide in position with the corresponding 
point in the other figure, and so that two corresponding 
Jin^s drawn from these points shall coincide in direption, 
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Corollary L Two points determine a straight line. 

Corollary II A point and a direction determine a straight 
line. 

Corollary HI. The two terminal points determine the posi- 
tion and extent of a straight line. 

Corollary IV. Two straight lines can have but one point in 
common. 

Scholium. The principle of superposition is of much impor- 
tance, as it provides the ultimate test of the equality of 
geometrical magnitudes. 



MISCELLANEOUS EXERCISES. 

41. I. Explain how the edges of two rules or splints of 
equal length may be made to coincide in direction. 

2. How may the edges of two rules of equal length be made 
to coincide in position, as nearly as possible ? 

3. Cut out of paper two equal angles, and explain how they 
may be made to coincide as nearly as possible in position. 

4. Cut out of card-board two equal angles with sides 
respectively equal. Letter the sides, and explain how the 
angles and sides may be made to coincide. 

5. In how many ways may a line be named ? 

6. Make any angle, and name it in three different ways. 

If there are three letters in the name of the angle, read the letter at 
the vertex between the two other letters. 

7. Point to any plane figures in the various surfaces in the 
school-room, and indicate the angles. 

8. Construct a number of angles, and name them. How 
many angles may be made at any one point ? 



i6 
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SECTION II.— ANGLES. 



b 




S 



DEFINITIONS. 

43. Adjacent angles are angles formed by one straight 
line meeting another straight line at a point not an extrem- 
ity. If the two adjacent angles are equal, each is a right 
angle ; and each line is perpendicular to the other line. 

43. An angle that is not a right angle is an oblique angle. 

44. An obtuse angle is an angle greater than a right 
angle, as the angle 7. 

45. An acute angle is an angle less than a right angle, as 
the angle 8. 

46. A complementary angle, or the complement of an angle, 
is the angle, which, added to a given angle, makes the sum 
equal to one right angle. 

47. A supplementary angle, or the supplement of an angle, 
is the angle, which, added to a given angle, makes the sum 
equal to two right angles. 



RULE AND COMPASS. 





48. To make an angle equal to a given angle. 
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Placing one point of the dividers on a, the vertex of the 
given angle, extend the pencil point of the dividers to any 
distance, and describe an arc (or curve), as 6 c, between the 
two sides of the given angle. With the stationary point of 
the dividers on f, the given point on any given straight 
line, and the same distance between the points, draw an arc 
e g, of indefinite length, from the given line. 

Measure with dividers from 6 to c, and cut off an equal 
portion, e h, of the arc e g. Draw f h ; it makes the angle f 
equal to the angle a. 

49, To construct an angle equal to the sum of two angles. 





Let a and b be the given angles, and let c e be any straight 
line. It is required at the point c to construct an angle 
equal to the sum of the angles a and 6. 

With any distance between the points of the dividers, 
draw the arcs / and 2, and with the same distance an arc f g, 
of indefinite length. 

On the arc f g measure with the dividers a part, /, equal 
to /, the arc of the angle a, and 
beyond this, 7, equal to 2. Draw the 
line c b. The angle / c 6 is equal to — "fL/ 
the sum of the angles a and 6. / / "^ 

50, To construct an angle equal to 
the difference of two angles. 

In the greater angle, a, construct an angle, 2, equal to the 
smaller angle, 6. The angle / is the required difference. 
2 
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Proposition VI. 

51. Theorem : If one straight line meets another 
straight line at a point not an extremity , the sum of 
the adja^^ewt angles is eqtuU to two right angles. 




•H 



B 



Statement : If the straight line A B meets the straight line 
C H at B, any point oi C H not an extremity, the sum of 
the angles ABC and AB H is equal to two right angles. If 
AB were perpendicular to CH, demonstration would be un- 
necessary. The angles would be right angles, by definition. 

Constraction : If >l ^ is not perpendicular to C H, draw B E 
perpendicular to C /^ at the point B. 

Demonstration : By construction, 

CB£ + £BH = 2 right angles ; 
but, EBH =: EBA + ABH; (Axiom II.) 

therefore, (?i?£ +EBA+ABH=2 right angles ; (Axiom i.) 
but, CBE + EBA = ABC; (AxiOM ll.) 

therefore, ABC -\- ABH = 2 right angles. (Axiom i.) 

Conclusion : A B being any straight line, meeting C H, any 
other straight line, at a point not its extremity, it follows, in 
general, that ; If one straight line meets, etc. 
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Corollary I. The sum of all the angles that can be made 
on the same side of a straight line, at any point in the line, 
without repetition, is equal to two right angles. 

Corollary II. The sum of all the angles that can be made 
about a given point, without repetition, equals four right 
angles. 



Proposition VII. 



$3. Theorem : If two straight lines intersect, the 
vertical angles are equcU, 

Statement: Let the straight lines 
/ 2 and 3 4 intersect at the point 5. 
The angle A is to be proved equal to 
its opposite or vertical angle B, and 
the angle C to its opposite or vertical 
angle £. 

Demonstration: The angle A plus 
the angle C equals two right angles ; 

also, the angle C plus the angle B equals two right angles. 
(Prop, vi.) Therefore, 

A + C = C + B. (Axiom i.) 

Subtracting the angle C from both members of the equation, 

A = B. (Axiom iv.) 

In similar manner, the angles C and £ may be proved equal. 

Concliudoii : / 2 and 3 4 being any two intersecting lines, etc. 




Angles with a common vertex are contiguous, if they lie on opposite 
sides of one straight line ; and vertical^ if they lie on opposite 
sides of two straight lines. Adjacent angles are supplementary 
contiguous angles. 
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Proposition VIII. 

53. Theorem : If two straight lines meet a third 
straight line at the same point, making the sutn of the 
contiguous angles, one each side of the third straight 
line, equal to two right angles, the two lines that thus 
meet form (me and the satne straight line. 

Statement : Let the two 
straight lines CB and H B 
meet the third straight line 
A B dX the point B, making 
>1 ^ C plus >1 ^ // equal to two / __-"""" 

right angles. It is to be ^^ B ^ 

proved that C B and H B are one and the same straight line. 

Gonstmction : li B H \s not the continuation of C B, extend 
C B to £, making C B £ a. straight line. 

Demonstratioii : If C ^ £ be a straight line, 

ABC + ABE=2 right angles. (Prop, vi.) 

By hypothesis, ABC-{-ABH=2 right angles. 

Then, A B C + A B E — A B C -{^ AB H ; (Axiom i.) 

but, A B C = A B C ; therefore, 

by equal subtractions, A B E — ABH. (Axiom iv.) 

This, however, is absurd, as 4 5 £ is only a part oi AB H, and 
a part cannot be equal to the whole. (Axiom ii.) 

The supposition that leads to an absurd conclusion must 
be abandoned. B H is, then, the continuation of C B, and 
they are one and the same straight line. 

Gondasion : ' C B and B H being any two straight lines meet- 
ing A B, any third straight line, at the same point, etc. 
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Proposition IX. 

54. Theorem: If two straight lines on apposite 
sides of a third straight line meet at a paint in that 
line, making the vertical angles equal, the two straight 
lines that thus m^et form, one and the same straight 
line. 

^^ 

— a 




Statement: £C and FC meet 4a on opposite sides at C, 
making ECB equal to ACT. Prove that C £ and C F form one 
and the same straight line. 

Constrnctioii : If ^ £ is not the continuation of C F, extend 
FC to G. 

I>emoiistration : If £^ a be a straight line, G C B \s equal to 
ACF, because they are opposite, or vertical angles. (Prop. 
VII.) ECB, which is, by hypothesis, equal to AC F, must then 
be equal to GC B, as things equal to the same thing are equal 
to each other. (Axiom i.) £CB and GCB cannot, however, 
be equal, as the whole is greater than any of its parts. 
(Axiom ii.) The supposition that C£ is not the extension of 
FC should, then, be abandoned. C E and FC must form one 
and the same straight line. 

Conclnsion : C E and F C being any two straight lines on 
opposite sides of A B, any third straight line, meeting at any 
point C, in A B, so as to make the vertical angles equal, it fol- 
lows, in general, that : If, etc. 
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Proposition X. 

55. Theorem : If two straight lines intersect, mak^ 
ing one of the angles at the point of intersection a right 
angle, the three other angles tviU also he right angles. 



a. 



4 



J) 



\B 

Statement t A B and C D intersect, making one of their 
angles, as the angle /, a right angle. Prove that the angles 
2, 5, and 4 are also right angles. 

Demonstration : The angles / and 3, being adjacent angles, 
are together equal to two right angles. (Prop, vi.) The 
angle / being a right angle, by hypothesis, the angle 3 is, 
then, also, a right angle. (Axiom iv.) The angles 2 and 4 
are opposite, or vertical, respectively, to the angles 3 and 
/ ; and they are, therefore, respectively equal to them. 
(Prop, vii.) As / and 3 are right angles, the angles 2 and 4 
must, also, be right angles. (Axiom i.) 

Conclnsion: A B and CD being any two straight lines, etc. 



Scholium. The angular space about any point in a plane is 
conceived to be divided into 360 equal parts, or degrees (°) ; 
each degree, into 60 equal minutes (') ; each minute, into 60 
equal seconds ("). Each right angle, then, contains 90°. 
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SECTION III.— PERPENDICULAR LINES. 

DEFINITIONS. 

56. Perpendicular lines are lines that meet or intersect so 
as to make the adjacent angles equal ; as / 2 and B 4. 




a 






6 



Either line is said to be perpendicular to the other. The adjacent 
angle is sometimes made by producing one of the sides. 

57. A right angle is an angle made by two lines that are 
perpendicular to each other ; as any of the angles at e or 0. 

Point to right angles in the structure of the room, the furniture, 
books, etc., and indicate the perpendicular 
lines. 

58. Lines that lie in the same plane, and 
that cannot meet, even if produced, are paral- 
lel lines; thus, a and 6 2X^ parallel lines. 

With any point in a fixed, any change, within the plane, in the direc- 
tions of a will cause one end to incline toward and the other end 
from b. 




59. Postnlate III. Through a given point only one straight 
line can be drawn parallel to a given line. 



For other postulates, see p. 6. 
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RULE AND COMPASS. 



60. To draw one line perpendicular to another : (i) From 
any point without the given line ; (2) from any point on the 
line ; (3) from the extremity of the line. 



:x 



^"-^ 






Z7i 



fX^ 



i 



cni 



V 



V 



ay 



b\ 



7f 



1. With one leg of the dividers at the given point, a, draw 
a curved line with the pencil at the other point of the divid- 
ers, so as to cut the given line in two points, 6 and c. With 
the same, or any other distance between the points of the 
dividers, and with the points 6 and c as centers (stationary 
points), draw two curves that shall intersect, as at /. Place 
either edge of the ruler against a and f, and draw a /. The 
straight line a ^ is perpendicular to the straight line 6 c. 

2. Place one leg of the dividers on a, and with the other 
leg measure off on the given line any two equal distances, as 
a b and a c. With h and c as centers, and any distance greater 
than a 6 between the points of the dividers, draw two arcs 
intersecting, as at /. With the ruler drawing a f, it is the 
perpendicular required. 

3. Take any point, a, without the given line. Open the 
dividers to the distance a f. Draw a curve intersecting the 
given line at 6. Draw 6 a, and produce it to cut the curve at 
c. Draw cf ; it is perpendicular to the given line at f, its 
extremity. 
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Proposition XL 

61. Theorem : From a given point on a straight 
line only one perpendicular to that line can be erected* 



H 



-B 



Statement : Let A B h^ any straight line, one of whose 
points is C. From C X^t C H be drawn perpendicular to A B. 

Construction : If possible, from the same point C, and on 
the same side of A B, let C £ be erected perpendicular to A B. 

Demonstration: If £C be perpendicular to A B, the angle 
£ CB is a. right angle ; and, as C // is perpendicular to A B, the 
angle //C^ is a right angle. (Def.) The angle ECB is, 
therefore, equal to the angle // C ^. (Axiom i.) This is ab- 
surd, for a part cannot be equal to the whole. (Axiom ii.) 
As the supposition that leads to an absurdity must be aban- 
doned, it is not true that from the same point C more than 
one perpendicular to A B can be erected. 

Gonclnsion: C being any given point on AB, any straight 
line, it follows, in general, that : From a given point on a 
straight line only one perpendicular to that line can be drawn. 
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Proposition XII. 

62. Theorem: From a given point without a 
straight line, only one perpendicular to that line can 
he drawn. 

Statement : Let >1 5 be a straight line, and let C be a point 
without it. Only one straight 
line, as CH, can be drawn from / 

C perpendicular to A B. / 



H 



B 



Constmctioii : If possible, let e/ 

C £, d, second perpendicular to 
A B, be drawn. Extend C H, mak- \ \ 

ing H F equal to CH, and draw \ | 

EF. \ 

Demonstration : The angles CHE and £HF are equal, each 
being a right angle. (Prop, x.) The sides about these 
equal angles are equal, by construction. The figure £HF 
may then be made to coincide with £ H C. (Prop, iv.) F 
having fallen on C, £ F will coincide with £ C. (Post, i.) 
The angles at £ are thus proved equal ; but C £ H is, by 
supposition, a right angle ; therefore, F£ H is a right angle. 
(Axiom i.) C £, £Fis, then, a straight line, as the adjacent 
angles at £ are together equal to two right angles. (Prop. 
viii.) This is absurd, for then there would be two straight 
lines between the same two points, C and F. (Post, i.) The 
supposition that two perpendiculars can be drawn must be 
abandoned. 

Conclusion : C being any point without A B, which is any 
straight line, it follows, in general, that : From, etc. 
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Proposition XIII. 

63. Theorem : if two straight lines are perpendie* 
tUar to the same third straight line, they are parallel. 



B 



Statement : Let the straight lines C H and £ F be each per- 
pendicular to the straight line AB, C H and £ F are to be 
proved parallel to each other. 

Demonstration: li C H and £Fare not parallel, they will 
meet on one side or the other of A B. If they meet, there will 
then be two perpendiculars drawn from the same point with- 
out a straight line to that line. This, however, is impossible. 
(Prop, xii.) The supposition that C H and E F are not par- 
allel must be abandoned. The lines C H and E F are, then, 
parallel to each other. 

Conclusion : C H and £ F being any two straight lines, etc. 



Exercises, i. The lines that bisect two adjacent angles are 
perpendicular to each other. 

2. What is the complement of 25° ? Of 37° 45' 59" }■ 

3. Find the supplement of 125°. Of 37° 45' 59". 
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Proposition XIV. 

64. Theorem : A straight line perpendicular to one 
of two pareUlel straight lines is also perpendicular to 
the other. 

K 

$ 



tt^ 



a. 



B 



Statement : FG and C E are parallel, and >1 ^ is perpendicu- 
lar to C E, one of the two lines. Prove that >1 5 is also per- 
pendicular to FG, 

Construction : If 4 5 is not perpendicular to FG. draw H K 
so that A B shall be perpendicular to H K dX A. 

Demonstration : If A/ ^ be perpendicular to AB, H K and C E 
are parallel, both being perpendicular to the line B A. (Prop. 
XIII.) FG is, however, by hypothesis, parallel to C E. There 
are, then, two straight lines, FG and H K, through the same 
point A, parallel to the same straight line C E ; but this is 
impossible. (Post, hi.) The supposition that >1 ^ is not 
perpendicular to FG must, then, be abandoned ; and it fol- 
lows that >1 ^ is perpendicular to F G. 

Conclusion : A B being any straight line perpendicular, etc. 



Corollary. Two straight lines, perpendicular each to one of 
two parallel straight lines, are themselves parallel. 
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Proposition XV. 

65. Theorem : if a straight line is perpendicular to 
another straight line at its middle point, it is every- 
where equoMy distant from the extrem,Uies of that line. 



Statement: Let the straight 
line ilTff be perpendicular to 
the straight line C H, at its mid- 
dle point B. Every point in 
A B, as P, is equally distant from 
C and H, the extremities of CH. 



/ 



A 
P 



\ 
\ 



Construction : Draw the lines 
PC and P H, representing the ^ B H 

distances of P from the points C and //. 

Demonstration : Fold the figure P B H on P B as an axis, so 
that it shall fall upon the figure P B C. Since the angle 2 is 
equal to the angle /, each being a right angle, the line B H 
coincides in direction with the line C B (Prop, hi.) ; and, 
since B H equals B C, the point H will fall upon the point C. 
(Prop, ii.) As the point H falls upon the point C, and the 
point P remains common, the straight lines P C and P H, the 
lines representing the distances of P from C and H, coincide 
in position, and they are, therefore, equal. (Post, i.) 

Since P is any point on the line A B, and it is equally 
distant from the extremities of C H, every point on the line 
4 ^ is equally distant from the extremities of C H. 

Conclusion : A B being any straight line, etc. 

The line >1 ^ is a bisectrix, as it bisects , or divides C H into two equal 
parts. 




30 BOOK L^STRAIGHT LINES AND ANGLES, 

Corollary L Every point without the bisecting perpendicular 
is unequally distant from the extremities of the given line, the 
distance between the given point and the extremity on the same 
side of the bisecting perpendicular being the less distance. 

If G is any point without the perpen- 
dicular, its distance from C, meas- 
ured on the straight line G C, is less 
than the distance measured on the 
broken line GA,AC (Post, ii.) ; or, 
substituting A B for its equal, A C, 
GC is less than GA, A B ; that is, 
GC is less than G B. 

Corollary IL If two points are each equally distant from 
the extremities of a given line, any line joining the two 
points will bisect the given line at right angles. 

Each of the two points must be in the bisecting perpendicular, and 
the two points together determine the perpendicular. Construct 
figures and illustrate. 

Corollary III. If a point is equally distant from the ex- 
tremities of a given line, any straight line joining it and the 
middle point of the given line is perpendicular to that line. 



MISCELLANEOUS EXERCISES. 

66. I. A straight line that bisects (divides equally) one of 
two vertical angles bisects also the other angle. 

2. A line drawn through the vertex of an angle, perpen- 
dicular to the bisectrix of the angle, makes equal angles with 
the sides of the given angle. 

3. Two straight lines, bisecting adjacent angles, are per- 
pendicular to each other. 

4. Bisect two adjacent angles and indicate all the angles 
that are complementary^ and all that are supplementary. 
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SECTION IV.— PARALLEL LINES. 






DEFINITIONS. 

67. Parallel lines are lines that lie in the same plane, and 
that cannot meet, even if produced. 

6§. A straight line that intersects or cuts one or more 
lines is called a secant ; it is also said to be a transversal ; 
thus, S H \s 2l secant, or transversal. 

A B and C K are parallel straight lines cut by the transversal S H. 

69. Adjacent angles are angles formed by one straight line 
meeting another straight line at a point not an extremity. 

The angles / and 2 are adjacent ; also, / and 3 ; 3 and 4 ; 4 and 2, 
etc. All adjacent angles are contiguous, but all contiguous 
angles are not adjacent. 

70. Opposite angles are any two angles, not adjacent, 
formed by one straight line intersecting one or more other 

straight lines. 

The angles 2 and 6, 3 and 7, 4 and 8, 1 and 5 are opposite angles. 
The angles / and 4 are opposite or vertical angles ; also, 2 and 
3; 5 and 8; & and 7. 
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71. Interior angles are the angles made by any two lines 
and that part of the transversal which is between the two 
lines. 

The angles 3, 4, 5, and 6 are interior angles. 

7a. Exterior angles are the angles made by any two lines 
and the parts of the transversal 
without^ or beyond^ the two lines. 

The angles 1,2, 7, and 8 are exterior 
angles, 

73. Angles on either side of the 
transversal are said to be angles on 
the same side, as the angles 1,3,5, 
and 7; angles on different sides of the transversal are said 
to be angles on opposite sides, as the angles 3 and B, etc. 

74. In describing any two of the eight angles made by a 
secant cutting two parallel straight lines, note whether they 
are : (i) Adjacent or opposite; (2) interior or exterior; (3) 
on the same side or on opposite sides of the secant. Such 
angles are generally described with respect to these three 
points in succession. 

I. The angles / and 3 are adjacent exterior and interior angles on the 
same side ; / and 4- are opposite exterior and interior angles, on 
opposite sides ; / and 5 are opposite exterior and interior angles, 
on the same side, etc. 2. What are 2 and 6 ? 4 and 8 ? <9and 
7? 1 aind7 ? 1 and 8 ? 

75. Alternate angles are opposite interior angles, on opposite 
sides of the transversal ; as, 3 and S ; and, also, 4 and 5. 

In the figure, the lines A B and C K, extending on either side of the 
transversal, lie in the same parallel directions ; and, if one is 
supposed to extend on one side of the transversal, and the 
other on the other side, the lines lie, or extend, in opposite 
parallel directions. 2 = 50° ; ff = 50° ; 1 , 3, 4, 5, 7, 8 = ? 
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RULE AND COMPASS.* 

76. To draw one line parallel to another : (i) with a round 
ruler ; (2) with a rule and a compass. 

1. Place the round ruler in line with a b, the given line, and 
roll the ruler evenly to any distance, or against any given 
point, and then draw the required line against the edge of 
the ruler. 

2. Place one leg of the dividers on c. the given point, and 
find with the other leg the nearest point in the given line ; 





n  — i 



—6 

7 



lay off this distance from d, any other point in the given line, 

as in figure 2. Placing the ruler against c and the curved 

line last drawn, draw the re- 

3 
quired line ; or 

(Z 
3. As in figure 3, from any 

two points in the given line 

draw curved lines with the pen- 

cil point of the compass at the equal distances from the 

given lines ; and then draw the required line, by placing the 

ruler against the two curved lines thus drawn. 



* The exercises under Rule and Compass are intended to enable 
students to draw correctly the figures required in following sections. 
They are intended to serve a practical purpose, and may or may not 
involve more knowledge than the student has acquired. 
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Proposition XVI. 

77. Theorem : If two parallel straight lines inter- 
sect a third straight line, the alternate angles are 
equ€U* 



t 




Statement: Let the parallel straight lines 4 £? and C D inter- 
sect the third straight line £ F. The alternate angles / and 
2, or 3 and 4, are to be proved equal to each other. 

Construction : From G, the middle point of N H, the part of 
the transversal between the parallel lines, draw G L perpen- 
dicular to C D, and produce it to K. 

Demonstration: The angles at AT are right angles. (Prop. 
XIV.) The angles at G are equal, being vertical angles. 
(Prop, vii.) Turn the figure G M L upon the figure K G H, so 
that G remains common, and G L shall take the direction of 
G K. Since the angles at G are equal, G M will take the direc- 
tion of G H ; and since G M equals G H, M will fall on //. ML 
and H K, being perpendicular to G L and GK, must, then, coin- 
cide ; for, from a point without a straight line, only one per- 
pendicular can be drawn to that line. (Prop, xii.) 

As the figures coincide, the angles / and 2 are equal ; and 
as 3 and 4 are the supplements of these angles, they, also, 
are equal. (Axiom iv.) 

Conclusion : A B and C D being any two parallel, etc. 
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Proposition XVII. 

7§. Tbeorem : If two parallel straight lines inter- 
sect a third straight line, the opposite exterior and 
interior angles on the same side are equal, and the 
two interior angles on the same side are together equal 
to two right angles. 




Statement : A B and C D are parallel straight lines cut by 
the transversal E F. Prove that the opposite exterior and 
interior angles on the same side, as 2 and 6, are equal, and 
that the two interior angles on the same side, as 4 and 6, are 
together equal to two right angles. 

Demonstration : The alternate angles 3 and 6 are equal. 
(Prop, xvi.) The vertical angles 3 and 2 are equal. (Prop. 
VII.) The angles 6 and 2, being each equal to 3, are equal 
to each other (Axiom i.) ; that is, the opposite exterior and 
interior angles on the same side are equal. 

Since the angle 2 — the angle 6, 2 ■\- 4 = 6 -{- 4. (Axiom 
III ) The angles 2 and 4, being adjacent angles, are together 
equal to two right angles. (Prop, vi.) The angles 6 and 4 
must, then, together be equal to two right angles (Axiom 
I.) ; that is, the two interior angles on the same side are 
together equal to two right angles. 

Condiudon : A B and C D being any two parallel, etc. 
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Proposition XVIII. 

79. Theorem : If two straigJU lines intersect a third 
straight line, making the alternate angles equals tlie 
two straight lines are parallel. 

/E 



K^-"' 




Statement : A B and C D are straight lines, intersected by 
a third straight line, £ F. The angles AGH and GHD are 
equal. Prove that A B and C D are parallel. 

Gonstrnction : If >l ^ is not parallel to C D, through G draw 
AT L parallel to C D. 

Demonstration : If /T I be parallel to C D, the angle K G H is 
equal to the angle GHD, being alternate angles. (Prop. 
XVI.) By hypothesis, A G H \s> equal to G H D. AGH and /CGH, 
each being equal to GHD, must be equal to each other. 
(Axiom i.) This is absurd, as a part cannot equal the 
whole. (Axiom ii.) The supposition that A B is not parallel 
to C D is, then, false. A B is parallel to C D. 

Conclusion: AB and CH being any two straight lines inter- 
secting a third straight line, etc. 



Corollary I. If the opposite exterior and interior angles on 
the same side are equal, the lines are parallel. (Prop, vii.) 
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Corollary IL If the two interior angles on the same side 
are together equal to two right angles, the lines are parallel. 



Corollary III. If the exterior angle is greater than the 
opposite interior angle on 
the same side of a secant, 
the lines, if produced, will 
meet on that side. 

If the angle 4 is equal to the 
angle B, the line 4 B 

must be parallel to the j WL 

line 2 1, If the angle ^ 4 - 

^ were greater than the angle B, the line 4 5 would be inclined 
toward the line. 2 1 , and, if sufficiently extended, they would 
meet on that side of the line 5 6, This may, also, be seen from 
the fact, that, if A were greater than B, the two interior angles 
would be less than two right angles. 

Corollary IV. If the exterior angle is less than the oppo- 
site interior angle on the same side, the lines will not meet 
on that side of the third straight line. 

If the angle A were less than the angle B, the line 4 3 would be in- 
clined from the line 2 1, and, therefore, they could not meet. 
This may, also, be seen from the fact, that the two interior an- 
gles would then be together greater than two right angles. 

Corollary V. If two lines 
are drawn from the same 
point to the same straight 
line, the exterior angle is 
greater than the opposite in- 
terior angle on the same side. 

If a were equal to 6, the line 3 1 would be parallel to the line 2 1 . 
If a were less than b, the line 3 1 would be inclined from the 
line 2 1. Neither result being true, a must be greater than 6. 
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Proposition XIX. 

§0. Theorem : If two straight lines are parallel to 
the same third straight line, they are parallel to each 
other. 

/G 




Statement: Let the straight lines AB and C^ be each 
parallel to EF. AB and CD are then parallel to each other. 

Construction: Draw the line GH, intersecting the three 
given lines. 

Demonstration : Since AB \s parallel to EF, the angle / is 
equal to the angle 3 ; and, since C D xs parallel to E F, the 
angle 2 is equal to the angle 3. (Prop, xvii.) The angle 
/ is, therefore, equal to the angle 2. (Axiom i.) 

Since the angle / is equal to the angle 2, the line >1 ^ is 
parallel to the line CD. (Prop, xviii., Cor. i.) 

Conclusion \ Ks> A B and C D are any two straight lines, etc. 



Corollary L Straight lines passing through a given point 
parallel to a given line form one and the same straight line. 
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Proposition XX. 

91. Tbeorem : Angles made by straight lines ea> 
tending in respectively the same parallel directions, 
are eqtuU. 

\ / 4\ 



Statement : Let the angles 123 and 4 56 ht made by 
straight lines extending in the same parallel directions, / 2 
and 4 5 being parallel, and 2 3 and 5 6 being parallel. 
Prove that the angles 12 3 and 4 5 6 are equal. 

Constmetion : Through the vertices 2 and 5 draw the 
straight line 7 2 5 8. 

Demonstration : The angle a is equal to the angle by as 
they are opposite exterior and interior angles on the same 
side of 7 8; and the angle c is equal to the angle h, for the 
same reason. (Prop, xvii.) By equal subtractions, the 
given angle 2, which is the difference between the angles a 
and c, is equal to the given angle 5, which is the difference 
between the angles 6 and h. (Axiom iv.) 

Conolusion : As / 2 and 4 5 are any parallel straight lines 
extending in respectively the same parallel directions, etc. 



Sdholinm. If the angles are placed so that one partly in- 
cludes the other, prove, as above, each equal to a third angle. 
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Corollary I. Angles made by straight lines extending in 
respectively opposite parallel directions are equal, as a and b. 





Each of the given angles is readily proved to be equal to the angle 
that is vertical to either one of them. 

Corollary IL Angles made by straight lines extending, two 
in the same parallel directions and two in opposite parallel 
directions, are supplementary, as a and c, or b and c. 

Either angle is readily proved to be equal to the angle adjacent to 
the other. 
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DEFINITIONS. 

§2. Oblique lines are lines that are not perpendicular or 
parallel to each other, as / and 2 ; 3 and 4 ; ab and b c 

88. Oblique lines include oblique angles, either obtuse or 
acute. 

Point out the oblique angles among the figures, and indicate which 
are acute, and which, obtuse. 
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RULE AND COMPASS. 

§4. To bisect any given straight line ; that is, to divide it 
into two equal parts. 

With any distance between 
the points of the compass greater 
than half of the given line, place 
one leg of the compass on one 
extremity of the line, and draw 
small arcs above and below the 
given line ; and, in the same man- 
ner, draw corresponding arcs 
above and below the given line, 
from the other extremity as a 
center. With the ruler, draw the 

straight line / 2, joining the two points of intersection. 
The line 1 2 \s perpendicular to >l ^ at its middle point ; it 
is, therefore, the line required. 

85. To draw a line perpendicular to a given line at its mid- 
dle point. 

The same construction as in / gives the re- 
quired line. 

86. To bisect any given angle. 
With the vertex of the given angle as 

a center, draw any arc between the sides, 
as the arc B C. With B and C as centers, 
and with the same distance between the 
compass points, draw two arcs, intersect- 
ing, as at F. With the ruler, draw the straight line AF. 
A F bisects the angle A, and it is, therefore, the required 
line. 
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Proposition XXI. 

S7. Theorem : A perpendicular is the shortest line 
that can be dratvn from a given point to a given 
straight line. 

Statement: Let CH be a perpendicular, and CE be any 
oblique line, both drawn to AB, 
any straight line, from C, any 
point without that line. C H, the 
perpendicular, is shorter than C E. 

Gonstmotion : Extend the line 
C H to F, making H F equal to C H. 
Join E and F by the straight line 
EF, 

Demonstration : Since AH \s perpendicular to C F, the 
angles / and 2 are right angles, and are, therefore, equal. 
(Prop, x.) Since the line A H is perpendicular to the line 
Cr at its middle point //, the lines EC and EF are equal. 
(Prop, xv.) Since CH F is a straight line, it is the shortest 
distance between the two points C and F. (Post, ii.) C F 
is, therefore, shorter than the broken line C E, EF; and CH, 
which is half of C F, is, therefore, shorter than C E, the half 
of C£, EF. 

Conclusion : A B being any straight line, and C being any 
point without the line, it follows, in general, that : A per- 
pendicular is the shortest line that can be drawn from a 
given point to a given straight line. 
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Proposition XXII. 

§8. Tbeorem : if a perpendicular and oblique lines 
are drawn fran% a given point to the 9am^ straight line, 
any two oblique lines, meeting the given line at points 
equaUy distant from, tlie foot of the perpendicular, are 
e'qualm 

Statement : Let >1 be a given point without the given 
straight line B C. Let AD he 
perpendicular to B C, and let 
A £ and >1 ^ be two oblique 
straight lines meeting B C at £ 
and r, any two points equally 
distant from D, the foot of the 
perpendicular AD. A £ and 
A F are to be proved equal. 

Demonstration : Since £D \& equal to D F, the line >l /? is 
perpendicular to £ F at its middle point D. A is, therefore, 
equally distant from £ and F, and the oblique lines A £ and 
AF, representing the distances, must be equal. (Prop, xv.) 

Gonclnslon : A being any given point without B C, etc. 




Exercises, i. If four of five angles about a given point are, 
respectively, 20°, 30°, 40°, 50°, what is the fifth angle ? 

2. If three of four angles about a point are, respectively, 
38° 42', 51° 49", and 75° 45' 45", what is the fourth angle ? 

3. If four of five angles about a point are, respectively, 
a, b, c, d, what is the fifth angle ? 
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Proposition XXIII. 

S9. Theorem: if from a given paint without a 
straight line, a perpendicular and several oblique lines 
are drawn to that line, of two oblique lines that meet 
the given line at different distances from, the foot of 
the perpendieutarf the one that n^eets the given line 
at the greater distance is the longer line. 

Statement : Let BC bt any straight line, and let A be any 
point without it. From 
A draw A D perpendicular 
to B C, and A £ and A F, 
oblique lines from A to 
B C. Let £ ^ be greater 
than FD. Prove that A £ 
is longer than A F. 

Constrnction : If 4 F is not on the same side of the perpen- 
dicular as 4 £, draw AF', its equal, which shall be on the same 
side with A £. Draw F'G perpendicular to A F\ 

Demonfltratioii : AF'£ is greater than ADF\ or its equal, 
A F'G. (Prop, xviii., Cor. v.) F'G falls, then, in the angle 
A F'B, and cuts the line 4 £, as at (?. 4 £ is greater than A 6 
(Axiom ii.), which, being an oblique line, is greater than 
A F', which is perpendicular to F'G. (Prop, xxi.) 

As 4 £ is greater than A G, and 4 C is greater than 4 F\ it 
is obviously true that 4 £ is greater than 4 F', or its equal 
AF. 

Conclusion : B C being any straight line, and 4 F and 4 £ 
any two oblique lines drawn from A, etc. 
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Proposition XXIV. 

90. Theorem : If two obliqtLe lines dratvn from a 
given paint to a given straight line are equals they meet 
the given line at points equally distant frmn the foot of 
the perpendictUar dratvn from the same point to the 
same straight line. 




£ F D "^ 

Statement : AF is the perpendicular, and A D and A E are 
equal oblique lines. F D and FE are to be proved equal. 

Demonstration: FE is not longer than FD, for then the line 
A E would be longer than the line A D, which is contrary to the 
hypothesis. (Prop, xxiii.) FE is not shorter than FD, for 
then the line A E would be shorter than the line A D, which is 
contrary to the hypothesis. (Prop, xxiii.) As F£ is neither 
longer nor shorter than FD, it must be equal to FD. 

Conclusion : A D and A E being any two equal oblique, etc. 



Corollary I. From a given point to a given line, only one 
line can be drawn equal to a given oblique line. 

Corollary 11. Equal oblique lines make equal interior and 
equal exterior angles with the transversal ; and, also, with 
the perpendicular from the same point to the transversal. 
(Superposition, as in Prop, xv.) 
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Proposition XXV. 

91. Theorem : If two oblique straigM lines frotn 
the same point to the same straight line are unequeU, 
they meet the given line at points unequally distant 
from the foot of the perpendicular from the same point 
to the sam^e straight line ; and the longer line meets the 
given line at the greater distance from the foot of the 
perpendicular. 




Statement : Let fi C be any straight line, and A, any point 
without that line. Let A H ht the perpendicular from >l to ^ C, 
and A F and A E, be any two oblique lines, the line A F being 
longer than the line AE. HF is to be proved longer than H E. 

Demonstration : li H F is not longer than H E, HF is equal to 
H E, or less than HE. HF cannot be equal to H E, for then A F 
would be equal to A E, which is contrary to the hypothesis. 
(Prop, xxii.) Nor can H F be less than HE, for then AF 
would be less than A E, which is contrary to the hypothesis. 
(Prop, xxiii.) As H Fcan be neither equal to nor less than 
H E, it is longer than H E. 

Conclusion \ Ks AF and A E are any two unequal oblique 
lines, etc. 
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Corollary I Unequal oblique lines make unequal angles 
with the perpendicular to the transversal, and the longer 
line makes the greater angle. 

Corollary IL The shorter oblique line makes the greater 
interior angle with the transversal. 

Corollary HI. The longer oblique line makes the greater 
exterior angle with the transversal. 

Corollary IV. Oblique lines making equal angles with the 
perpendicular to the transversal are equal. 

Corollary V. Oblique lines making equal angles with a 
transversal are equal. 

Corollary VI. The oblique line making the greater angle 
with the perpendicular to the transversal is the longer line. 

Corollary VH The oblique line making the greater inte- 
rior angle with the transversal is the shorter line. 

Corollary VIII. The oblique line making the greater ex- 
terior angle with the transversal is the longer line. 

MISCELLANEOUS EXERCISES.* 

92. I. Angles made by lines respectively perpendicular are 
equal or supplementary. 

Through the vertex of one of the angles draw lines parallel to the 
sides of the other angle. 

2. In a given straight line, find the point that is equidistant 
from two given points. 

In what case is there no such point ? 

* It is important that the student indicate in writing the steps of his 
demonstrations for the theorems among the Miscellaneous Exercises. 
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3. If a Straight line is perpendicular to the bisectrix of an 
angle at the vertex, it bisects the supplementary adjacent 
angle. 

4. A line perpendicular at any point to the bisectrix of an 
angle makes equal angles with the sides of the given angle. 

5. Through a given point draw a straight line parallel to 
a given line. 

6. Through a given point draw a straight line parallel to 
a given line, by opposite exterior and interior angles on the 
same side. 

7. Through a given point draw a straight line parallel to 
a given line, by two interior angles on the same side. 

8. From a given point, draw a line making a required angle 
with a given line. 

9. If two lines bisect vertical angles, they form one and 
the same straight line. 

10. With a compass draw from a given point to a giyen 
straight line two lines of a given length, so that they shall be 
equally inclined to the given line. 

11. Using a compass, draw from a given point to a given 
straight line two lines of a given length, so that their other 
extremities shall meet the given line at points equally distant 
from the foot of the perpendicular let fall from the given 
point to the given straight line. 

12. Draw the shortest line possible from a given point to a 
given straight line, and prove that it is the shortest. 
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THEORY OF LOCI. 



93. To determine the directions of a line, it has been seen 
that two points, or a point and a direction, must be known. 
To determine the position of a point, two lines must be known 
(Prop, v., Cor. iv. ) ; or, a direction and a given distance in 
the given direction will determine the position of the point. 

94. If the necessary premises, or conditions, are not 
known, the given problem will be indeterminate ; thus, a line 
cannot be found, if the position of only one point is known ; 
nor, can a point be found, if only one of the necessary lines 
is given. 

95. Something may, however, be known, in indeterminate 
problems, even if the necessary conditions are not all given ; 
thus, if the problem is to determine the position of a line 
of given length, and its directions, only, are known, it is 
obvious that the required line must lie somewhere in the 
line of the given directions. If the problem is to determine 
the position of a point, and the direction is given, but not 
the distance in the direction, the required point must be 
somewhere in the given line or direction. In either prob- 
lem, it remains necessary definitely to locate only one point 
to fully determine the problem. 

96. That which may be known in determining or locating 
a point, or a line, or other geometrical magnitude, when the 
necessary conditions are not all given, is not the position of 
the required point or magnitude, but the locus, or place, 
where one may expect to find it ; thus, in § 95, the locus of 
the required point is the given line. 

4 
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97. The locus of a point is the line, or lines, which include 
all those points, and only those points, that satisfy the 
given conditions in an indeterminate problem, some of the 
conditions necessary to determine the point being un- 
known. 

9§. The locus of a line or point is inclusive and exclusive ; 
it not only includes all lines or points that satisfy the given 
conditions, but it excludes all lines or 
points that do not satisfy the given 
conditions. 

99. Exercise. Find the locus of a 
point that is equidistant from two 
given points. 

Join the given points B and C, and bisect 

the line BC by the perpendicular £ F. EF is the required 
locus. Every point in E F \s equidistant from B and C. (Prop. 
XV.) Every point without E F is unequally distant from B and 
C. (Prop, xv., Cor. ii.) It is, therefore, known that £F con- 
tains all the points that are equidistant from B and C ; that is, 
the bisecting perpendicular is the iocus of the point that is equi- 
distant from two given points. 




SCIENCE OF GEOMETRY. 

100. From all that precedes, it is seen that geometry is 
a deductive science, because its conclusions are logically 
drawn, or deduced, from that which is previously given or 
known. 

The physical sciences are inductive sciences, because certain known 
facts lead to the assumption of a general theory, the truth of 
which is accepted in proportion as the deductions from the 
theory explain the given facts and other related facts. 
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101. That which is given in a specific theorem is called 
the hypothesis, or condition ; and that which was previously 
known includes the definitions, axioms, postulates, and all 
preceding propositions, their corollaries and scholia ; that 
which is given and that which is previously known together 
constitute the premises. 

It is thus seen that the definitions, axioms, and postulates are the 
first premises, or the basis, of Geometry, as of other deductive 
sciences. 

102. Proceeding from the premises by courses of reason- 
ing called demonstrations, the conclusions are reached ; and 
these, in turn, serve as premises for succeeding demonstra- 
tions. A direct demonstration is one that proceeds from 
the premises directly to the desired conclusion ; an indirect 
demonstration is one that shows that some absurdity, some- 
thing contrary to a known truth, must follow from supposing 
that the theorem is not true. The indirect demonstration 
is, therefore, called the reductio ad absurdum. Demonstration 
by exhaustion involves the reductio ad absurdum ; it asserts 
that one of several alternatives must be true, and proves by 
the indirect method that all but one of these alternatives are 
false. 

Thus, one quantity is either equal to another quantity, or it is 
greater or less than that quantity. If an absurdity follows the 
supposition that the one quantity is greater, and the supposition 
that it is less, than the other quantity, it must, by the method 
of exhaustion, be equal to it. Point out, in Book I., propositions 
that illustrate the different kinds of demonstrations. 

103. The principal work required of the student in Ge- 
ometry is demonstrating a given proposition or discovering 
a demonstration for a given theorem or problem. In demon- 
strating, the process is the synthetic process ; that is, the 
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premises are placed together in such manner that the desired 
conclusion follows as a logical consequence. In discovering 
a demonstration^ the process is the analytic process ; that is, 
the desired conclusion is assumed to be true, and it is then 
examined with reference to the simpler propositions from 
which it may be deduced, until some such proposition is 
found which has for its conditions the conditions given in 
the problem. 

Analysis thus leads from desired conclusions to known conditions. 
Synthesis^ then, enables the student to present the demonstra- 
tion by proceeding from the known conditions to the desired 
conclusions. 

104. In certain books on Geometry, the authors proceed 
largely on the principle of motion, A point in motion is said 
to generate a line ; a line in motion generates a surface ; 
and a surface in motion generates a solid. The demon- 
strations, too, proceed on the same principle. Figures, by 
the motion of their parts, are supposed to assume successive 
positions, shapes, or forms. This involves the theory of 
limits. (See General Scholia, Book hi.) 

In all books, however, it is considered possible to take up, 
or move to any position, any line, figure, plane, or solid, 
and to turn it in any direction. 
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SYNOPSIS.* 

SECTION I.— EQUAL TRIANGLES. 

14I5. I. Definitions. 

2. Propositions. 

Prop. I. If two triangles have two sides and the included angle of 

the one equal to two sides and the included angle of the other, 

each to each, they are equal in all their parts. 
Prop. II. If two triangles have two angles and the included side of 

the one equal to two angles and the included side of the other, 

each to each, they are equal in all their parts. 
Prop. III. If two triangles have three sides of the one equal to the 

three sides of the other, each to each, they are equal in all 

their parts. 
Prop. IV. If two right-angled triangles have the hypotenuse and 

one side of the one equal to the hypotenuse and one side of the 

other, each to each, they are equal in all their parts. 
Prop. V. If two right-angled triangles have the hypotenuse and one 

acute angle of the one equal to the hypotenuse and one angle 

of the other, each to each, they are equal in all their parts. 

3. Miscellaneous Exercises. 

SECTION II.— EQUAL PARTS. 

106. I. Definitions. 

2. Propositions. 

Prop. VI. In any isosceles triangle, the angles opposite the equal 

sides are equal. 
Prop. VII. If a triangle is equilateral, it is also equiangular. 

* A statement of the theorems and problems is given at the beginning 
of the respective books, not only for purposes of review, but so that 
students may, if possible, be induced to make demonstrations of their 
own, without the assistance of the demonstrations in the text. 
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Prop. VIII. If two of the angles of a triangle are equal, the sides 

opposite them are equal, and the triangle is isosceles. 
Prop. IX. If a triangle is equiangular, it is also equilateral. 
^ Prop. X. Any exterior angle of a triangle is equal to the sum of the 
two opposite interior angles. 

3. Miscellaneous Exercises. 
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107. I. Definitions. Axioms. 
2. Propositions. 

Prop. XI. The sum of any two sides of a triangle is greater than 

the third side, and the ditference between any two sides is less 

than the third side. 
Prop. XII. The greater side in any triangle has the greater angle 

opposite to it. 
Prop. XIII. The greater angle in any triangle has the greater side 

opposite to it. 
Prop. XIV. If two triangles have two sides of the one equal to two 

sides of the other, each to each, but the included angles unequal, 

the third sides are unequal, and the triangle having the greater 

included angle has the greater third side. 
Prop. XV. If two triangles have two sides of the one equal to two 

sides of the other, each to each, but the third sides unequal, the 

included angles are unequal, and the triangle having the greater 

third side has the greater included angle. 

%, Miscellaneous Exercises. 



SECTION IV.— ANGLES. 

10§. I. Propositions. 

Prop. XVI. The sum of the interior and exterior angles of any 

triangle, formed by extending the sides in the same order, is 

equal to six right angles. 
Prop. XVI I. The sum of the three angles of a triangle is equal to 

two right angles. 



SYNOPSIS. 55 



Prop. XVIII. The sum of any two angles of a triangle is equal to 
the supplement of the third angle ; and the supplement of any 
one angle of a triangle, diminished by either of the others, equals 
the third angle. 

Prop. XIX. The difference between any two angles of a triangle is 
twice the angle made by the line bisecting the third angle and 
the perpendicular from its vertex to the opposite side, or to th« 
opposite side produced. 

Prop. XX. The greater of any two angles of a triangle is equal to 
half of their sum plus half of their difference, and the less is 
equal to half of their sum minus half of their difference. 

2. Miscellaneous Exercises. 

SECTION v.— CONCURRENT LINES. 

109. I. Definitions. 

2. Propositions. 

Prop. XXI. A straight line drawn from the middle point of one 
side of a triangle, parallel to a second side, and terminating in 
the third side, bisects the third side, and is equal to one-half of 
the second side. 

Prop. XXII. The perpendiculars bisecting the sides of any tri- 
angle are « concurrent lines. 

Prop. XXIII. The straight lines bisecting the angles of any tri- 
angle are concurrent lines. 

Prop. XXIV. The straight lines drawn from the vertices of any 
triangle, ] ^rpendicular to the opposite sides, are concurrent 
lines. 

Prop. XXV. i iie medians, or straight lines drawn from the vertices 
to the middle points of the opposite sides of a triangle, are con- 
current lines. 

3. Miscellaneous Exercises. 

GENERAL SCHOLIA. 

110. I. Intersection of Loci. 2. Symmetry. 
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SECTION I.— EQUAL TklANGLES. 






DEFINITIONS. 



111. A plane triangle is a figure bounded by three 
straight lines. 

The figure ABC is a triangle ; it is bounded by the three straight 
lines AB, B C, and A C, and it has three angles, A, B, and C. 

112. Triangles are named generally by the names of their 
three angles taken in any order, as the triangle ABC, AC B, 
BAC, BCA, etc. 

113. A right-angled triangle is a triangle one of whose 
angles is a right angle. A B C is a. right-angled triangle. 

114. An obtnse-anq^led triangle is a triangle one of whose 
angles is an obtuse angle. // F £ is an obtuse-angled triangle. 

115. An acute-angled triangle is a triangle all of whose 
angles are acute angles. / 2 5 is an acute-angled triangle. 

116. The hypotenuse of a right-angled triangle is the side 
opposite the right angle, as >1 ^ in the triangle ABC. 

117. The base of a triangle is the side upon which it is 
supposed to rest, as 5 C in the triangle ABC. 

11§. The altitude is the perpendicular from the opposite ver- 
tex to the base, or base produced, as 4 ^ in the triangle ABC. 

A plane figure with more than three sides is called a polygon. 
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119. An angle in a triangle is said to be included be- 
tween its two sides, and a side is said to be included between 
the two angles at its extremities. 

The angled in the triangle ABC is included between the sides ^4 
and B C, and the side B C, between the angles B and C. 

120. Figures equal in all their parts, taken in the same 
order, are said to be equal in all respects^ or they are said to 
be simply equal ; when they are equal in area, they are said 
to be equivalent 

RULE AND COMPASS. 
lai. To construct a triangle with the three sides given^ 




By means of the dividers, on any indefinite line take a 
part, /, equal to one of the given sides ; with one of the 
extremities of this part as a center, and a distance between 
the dividers equal to a second side, draw an arc, as in the 
diagram ; and from the other extremity draw an arc at a dis- 
tance equal to the third side. Using the ruler, draw lines 
from the centers to the point where the arcs intersect. The 
triangle 12 3, thus formed, has sides respectively equal to 
the given lines, and it is, therefore, the required triangle. 
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Proposition I. 

133. Theorem : If two triangles have two sides and 
the included angle of the one equaZ to two sides and 
the included angle of the other, ea^h to each, they are 
equal in aU their parts. 





Statement : Let the two triangles 123 and 4 5 6 have the 
side / 2 equal to the side 4 5, the side / 3 equal to the side 
4 6, and the angle / equal to the angle 4. The triangles are 
to be proved equal in all their parts. 

Constmction : Place the triangle 12 3 upon the triangle 
4 5 ^ so that the point / shall fall upon the point 4, and the 
line / 2 shall take the direction of the line 4 5. 

Demonstration : Since / 2 is equal to 4 5, the point 2 will 
fall upon the point 5 ; since the angle / is equal to the angle 
4, the line / 3 will fall upon the line 4 6 ; since / 5 is equal to 
4 6, the point 3 will fall upon the point 6. (Book i., Prop. 
IV.) Since the point 2 falls upon the point 5, and the point 3 
upon the point 6, the line 2 3 coincides with 5 6. (Post, i.) 
The two triangles have been made to coincide throughout, 
and they are, thus, proved equal in all their parts. 

Conclnsion : 12 3 and 4 5 6 being any two triangles, etc. 
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Proposition II. 

133. Theorem : If two triangles have two angles 
and tlie included side of the one equal to two angles 
and the induced side of the other, each to each, they 
are equal in aU their parts. 

1 4 





Statement : Let the two triangles f 23 and 4 5 6 have the 
angle 3 equal to the angle 6, the angle 2 equal to the angle 
6, and the included side 2 3 equal to the included side 5 6. 
Prove that the triangles are equal in all their parts. 

Construction : Place the triangle 12 3 upon the triangle 
4 5 6, so that the point 3 shall fall on 6, and the line 32 on 6 5. 

Demonstration: Since the angle 3 is equal to the angle 6, 
the side 3 1 will take the direction of the side 6 4 ; since 3 2 
is equal to 6 5, the point 2 will fall upon the point 5 ; since 
the angle 2 is equal to the angle 5, the side 2 1 will take the 
direction of the side 5 4. (Book i., Prop, v.) As 5 / takes 
the direction of 6 4, the point / is somewhere in the line 6 4 ; 
as 2 1 takes the direction of the side 5 4, the point / is some- 
where in tne line 5 4. The point /, being at the same time 
on the lines 6 4 and 5 4, it is at 4, their point of intersection. 
(Book i., Prop, v., Cor. iv.) The two triangles coincide 
throughout, and they are, thus, proved equal. 

Conclusion : f 23 and 4 5 6 being any two triangles, etc. 
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Proposition III. 

194. Theorem : If two triangles have three sides 
of the one equal to the three sides of the other, each to 
eachj they are equal in aU their parts. 





Statement : Let the two triangles ACB and H FE have the 
side A C equal to HF, the side A B equal to HE, and B C equal 
to EF, The triangles are to be proved equal in all their parts. 

Constraction : Place the triangle HFE upon the triangle 
ACB, so that the point F shall fall on C, and the line FE on 
C B. Since C /? is equal to F E, the point £ will fall on B, If 
H does not fall on A, it will fall at some other point, as K. 
Draw A K, and to its middle point, draw C S and B S. 

Demonstration : A C and K C are equal, as each is equal to 
H F. CS is, then, perpendicular to A K, (Book l. Prop. 
XV., Cor. hi.) Similarly, AB and MB being equal, BS is, 
also, perpendicular to A K. This is impossible. (Book i.. 
Prop, xi.) The supposition that H does not fall on A must 
be abandoned. The point H falls on A. The side H F, then, 
coincides with AC, and HE, vfixhAB. (Post, i.) The two 
triangles coincide throughout and are, thus, proved equal. 

Conchudon \ ABC and H E F being any two triangles, etc. 
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Proposition IV. 

125. Theorem : If two right-angled triangles have 
the hypotenuse and one side of the one equal to the 
hypotenuse and one side of the other, each to each, 
they are equal in aU their parts. 





Statement : Let the triangles 12 3 and 4 56 ht right- 
angled triangles, with right angles at 2 and 5. Let the hy- 
potenuse / 3 equal the hypotenuse 4 6, and the side / 2 equal 
the side 4 5. The two triangles are to be proved equal. 

Constrnction : Place the triangle 45 6 upon the triangle 
123, so that the point 5 shall fall upon the point 2, and so 
that the line 5 6 shall take the direction of the line 2 3. 

Demonstration : Since the angle 5 is equal to the angle 2, 
the line 5 4 will coincide in direction with the line 2 i. 
Since 5 4 is equal to 2 1, the point 4 will fall upon the point 
/. (Book i., Prop, iv.) Since 4 6 and / 3 are equal oblique 
lines, they meet 2 5 at the same distance from 2, the foot of 
the perpendicular ; that is, the point 6 will fall upon the 
point 3. (Book i., Prop, xxiv.) The two triangles have 
thus been made to coincide throughout, and they are, thus, 
proved equal. 

Conclusion : 1 23 and 4 5 6 being any two right-angled 
triangles, etc. 
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Proposition V. 

» 

196. Theorem : If two right-angled triangles have 
the hypotenuse and one acute angle of the one equal to 
the hypotenuse and one angle of the other, each to 
each, they are eqtuU in oM their parts* 

1 





Statement : Let the triangles 123 and 4 5 6 have right 
angles at 2 and 5. Let the hypotenuse / 5 equal the 
hypotenuse 4 6, and the angle 5 equal the angle 6. The 
two triangles are then equal in all their parts. 

Construction : Place the triangle 4 6 6 upon the triangle 
f 2 3 so that the point 6 shall fall upon the point 3, and so 
that the line 6 5 shall take the direction of the line 3 2, the 
point 5 falling somewhere on the line 3 2. 

Demonstration : Since the angle 6 is equal to the angle 3, 
the line 6 4 will take the direction of the line 3 1. Since 6 4 
is equal to 3 1, the point 4 will fall upon the point /. (Book 
I,, Prop. IV.) 4 6 and 12 are perpendiculars, and must, 
therefore, coincide ; for, from a given point, only one perpen- 
dicular can be drawn to a given straight line. (Book i., 
Prop, xii.) The two triangles, then, coincide throughout, 
and they are, thus, proved equal. 

Conclmdon: 12 3 and 4 5 6 being any two right-angled tri- 
angles, etc. 
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Scholium I. Propositions i. to v. are more frequently 
used than any other propositions in Geometry. The fol- 
lowing corollaries may be used simply as exercises. In 
the two following exercises, assume that all the propositions 
establishing the equality of triangles have been proved. 



Corollary I. Any two triangles, with two angles and a side 
opposite one of these angles in the one equal, each to each, 
to two angles and the side opposite the corresponding angle 
in the other, are equal in all their parts. (Superposition 
and Book i.. Prop, xxv.. Cor. v.) 

Corollary H. Two triangles, with two sides and the angle 
opposite the greater in the one, respectively equal to two 
sides and the angle opposite the greater in the other, are 
equal in all their parts. (Superposition and Book i.. Prop. 

XXIV., COR. I.) 

Corollary HI. Two triangles, with two sides and one of 
two acute angles opposite these sides in the one, respectively 
equal to two sides and the corresponding one of two acute 
angles opposite these sides in the other, are equal in all their 
parts. (Same.) 

Corollary IV. Two triangles, with two sides of the one 
respectively equal to two sides of the other, the two angles 
opposite these sides, in each triangle, being both acute, or one 
acute and the other obtuse, and one of these angles in the 
one being equal to the corresponding angle in the other, are 
equal in all their parts. (Same.) 



Exercises, i. By means of triangles, prove Propositions 
XII., XV., and xvi. in Book i. 

2. By triangles, prove Props, xxi. to xxv. in Book i. 
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miscellaneous exercises.* 

Theorems. 

137. Prove the foUowing : 

1. I. Parallel straight lines are everywhere equally dis- 
tant. 

2. Every point in the bisectrix of an angle is equally dis- 
tant from the sides of the angle. 

3. Two equal straight lines drawn from a point to a 
straight line make equal angles with that line. 



II. 4. If two straight lines bisect each other, the lines 
joining opposite extremities are parallels. 

5. If through the middle point of a straight line, terminat- 
ing in two parallel lines, a second straight line be drawn, 
also terminating in the parallels, this second straight line 
will also be bisected at that point. 

6. The middle point of that part of a transversal inter- 
cepted between two parallels is equidistant from those 
parallels. 



III. 7. Perpendiculars from the extremities of a line to 
any line which bisects it are equal. 

8. The portions of two parallel straight lines intercepted 
by two transversals, drawn through a point midway between 
the parallels, are equal. 



* If desired, all sets of exercises marked II. maybe reserved for review ,* 
and those marked III., for subsequent review, or examinations. 
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Problems. 

13S. Lmes and PointB. I. 9. Bisect any angle. 
10. Bisect a finite straight line. 



11. II. Find the fourth part of any angle. 

12. In a given straight line, find a point equidistant from 
two given lines that intersect. When is this impossible } 



III. 13. Draw a line which shall pass through a given 
point, and make equal angles with two given intersecting 
lines. 

14. On the same side of a straight line, from two points 
given in position, draw lines that shall meet in the given line 
and make equal angles with it. 



139. Constmctiont.'*' Construct triangles, the following 
parts being given : 
I. 15. The three sides. 

16. The three angles. 

17. Two sides and the included angle. 

18. Two angles and the included side. 

19. The hypotenuse and one side of a right-angled 
triangle. 

20. The hypotenuse and one angle of a right-angled 
triangle. 



II. 21. Two sides and the angle opposite one. 

* Two of the required constructions are indeterminate. Discuss the 
conditions that make them indeterminate. 

5 
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22. Two angles, arid a side opposite one. 



III. 23. Two sides, and the angle opposite the greater. 

24. Two sides, and one of two acute angles opposite these 
sides. 

25. Two sides, and one of the two angles opposite these 
sides, the angle opposite the other side being referred to as 
acute or obtuse. 



SECTION II.— EQUAL PARTS. 

DEFINITIONS. 

130. An equilateral triangle is a triangle with three equal 
sides. The triangle / is equilateral. 






131. An equiangular triangle is a triangle with three equal 
angles. The triangle / is equiangular. 

132. An isosceles triangle is a triangle with two of its 
sides equal, as the triangle 2. 

133. A scalene triangle is a triangle with none of its sides 
equal, as the triangle 3. 

Note. — Triangles are classified with respect to their angles, as rights 
obtuse, or acute ; with respect to their sides, as equilateral^ isosceles ^ or 
scalene. £<)uilateral and equiangular figures are regular polygons. 
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Proposition VI. 

134. Ttaeorem : in any isosceles triangle, the angles 
opposite the equal sides are equal* 





Statement : Let the triangle AB Che isosceles ; that is, let 
two of the sides, as ^ ^ and A C, be equal to each other. The 
angles B and C, opposite the equal sides, are equal. 

Gonstmction : From the point A draw the straight line A H 
to the middle point oi B C. . ^ 

Demonstration : In the two triangles AB H and AC H, BH is 
equal to H C, by construction ; AHis common, by construction ; 
and A B is equal to A C, by hypothesis. The two triangles 
have then the three sides of the one equal to the three sides 
of the other, each to each, and they are, therefore, equal. 
(Prop, hi.) The corresponding parts being equal to each 
other, the angle B is equal to the angle C. 

Conclusion \ ABC being any isosceles triangle, it follows, etc. 



Exercise. Prove the proposition on this page by reference 
to oblique lines. 

A straight line from the opposite vertex to the middle point of any 
side is called a median, as ^ // in the triangle ABC. 
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Proposition VIL 

135. Theorem: If a triangle is equilateral, it is 

also equiangular* 

1 




State^lent : Let the triangle f 2 3he equilateral ; that is, 
let the three sides 1 3, 3 2, and 2 / be equal to one another. 
Then will the three angles /, 2, and 3 be equal to one 
another. 

Deinonstration : Since the side / 2 is equal to the side / 3, 
the angle 3 is equal to the angle 2. (Prop, vi.) Since the 
side 3 2 is equal to the side / 3, the angle / is equal to the 
angle 2. (Prop, vi.) The angles, 3 and /, being each equal 
to the angle 2, are equal to each other. (Axiom i.) The 
three angles, /, 2, and 3, are then equal to one another. 
The triangle is, therefore, equiangular. 

Conclunon : The triangle 12 3 being any equilateral, etc. 



Exercises, i. Prove any two angles of an equilateral tri- 
angle equal by drawing a line from the vertex of the third 
angle to the middle point of the base. 

2. The difference between two supplementary angles is 50°. 
What are the angles ? 
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Proposition VIII. 

136. Theorem : If two of the angles of a triangle 
are equcU, the sides opposite them are equal, and the 
triangle is isosceles. 



Statement : Let the triangle 12 3 have the angle 2 equal to 
the angle 5. The side / 5 is then equal to the side / 2. 

Gonstmction : Through the vertex /, draw 5 6 parallel to 
2 3, and / 4 perpendicular to 5 6. 

Demonstration: The angles 2 and 3 being equal, their 
alternate angles a and b are equal. (Book l, Prop, xvi.) As 
a and b are equal, their complements c and h are equal. 
(x^xiOM IV.) The angles at 4 are equal, as they are right 
angles ; for, if / 4 is perpendicular to 5 6, it is also perpen- 
dicular to 2 3. (Book i., Prop, xiv.) 

The triangles t 4 2 and 143 have the angle c equal to the 
angle h, the side / 4 common, and the angles at 4 equal. 
They are, therefore, equal. (Prop, ii.) The sides / 2 and 
/ 3, opposite the equal angles, are, then, equal to each other. 

Conclusion : 12 3 being any triangle, with two of the angles 
equal, it follows, in general, that : If two of the angles, etc. 
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Proposition IX. 

137. Ttaeorem : If a triangle is equiangular^ it is 

also equilateral. 

B 




Statement : Let the triangle BAChe equiangular ; that is, 
let the three angles B, A, and C be equal to one another. The 
three sides B A, AC, and C B are also equal to one another. 

Bemonstration : Since the angle A is equal to the angle C, 
the side ^^ is equal to the side B C. (Prop, viii.) Since the 
angle B is equal to the angle C, the side >* ^ is equal to the 
side BA. (Prop, viii.) 

The sides B C and A C being each equal to the side B A, they 
are equal to each other. (Axiom i.) The three sides /?>!, 
A C, and C B are thus shown to be equal to one another, and 
the triangle is equilateral. 

GondTudon: ABC being any equiangular triangle, etc. 



Ezerdsefli i. Prove Proposition VIII. by reference to ob- 
lique lines. 

2. Prove Proposition VIII. by drawing a line from the 
third angle perpendicular to the opposite side. 

3. One of two supplementary angles is five times the other. 
What are the angles ? 
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Proposition X. 

13S. Theorem: Any exterior angle of a triangle 
is eqiMMl to the sum of the two opposite interior angles. 




Statement : Let 1 2 3be a, triangle, and let one of the sides, 
as 2 3, be extended, making the exterior angle 13 4. The 
angle / 5 4 is to be proved equal to the sum of the opposite 
interior angles, a and 6. 

Constmctioii : Through 3, the vertex of the exterior angle, 
draw the line 5 5 parallel to 2 f. 

Demonstration : The exterior angle is equal to the sum of 
the angles c and h, because the whole is equal to the sum of 
all its parts. (Axiom ii.) The angle c, however, is equal 
to the angle a, as they are alternate angles (Book i., Prop. 
XVI.) ; and the angle h is equal to the angle b, as they are 
opposite exterior and interior angles on the same side. 
(Book i., Prop, xvii.) 

The sum of the angles c and h, or the exterior angle f 3 4, 
is, therefore, equal to the sum of the two opposite interior 
angles a and 6. (Axiom hi.) 

Condnfdon : f 23 being any triangle, and 13 4 being any 
one of its exterior angles, it follows, in general, etc. 
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Corollary L The sum of the exterior angles of any triangle, 
made by producing its sides in the same order, is four right 
angles. 

Corollary IL The sum of the exterior angles of any recti- 
linear figure is four right angles. 



MISCELLANEOUS EXERCISES. 

Theorems. 

). Froye the following: I. i. A straight line cutting 
the sides of an isosceles triangle, and parallel to the base, 
makes equal angles with the sides. 

2. The straight line which bisects a vertical exterior 
angle of an isosceles triangle is parallel to the base. 

3. If the bisector of the exterior angle at the vertex of a 
triangle is parallel to the base, the triangle is isosceles. 

4. If the two exterior angles at the base of a triangle are 
equal, the triangle is an isosceles triangle. 

5. The perpendicular from the vertical angle of an isos- 
celes triangle to the base bisects the base. 

6. The line from the vertex to the middle point of the 
base of an isosceles triangle is perpendicular to the base. 

7. If the perpendicular from the vertex to the base of a 
triangle bisects the base, the triangle is isosceles. 

8. The base of an isosceles triangle forms a second isos- 
celes triangle with the lines that bisect the angles at the 
base. 

9. The line that bisects the angle at the vertex of an 
isosceles triangle bisects the base. 

10. A straight line drawn from any point in the bisectrix 
of an angle to either side, parallel to the other side, makes 
with the bisectrix and the side it meets an isosceles triangle. 
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11. II. Points in the sides of an isosceles triangle equi- 
distant from the base are equidistant from the vertex. 

12. If the angles at the base of an isosceles triangle are 
bisected, the line which joins their intersection with the ver- 
tical angle bisects the vertical angle. 

13. The perpendiculars from the extremities of the base of 
an isosceles triangle to the opposite sides are equal. 

14. If the perpendiculars from two angles of a triangle to 
the opposite sides are equal, the triangle is an isosceles tri- 
angle. 

III. 15. The lines joining the extremities of the base of 
an isosceles triangle to the middle points of the opposite 
sides are equal. 

16. The triangles made with the base of an isosceles tri- 
angle by the lines bisecting the angles at the base are equal 
in all respects. 

17. The line joining the vertices of two isosceles triangles 
on opposite sides of the same base bisects the base at right 
angles. 

18. The lines joining the extremities of bases of two oppo- 
site or vertical isosceles triangles are equal. 

19. If two equal lines drawn from vertices at the base of 
a triangle make equal angles with the opposite sides, the 
triangle is an isosceles triangle. 

Problems. 

140. Lines and Points. I. 20. From two given points to 
draw two equal straight lines which shall meet in the same 
point of a line given in position.' 



II. 21. From a given point on a line, erect a perpendicular 
to the line. 
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22. From a given point without a line, draw a perpendicu- 
lar to the line. 

III. 23. Trisect a given finite straight line. (Equilateral 
triangle.) 

141. Constnictioiu. Construct triangles, the following 
parts being given : 

I. 24. The base, and one of two equal sides. 
25. The base, and the sum of two equal sides. 



II. 26. The base, and the sum of one of the equal sides 
and the perpendicular from the vertex to the base. 
27. The base, and one of two equal angles at the base. 



III. 28. The base, and the vertical angle of an isosceles 
triangle. 

29. The base, an angle at the base, and the difference of 
the two other sides. 

30. The base, an angle at the base, and the sum of the 
two other sides. 
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SECTION III.— UNEQUAL PARTS. 

DEFINITIONS. 

143. An inequality is an expression of the relative size of 
two quantities that are not equal. 

143. The sign of inequality is < or > ; it is written with 
the opening toward the greater quantity. If the less quantity 
is written first, the sign < is used, and it is read less than ; 
if the greater quantity is written first, the sign > is used, 
and it is read greater than, 

a > 6 is read, a is greater than b; a < b is read, a is tess than b. 

AXIOMS.* 

144. Axiom IX. If equals are added to unequals, the 
results are unequals. 

Axiom X. If equals are subtracted from unequals, the re- 
sults are unequals. 

Axiom XI. If equals are multiplied by unequals, the results 
are unequals. 

Axiom Xn. If equals are divided by unequals, the results 
are unequals. 

Exercise. State four other axioms as to unequals and 
equals. 

Unequals subtracted from equals give an inverted inequality. The 
results to which reference is made in the preceding axioms are 
not inverted inequalities. 

* For other axioms, see p. 6. 



{ 
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Proposition XL 

145. Tbeorem : The sunn of any two sides of a tri* 
angle is greater than the third side^ and the difference 
between any two sides is less than the third side* 

A 




Statement : Let A B C be a. triangle. The sum of any two 
sides, 2LS A C and A B, is greater than C B, the third side ; and 
the difference between any two sides, as >1 C and A B, is less 
than C B, the third side. 

Demonstratioii : As a straight line is the shortest line be- 
tween two points, the distance between C and B, measured 
on the broken line C A, A B, is greater than the distance be- 
tween the same two points measured on the straight line C B. 
(Post, ii.) Therefore, AC-^AByCB. In similar manner, 
it is proved, that AB + CBy>AC, which is the same 

as, AC<AB-{-CB, 

From the inequality, AC<iAB-{-CB, subtract 

A B = AB ; and there remains 
the inequality, AC — AB <, C B ; (Axiom x.) 

that is, the difference between A C and A B {s less than C B. 

Conclusion \ AB C being any triangle, and A B and A C being 
any two sides, it follows, in general, that : The sum of any 
two sides of a triangle is greater than the third side, and the 
difference between any two sides is less than the third side. 
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Proposition XIL 

146. Theorem : The greater side in any triangle 
has the greater angle oppoHte to it. 




Statement : In the triangle 12 3, let the side / d be greater 
than the side / 2. Prove that the angle 2, opposite the 
greater side / 5, is ^eater than the angle 3, opposite the 
lesser side / 2. 

Construction : Lay off on the greater side, 1 3, 2l part of it, 
/ 4, equal to the lesser side, / 2. Draw the line 2 4. 

Demonstration : The angle 1 23 is greater than the angle 
12 4, for the whole is greater than any of its parts. (Axiom 
II. ) The angle / 2 ^ is, however, equal to the angle 1 4 2, as 
they are opposite equal sides (Prop, vi.) ; and the angle 
1 4 2, zs it is exterior to the triangle 2 4 3, is greater than 
the angle 13 2. (Prop, x.) It is, thus, proved, that 

1 2 3> 124= 1 42> 13 2, 

As the angles 12 4 and 14 2 are equal, there results the 
continued inequality : 

123^ 142> 132; (AxiOM l.) 

showing that the angle 1 2 3 \s greater than the angle 13 2, 

Conclusion \ 1 2 3 being any triangle, etc. 
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Proposition XIII. 

147. Theorem : The greater angle in any triangle 
has the greater side opposite to it. 




Statement : Let / 5 i? be a triangle, with the angle 2 greater 
than the angle /. Prove that the side 13, opposite 2, is 
greater than the side 3 2, opposite /. 

Demonstration : The side 1 3 is not equal to the side 3 2, 
for then the angle 2 must be equal to the angle / (Prop. vi. ) ; 
but this is contrary to the hypothesis. The side / 5 is not 
less than the side 3 2, for then the angle 2 must be less than 
the angle / (Prop, xii.) ; but this is contrary to the hypothesis. 

As the side / 5, opposite the greater angle, is neither equal 
to nor less than the side 3 2, which is opposite the lesser 
angle, it must be greater than 3 2. 

Condnsion : 1 3 2 being any triangle, and 2 being any 
angle greater than /, any other angle, it follows, in general, 
that : The greater angle in any triangle has the greater side 
opposite to it. 

Exercise. Prove that the two straight lines drawn from 
any point within a triangle to the extremities of any side, 
are together less than the two other sides of the triangle, but 
include a greater angle. 
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Proposition XIV. 

14S. Tbeorem : If two triangles have two sides of 
the one equal to two sides of the other, each to each, but 
the included angles unequal, the third sides are une- 
qu€U, and the triangle having the greater included 
angle has the greater third side. 







Statement : Let ABC and H EF have A B and A C respectively 
equal to H £ and H F; but the angle A greater than the angle 
a. Prove the third side B C greater than the third side £ F. 

Constmction : Place the triangle H £ F upon the triangle 
ABC, so as to take the position A £' C. The angle H being 
less than the angle A, the line /^ £ falls between A B and A C. 
If £ ' does not fall on B C, draw B £' ; and, then, draw AS to 
the middle point of B £', 

Bemonstratioii : When £ falls on B C, B C is greater than 
£'C, or its equal, ££, £'C being part of B C. (Axiom ii.) 
When £ does «^/ fall on BC, zs AS is the bisecting perpen- 
dicular to B£\ C and £' being on the same side, the oblique 
line, the base B C, is greater than the base £' C, or its equal, 
££. (Book i., Prop, xv., Cors. hi. and i.) 

Ckmohudon \ AB C and H £ F being any two triangles, etc. 
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Proposition XV. 

149. Theorem: If two triangles have two Hdes of the 
one eqtuU to two sides of the other, ea^ch to eaeh^ hut the 
third sides unequtU, the included angles are unequal, 
and the triangle having the greater third side has the 
greater included angle. 





Statement : Let the triangles / 2 3 and 4 56 have the sides 
/ 2 and / 3 respectively equal to the sides 4 5 and 4 6, but the 
third side 2 3 greater than the third side 5 6. Prove that 
the angle / is greater than the angle 4. 

Demonstration : The angle / cannot be equal to the angle 
4, for then the side 2 3 would be equal to the side 5 6 
(Prop, i.) ; but this is contrary to the hypothesis. The 
angle / cannot be less than the angle 4, for then the side 
2 3 would be less than the side 5 6 (Prop, xiv.), which is 
also contrary to the hypothesis. 

As the angle / is neither equal to, nor less than, the angle 
4, it must be greater than the angle 4. 

Conclusion \ 1 2 3 and 4 5 6 being any two triangles, with 
two sides of the one equal to two sides of the other, etc. 
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MISCELLANEOUS EXERCISES. 

Theorems. 

150. Prove the following : I. i. Any side of a triangle is 
greater than the difference between the two other sides. 

2. A straight line drawn from the vertex of an isosceles 
triangle to the base produced, is longer than either of the 
equal sides. 

3. If the angles at the base of any triangle are bisected, 
the line bisecting the smaller angle is the longer line. 

4. The three lines drawn from any point within a triangle 
to the three vertices are together greater than half the sum 
of the three sides. 

5. The three lines drawn from any point within a triangle 
to the three vertices are together less than the sum of the 
three sides. 



II. 6. A straight line drawn from the vertex of a triangle 
to the middle point of the base, makes with the base an ob- 
tuse or an acute angle, according as the side opposite is the 
greater or the less of the two opposite sides. 

7. If one side of a triangle is greater than the other, any 
line from the included angle to the base is less than the 
longer side. 



III. 8. If from two given points two straight lines be 
drawn to the same point in a given straight line, and equally 
inclined to this line, the sum of these two lines will be less 
than the sum of the two lines drawn from the two given 
points to any other point of the given line. 
6 
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SECTION IV.— ANGLES. 
Proposition XVI. 

151. Theorem : The sum of the interior and exterior 
angles of any triangle^ fortned by extending the sides 
in the same ardeVf is equal to six right angles, 

6^ 




Statement : Let f 23 he any triangle, with the sides / 2, 
2 5, and 3 1 extended respectively to 4, 5, and 6, making 
the three exterior angles, h, f, and b. The three interior, 
together with the three exterior, angles are equal to six right 
angles. 

Demonstration: The triangle has three vertices, at each 
one of which there is a set of angles consisting of an interior 
and an exterior angle. The angles of each set, being adja- 
cent, are equal to two right angles (Book i.. Prop, vi.) ; 
and the angles of the three sets are, therefore, equal to three 
times two right angles, or six right angles. 

Gonclnsion \ 1 23 being any triangle, it follows, etc. 



Corollary. The interior and exterior angles of any polygon 
equal two right angles multiplied by the number of sides. 
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Proposition XVII. 

*153. Theorem : The sum of the three angles of a 
triangle is equal to two right angles. 




Statement : Let >1 ^ C be any triangle. The sum of /, 2, 
and 3, its three angles, is equal to two right angles. 

Constmction : Through H, draw £ F parallel to B C. 

Demonstration : In the figure there are two sets of angles 
— ^the three angles of the triangle, and the three angles at A. 
The angle 2 of the one set is equal to its alternate angle, 
the angle 4 of the other set. (Book i.. Prop, xvi.) For a 
similar reason, the angle 3 of the one set is equal to the 
angle 5 of the other set. The angle / is common to both 
sets. The three angles of the one set are, then, equal to 
the three angles of the other set. (Axiom hi.) 

The three angles at A are, however, equal to two right 
angles. (Book i.. Prop, vi., Cor. i.) The three angles of 
the triangle are, therefore, also equal to two right angles. 

Conclusion : The triangle ABC being any triangle, etc. 



Corollary I The interior angles of any polygon equal two 
right angles multiplied by the number of sides, less two. ; 
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Corollary II. In a right-angled triangle, each acute angle 
is the complement of the other. 

Proposition XVIII. 

153. Theorem : The sum of any two angles of a tri* 
angle is equal to the supplement of the third angle; 
and the supplement of any otie angle of a triangle^ di^ 
minished by either of the others, egtuils the third angle. 




Statement : Let / 2 5 be any triangle. The sum of / and 
3 equals the exterior angle which is the supplement of 2 ; 
and the supplement of 2 diminished by / equals 3. 

Construction : Extend / 2 to 4. Draw 2 5 parallel to / 3. 

Demonstration : The angles / and 3 are the supplement 
of the angle 2, as the three angles equal two right angles. 
(Prop, xvii.) The angle 3 2 4 is the supplement of 2, its 
adjacent angle. (Book i., Prop, vi.) The angles / and 3 
are, therefore, together equal to the exterior angle 3 2 4, 
the supplement of the angle 2. 

From 3 2 4 subtract 3 2 5, equal to 3, its alternate angle 
(Book i., Prop, xvi.), and there will remain 5 2 4, equal to 
/, the opposite interior angle on the same side. (Book l, 
Prop, xvii.) 

Condnsion : The triangle f 2 3 being any triangle, etc. 
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Proposition XIX. 

154. Tbeorem : The difference between any two 
atigles of a triangle is twice the angle made by the 
line bisecting the third angle and the perpendicular 
from, its vertex to the opposite side, or to ti^ opposite 

side produced. 

A 





E F ^ " B F 

Statement: Let ABC h^ any triangle, B and C being any 
two of its angles. The difference between B and C is twice 
the angle E JkF, made by A F, bisecting the third angle A, and 
A £, drawn from A perpendicular to B C, or B C produced. 

Demonstration : The angle B =zAFC ^ BAF (Prop, xviii.) ; 

and C=zAFB — FAC; 
but, B AF =. F AC, by hypothesis ; 
subtracting, then, B — C = AFC — AFB, but, 

the angle AFC = £-\-£AF; and (Prop, xviii.) 

AFB = £ — EAF; (Prop, xvil, Cor.) 

subtracting, AFC — AFB = 2 E A F ; (Axiom iv.) 

therefore, B — C=2EAF. (Axiom i.) 

Conclusion : As >f ^ C is any triangle, it follows, etc. 



Ezercisea i. >l = 35° ; ^ = 55° ; ^=? 2. ^ = 63° ; ^1 = 45^ 
supplement of ^ = ? 3. In isosceles triangle, A = 48° ; others ? 
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Proposition XX. 

155. Theorem : The greater of any two angles of a 
triangle is egu€U to JuUf of their sum plus half of their 
difference ; and, the less is equal to half of their sum 
minus half of their difference. 



Statement : Let ABChe any triangle ; and let the angle B 
be greater than the angle C. The angle B is equal to half of 
th^ sum of. B and C, plus half of their difference, and the 
angle C is equal to half of the sum minus half of the differ- 
ence. 

Constraction : Extend BA to G, making AG equal to AC. 
Draw GC. Draw A£ perpendicular to B C, send AF bisect- 
ing the angle A. Draw A K perpendicular to A £; and, A H 
perpendicular to A F. 

Demonstration \ BAF and C AF are equal, by construction ; 
but B AF \s the complement of GAH, since H AF \s a right 
angle (Book i., Prop, vi., Cor. i.) ; and C AF\^ the comple- 
ment oi CA H, by construction. GAH and CAH are, there- 
fore, equal. (Axiom iv.) Together, GAH and CAH are 
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equal to the sum of the opposite interior angles B and C. 
(Prop, xyiii.) Each one is, therefore, equal to half of the 
sum of B and C. (Axiom vi.) 

HAK and FAE are equal, as each is the complement of 
KAF. (Axiom iv.) Each of these angles is, then, equal to 
half of the difference of B and C, (Prop, xix.) 

AK\^ parallel to B C, as each is perpendicular to A E. (Book 
I., Prop, xiii.) The angle B, then, is equal to the opposite 
exterior angle GAK (Book i., Prop, xvii.), which is equal 
to G A H plus H A IC, or half of the sum plus half of the differ- 
ence of B and C. The angle C is equal to the alternate angle 
KAC, which is equal to C A H minus H A IC, or half of the sum 
minus half of the difference of B and C. 

Condiudoii i A B C being any triangle, it follows, etc. 

MISCELLANEOUS EXERCISES. 

Theorems. 

156. Prove the following: I. i. The hypotenuse is 
greater than either of the other sides of a right-angled tri- 
angle. 

2. The exterior angles at the base of any triangle are 
together greater than two right angles. 

3. The perpendicular from the right angle to the hypote- 
nuse of a right-angled triangle divides the triangle into two 
triangles, which are mutually equiangular with each other 
and with the right-angled triangle. 

4. Prove that the three angles of a triangle are equal to 
two right angles by joining any vertex with any point in the 
opposite side. 

5. Prove that the three angles of a triangle are equal to 
two right angles by extending one of the sides. 
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6. The sum of the exterior angles at the base of any tri- 
angle is equal to two right angles, plus the angle at the ver- 
tex of the triangle. 

7. Either exterior angle at the base of an isosceles tri- 
angle is equal to the angle contained by the bisectors of the 
angles at the base. 



II. 8. If, in a right-angled triangle, one of the acute an- 
gles is one-third of a right angle, the side opposite to this 
acute angle is one-half of the hypotenuse. 

9. Two sides of one triangle are respectively equal and 
parallel to two sides of another triangle. Prove that the 
third sides are equal and parallel. 

10. If through any point in a line which meets another 
line, at any point not its extremity, a line be drawn parallel 
to the other line, the bisectors of the adjacent angles will 
intercept equal portions of the line thus drawn. 

11. The bisectors of the angles at the base of any triangle 
include an angle which is equal to the vertical angle and 
half of the angles at the base. 

12. The line which joins points in the side of an isosceles 
triangle, equally distant from the extremities of the base, is 
parallel to the base. 



III. 13. Lines bisecting the two interior angles on the 
same side of the transversal to two parallel straight lines, 
meet at right angles. 

14. Any angle of a triangle is obtuse, acute, or a right 
angle, if the line from its vertex to the middle point of the 
opposite side is respectively less than, greater than, or equal 
to, half of the opposite side. 
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15. A Straight line bisecting the vertical angle of a tri- 
angle divides the base into two segments, or parts, each of 
which is less than the adjacent side. 

16. The line joining one extremity of the base of an isos- , 
celes triangle with the extremity of the opposite side, pro- 
duced to double its length, is perpendicular to the base. 

Problems. 

157. Lines and points. I. 17. Draw a line parallel to the 
base of any triangle equal to the sum of the segments, or 
parts, of the other sides intercepted between the base and 
the required line. 

II. 18. In an isosceles triangle, draw a line parallel to the 
base, and equal to each of the parts of the two sides included 
between the required line and the base. 



III. 19. Trisect a right angle. 



15§. Constructions. Construct triangles, the following 
parts being given : 

I. 20. Hypotenuse and sum of the other sides of a right- 
angled triangle. 

21. Hypotenuse and difference between the other sides of 
a right-angled triangle. 

II. 22. The sum of the three sides, or perimeter, and the 
angles at the base. 

23. The perimeter and one acute angle of a right-angled 
triangle. 

III. 24. The sum of the hypotenuse and one side of an 
isosceles right-angled triangle. 
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SECTION v.— CONCURRENT LINES.* 

DEFINITION. 

159. If several lines run together^ or meet, at one point, 
they are said to be concurrent lines. 

Proposition XXI. 

1«0. Theorem: A straight line drawn from the 
middle point of one side of a triangle, parallel to a sec^ 
ond side, and terminating in the third side, bisects the 
third sidef and is equal to one^half of the second side. 




Statement : Let M be the middle point of A B, any side of 
the triangle ABC. Let H E bt parallel to B C and terminate 
in A C. The straight line H E bisects A C and is equal to one- 
half of B C. 

Construction : From H draw H F parallel to A C. Join F and 
£ by the straight line F E. 



The five following propositions may be reserved for general review. 
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Demonstration : The four triangles thus formed are equal. 
The triangles / and 2 are equal (Prop, ii.) ; for kH v& 
equal to H B, by hypothesis ; the angle A H £ is equal to the 
angle H B F, since they are opposite exterior and interior 
angles on the same side ; and, for a similar reason, the angle 
HA£ is equal to the angle B H F. (Book l, Prop. xvii. ) The 
triangles 2 and 3 axe equal, by Prop. i. ; for H E and BF being 
corresponding parts of the triangles / and 2, have just been 
proved equal ; the side H F is common, and the angle £HF 
is equal to the angle /^FF, its alternate angle. (Book i., 
Prop, xvi.) The triangles 3 and 4 are equal, by Prop. ii. ; 
for £ F is common ; the angle H E Fis equal to its alternate 
angle E FC, as, also, H FE is equal to its alternate angle FEC. 
(Book i., Prop, xvi.) 

The four triangles /, 2, 3, and 4 have thus been proved 
equal ; as / and 4, being respectively equal to 2 and 3, are 
equal to each other, by Axiom k HE, in triangle /. is, 
then, equal to B F and to F C, its corresponding side in the 
triangles 2 and 4 ; that is, H E, the given line, is equal to 
one-half of B C, the second side of the triangle. A E and 
£ C, the parts of the third side, are equal to each other, as 
each is equal to H F, their corresponding part in triangle 2 ; 
that is, A C, the third side of the triangle, is bisected at £. 

Conclusion \ ABC being any triangle, it follows, in general, 
that : A straight line drawn from the middle point, etc. 



Corollary L The straight line joining the middle points of 
two sides of a triangle is parallel to the third side and equal 
to one-half of it. 

Corollary n. The sides of a triangle passing through the 
vertices of another triangle and parallel to the opposite sides 
are bisected by the vertices of that triangle. 



92 BOOK 11,— TRIANGLES, 



Proposition XXIT. 

161. Theorem : The perpendictUars bisecting the 
sides of any triangle are concurrent lines. 




Statement : Let AB Che any triangle, and let £, F, and S be 
the middle points of its sides. If perpendiculars are drawn 
to the respective sides at their middle points, £, F, and S, they 
will meet in one and the same point. 

Construction : At £ and F, two of the points of bisection, 
erect perpendiculars £H and FH. They meet, for if not, 
they are parallel, and then the line F C, perpendicular to one 
of them, is perpendicular to the other. (Book i.. Prop, xiv.) 
As only one perpendicular can be drawn from a given point 
to a given straight line (Book l, Prop, xi.), the line FC £ is 
a straight line ; but this is absurd, as it is formed by two sides 
of the triangle. The perpendiculars then meet at some point, 
as H, Draw H S. The straight line A^ 5 is to be proved per- 
pendicular to >1 ^. 
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Demonstration : H E being perpendicular to ^ C at its middle 
point, H is equidistant from B and C. (Book i., Prop, xv.) 
H F being perpendicular to >l C at its middle point, H is equi- 
distant from A and C. (Book i., Prop, xv.) H\Sy therefore, 
equidistant from A, B, and C. By hypothesis, S is equidistant 
from A and B. As two of its points are each equally distant 
from A and B, the straight line H S is perpendicular to A B. 
(Book i., Prop, xv.. Cor. hi.) 

The three straight lines H E, H F, and H S are the perpen- 
diculars to the sides of the triangle at their middle points, and 
they meet in one and the same point. 

Condusion \ ABC being any triangle, it follows, etc. 



163. Ezerdfles. Theorems, i. The points of bisection 
of the sides of an equilateral triangle may be made the ver- 
tices of a second equilateral triangle. 

2. If a perpendicular from the base of an isosceles triangle 
intersects one of the equal sides and the other side produced, 
the exterior triangle thus formed is an isosceles triangle. 



163. Problems, i. Construct an isosceles triangle, hav- 
ing given the base, and the sum of the base and the per- 
pendicular from the vertical angle to the base. 

2. Construct the triangle, the perpendicular drawn from 
the vertical angle to the base, and the difference between 
each side and the adjacent segment of the base made by the 
perpendicular, being given. 

3. Construct an isosceles triangle, the base and the sum of 
one of the equal sides and the perpendicular from the vertical 
angle to the base being given. 

4. The value of an angle in equilateral triangles ? 
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Proposition XXIII. 

164. Theorem : The straight lines bisecting the 
angles of any triangle are concurrent lines* 




Statement : Let AB C he any triangle, and let A £ and B £ 
be two straight lines bisecting the angles >1 and B. If a straight 
line is drawn from E, their point of intersection, to C, the 
vertex of the third angle, it will bisect that angle, and the 
three lines bisecting the three angles of the triangle meet in 
one and the same point. 

Construction : From £, draw E F, £S, and £ H perpendicu- 
lar, respectively, to AB, B C, and A C. 

Demonstration : The triangles / and 2 are equal ; for, being 
right-angled triangles, the hypotenuse, £B, is common, and 
the angles at B are equal, by hypothesis. The side F£ is, 
therefore, equal to £ $. (Prop, v.) 

The triangles 3 and 4 are also equal ; the hypotenuse, A £, 
being common, and the angles at A being equal, by hypothe- 
sis. £M is, therefore, equal to £F. (Prop, v.) The lines 
£H and £ S are, therefore, equal. (Axiom i.) 
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The triangles 5 and 6 are equal ; for, being right-angled 
triangles, the hypotenuse, £ C, is common, and the sides £ H 
and £5 have just been proved equal. (Prop, iv.) The 
angles at C are, therefore, equal, and the line EC bisects the 
angle C, the third angle of the triangle ; that is, the three 
lines bisiecting the three angles meet at the point £. 

Concliudon : ABC being any triangle, it follows, in general, 
that : The straight lines bisecting the angles, etc. 



IM. Exercises. Theorems, t. The sum of the sides of an 
isosceles triangle is less than the sum of the sides of any other 
triangle on the same base and between the same parallels. 

2. Half of the sum of the angles at the base equals the 
angle made by one of the sides of the triangle, and the per- 
pendicular from one extremity of the base to the bisectrix 
of the vertical angle. 

3. Half of the difference of the angles at the base equals 
the angle made by the base and the perpendicular from one 
extremity of the base to the bisectrix of the vertical angle. 



1«6« Ezercisss. Problems, i. To determine a point in a 
line given in position, to which lines drawn from two given 
points may have the greatest possible difference. 

2. From two points on the same side of a line given in 
position, draw two lines which shall meet at a point in this 
line, their sum being less than the sum of any two lines 
drawn from the same points, and terminated at any other 
point in the same line. 

3. An angle, a side opposite to it, and the difference of 
the two other sides, being given, construct the triangle. 

4. An angle, a side opposite to it, and the sum of the two 
other sides, being given, construct the triangle. 
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Proposition XXIV. 

167. Theorem : The straight lines drawn from the 
vertices of any triangle, perpendicular to the opposite 
sides, are concurrent lines. 



-J( 




Statement: Let ABC be any triangle. Let AH, BF, and 
C 5 be three perpendiculars from the vertices to the respect- 
ively opposite sides of the triangle. They all meet at one 
and the same point, as at £ ; that is, the three perpendiculars 
from the vertices to the opposite sides are concurrent lines. 

Construction : Through A, B, and C, the three vertices, draw 
straight lines, IK, I M, and K UK, parallel to the respectively 
opposite sides of the triangle ABC. 

Demonstration: The sides of the triangle /iT If, in passing 
through the vertices of the triangle ABC, parallel to the sides 
oi AB C, opposite the respective vertices, are bisected by the 
vertices. (Prop, xxi., Cor. ii.) A, B, and C are, then, the 
middle points oi I K, I M, and K m. 
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Since KB and KM are parallel, S C, which, by construction, 
is perpendicular to A B, is also perpendicular to ^ ^ at C, its 
middle point (Book i.. Prop, xiv.) In similar manner, X ^ 
is shown to be perpendicular to / /T at A, its middle point ; 
and B F, to be perpendicular to ^ / at B, its middle point. 

The three straight lines AH, B F, and C5 are, then, perpen- 
dicular, respectively, to the three sides of the triangle t K M 2X 
their middle points ; and, therefore, the three lines AH, BF, 
and C S meet in one and the same point (Prop, xxii.) ; but 
these three lines are drawn from the vertices of the given 
triangle perpendicular to the opposite sides. 

ConclQsion : A B C being any triangle, it follows, etc. 



16§. Exercises. Theorems, i. The sum of the three lines 
from any point within a triangle to the three vertices is less 
than the sum of the three sides of the triangle, and greater 
than half the sum. 

2. The sum of the medians is less than the sum of the 
sides of a triangle, and greater than half the sum. 

3. In any triangle, the sides of the vertical angle being 
unequal, the median drawn from the vertical angle lies be- 
tween the bisectrix of the vertical angle and the longer side. 

4. In any triangle, the sides of the vertical angle being 
unequal, its bisectrix lies between the median and the perpen- 
dicular from the vertical angle to the base. 

5. The triangle made by joining points in the sides of an 
equilateral triangle equidistant from the vertices, in the same 
order, is an equilateral triangle. 

6. The bisectrix of any one angle of a triangle and the 
bisectrices of the angles exterior to the other angles of the 
triangle are concurrent. 

7 
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Proposition XXV. 

160. Theorem : The medians, or straight lines 
drawn from the vertices to the middle points of the 
opposite sides of a triangle, are concurrent lines. 




Statement : Let AB Cht any triangle. The three straight 
lines drawn from A, B, and C to the middle points of the 
respectively opposite sides of the triangle will meet in one 
and the same point. 

Construction : Draw B F from B to the middle point of A C, 
and C E from C to the middle point of A B, intersecting B Fm 
H. Draw A //, and produce it to 5 in 5 C. The point 5 is to 
be proved the middle point of BC. Draw EF; and, also, 
draw J K from the middle point oi BH to the middle point 
oi HC. 

Demonstration \ EF is parallel to ^ C and equal to one-half 
of it. (Prop, xxi., Cor. i.) For a similar reason, J AT in 
the triangle H B C, is parallel to B C and equal to one-half of 
it. EF and J /C are, then, equal and parallel. (Book i., 

^ROP. XIX.) 
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In similar manner, £ and «/ P are proved to be equal, each 
being equal to one-half of BS; and OF and /'/Tare equal, 
each being equal to one-half of 5 C. (Prop, xxi.) 

The four lines EO, OF, J P, and PK may, however, be 
proved equal to one another. For the triangles £ H F dSid. 
J H K are equal (Prop, ii.), since E F has been proved equal 
and parallel to J K ; and the alternate angles at £ and K, and, 
also, at F and J, are equal. (Book i., Prop, xvi.) EH is, 
therefore, equal to H K. The two triangles E H and H P It 
are, then, proved to be equal (Prop, ii.), EH and H K hav- 
ing just been proved equal, as also the angles OEH and H K P; 
and the angles E H and P H K are equal, as they are opposite 
or vertical angles. (Book i., Prop, vii.) The side EO is, 
then, equal to P K, 

E has, however, been proved equal to J P, and F to PIC. 
As £ (? is equal to P K, the four lines are equal to one another. 
(Axiom i.) 

£ was proved to be equal to one-half of B S, and F to 
one-half oi SC, BS and S C are, therefore, equal, since their 
halves are equal. (Axiom v.) S is, then, the middle point 
of B C. The three lines AS, B F, and C E, drawn from the 
vertices to the middle points of the opposite sides, meet, 
then, in one and the s^me point, and are thus shown to be 
concurrent lines. 

Conclusion : ABC being any triangle, it follows, in general, 
that : The medians, or straight lines drawn from the ver- 
tices to the middle points of the opposite sides of a triangle, 
are concurrent Imes. 
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MISCELLANEOUS EXERCISES. 

Theorems. 

170. Prove the following: I. i. If from any point in the 
bisectrix of an angle, a parallel to one of the sides is drawn, 
the bisectrix, the parallel, and the remaining sides form' an 
isosceles triangle. 

II. 2. If through each of the vertices of a given triangle 
a line be drawn parallel to the opposite side, a new triangle 
will be formed equal to four times the given triangle. 

3. The bisectrices of the vertical angle of a triangle and 
of one of the exterior angles at the base contain an angle 
equal to one-half of the other angles at the base. 



III. 4. The three medians of a triangle intersect at a 
point of trisection, two-thirds of each lying toward the angle 
from which the median is drawn. 

5. If through the vertices of a triangle three bisectrices 
of the exterior angles be drawn, the three smaller new tri- 
angles and the whole triangle thus formed will be mutually 
equiangular. 

Problems. 

Constmctionfl : Construct triangles, the following parts being 
given : 

I. 6. The perpendicular from any vertex to the opposite 
side of an equilateral triangle. 

7. The base, the difference between the sides, and the 
difference between the angles at the base. 



II. 8. One side and the medians to the other sides. 



III. 9. The three medians. 



GENERAL SCHOLIA. 
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INTERSECTION OP l.OCi. 

171. The method of intersection of loci is helpful in solv- 
ing many determinate problems. For instance, in finding the 
positioh of a point that fulfills two conditions, while, from 
each condition, a line that is a locus of the point may be 
found, the point itself, if the problem is possible, will be 
found at the intersection of the two loci. 

Thus, to find a point at equal distances from 
three given points, ^, B, and C. EF, 
perpendicular to the line kB, at its 
middle point, is the locus of points 
equidistant from ^ and B; and FG, 
similarly, is the locus of points equally distant from B and C 
F, the intersection of the loci, is the required point. When is 
the problem impossible ? 




SYMMETRY. 



172. The relative position of points, lines, figures, and 
solids with respect to some point, line, or 
plane of reference requires mention ; thus, ^\ ?' t B 




Two points are diametrically opposite from any 
point in the straight line that joins them. 
If the given points are equally distant from 0' 
the assumed point, they are diametrically sym- 
metfical with respect to that point, as a center of symmetry. 
Every point in AB, ba 1, is diametrically symmetrical to some 
point, as 2, in C D, 
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173. Any two points, lines, figures, or solids, or any two 
parts of figures or solids, are symmetrical, when for every 
point on one side of an intermediate point, or line, or plane, 
there is a diametrically or vertically opposite point at an 
equal distance on the other side. 

Two points are vertically opposite from 
any intermediate line or plane per- 
pendicular to the straight line that mm, 
joins them. If the given points 
are equally distant from the assumed q. 
line or plane, they are vertically 
symmetrical with respect to the line 

or plane as an ojcis or plane of symmetry. Every point in EF 
is vertically symmetrical with respect to some point in G H, 
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SYNOPSIS. * 

SECTION I.— EQUAL SIDES. 

174. I. Definitions. 

2. Propositions. 

Prop. I. The opposite sides of a parallelogram are equal, each to 

each. 
Prop. II. If the opposite sides of a quadrilateral are equal, each to 

each, the Bgure is a parallelogram. 
Prop. III. If two sides of a quadrilateral are equal and parallel, the 

figure is a parallelogram. 
Prop. IV. If two adjacent sides of a rectangle are equal, the figure 

is a square. 
Prop. V. If two adjacent sides of a rhomboid are equal, the figure 

is a rhombus. 

3. Miscellaneous Exercises 

* The student should work Book III. without referring to the text. 
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SECTION II.— ANGLES. 

175* I. Definitions. 

2. Propositions. 

Prop. VI. The four angles of a quadrilateral are tc^ether equal to 

four right angles. 
Prop. VII. The opposite angles of a parallelogram are equal, each 

to each. 
Prop. VIII. If the opposite angles of a quadrilateral are equal, 

each to each, the figure is a parallelogram. 
Prop. IX. If any angle of a parallelogram is a right angle, the figure 

is a rectangle. 
Prop. X. If any angle of a parallelogram is an oblique angle, the 

figure is a rhomboid. 

3. Miscellaneous Exercises. 

SECTION III.— DIAGONALS AND DIAMETERS. 

176. I. Definitions. 

3. Propositions. 

Prop. XI. The diagonals of a parallelogram mutually bisect. 
Prop. XII. The diameters of a parallelogram mutually bisect. 
Prop. XIII. If the diagonals of a quadrilateral mutually bisect, the 

figure is a parallelogram. 
Prop. XIV. The diagonals of a square are equal, and bisect each 

other at right angles. 
Prop. XV. The diagonals of a rhombus are unequal, but bisect each 

other at right angles. 

3. Miscellaneous Exercises. 

SECTION IV.— EQUAL AREAS. 

177. I. Definitions. 
a. Propositions. 

Prop. XVI. A parallelogram is divided by either of its diagonals 

into two equal triangles. 
Prop. XVII. Parallelograms, that may be divided by their diagonals 

so as to make a triangle in the one equal to a triangle in the 

other, are equal. 
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Prop. XVIII. A parallelogram is divided by either of its diameters 

into two equal parallelograms. 
Prop. XIX. A trapezoid is equivalent to any parallelogram with the 

same altitude and a base equal to the diameter joining the sides 

that are not parallel. 
Prop. XX. Parallelograms with the same, or with equal bases and 

altitudes, are equivalent. 

3. Miscellaneous Exercises. 

SECTION v.— COMPARISON OF AREAS. 

17S* I. Definitions. 

2. Propositions. 

Prop. XXI. The square of the sum of two lines is equal to the 
sum of the squares of the lines, increased by twice the rectangle 
of the lines. 

Prop. XXII. The square of the difference of two lines is equal to 
the sum of the squares of the lines, diminished by twice the 
rectangle of the lines. 

Prop. XXIII. The rectangle of the sum and difference of two lines 
is equal to the difference of the squares of the lines. 

Prop. XXIV. The square of the hypotenuse of a right-angled tri- 
angle is equal to the sum of the squares of the two other sides. 

Prop. XXV. The square of any side of an oblique-angled triangle 
is equal to the sum of the squares of the two other sides, in- 
creased or decreased, according as the angle opposite the given 
side is obtuse or acute, by twice the rectangle of the one and 
the projection upon it of the other of the two sides. 

3. Miscellaneous Exercises. 



GENERAL SCHOLIA. 
179. I. Maxima and Minima. 2. Theory of Limits. 
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DEFINITIONS. 

150. A quadrilateral is a figure bounded by four lines. 

151. A parallelogram is a quadrilateral 
whose opposite sides are parallel ; as 2, 3, 4. 

1§2. A rectangle is a right-angled parallelogram ; as 2, 
183. A square is an equilateral rectangle ; as 3. 
1§4. A rhomboid is an oblique-angled parallelogram ; as 4. 
185. A rhombus is an equilateral rhomboid ; as 5. 

A diagonal is a straight line joining vertices not adjacent ; as a. 



RULE AND COMPASS. 

186. I. Construct a rectangle having two adjacent sides given. 

Make / equal to one 
of the sides, and at one 
of its extremities erect a 
perpendicular, extending ^^ 
it so that it shall equal 2, { ^ \ 
the other side. From the 
outer extremity of 2 draw 
an arc at a distance equal 
to /, and from the outer extremity of /, an arc at a distance 
equal to 2. With the rule, complete the quadrilateral. 

2. Construct a square on a given line. 
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Proposition I. 

1§7. Theorem : IT^e opposite sides of a paraUelo^ 
gram are equal, each to each. 





Statement : Let 1 2 34 he any parallelogram. The oppo- 
site sides / 4 and 2 3 are equal to each other ; and, also, 
the opposite sides / 2 and 5 4 are equal to each other. 

Construction : Draw the diagonal 2 4. 

Demonstration : The two triangles 12 4 and 2 4 3 have, by 
construction, the side 2 4 common ; the alternate angles a 
and b, equal ; and, also, the alternate angles c and h, equal. 
(Book ii.. Prop, xvi.) The two triangles, having two 
angles and the included side of the one equal to two angles 
and the included side of the other, each to each, are equal. 
(Book ii.. Prop, ii.) The sides 14 and 2 3, opposite the 
equal angles, c and h, are, then, equal ; and the sides / 2 
and 4 3, opposite the equal angles, a and 6, are equal. 

Conclusion : 1 2 3 4 being any parallelogram, it follows, etc. 



Corollary L Parallel lines included between parallel lines 
are equal. 

Corollary n. Parallel lines are everywhere equally distant. 

The perpendicular distance between its parallel bases is the altitude 
of a parallelogram. Illustrate. 
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Proposition II. 

19S. Theorem: If the opposite sides of a quadri- 
lateral are equals each to each, the figure is a parol' 
(elogratn. 




Statement : Let A B H C have the opposite sides A B and 
CH equal ; and, also, the opposite sides AC and BH equal. 
Prove that the quadrilateral is a parallelogram. 

Construction : Draw the diagonal A H. 

Demonstration : In the two triangles AC H and AB H, the 

side AH xs common, by construction ; the sides A C and B H 
are equal, by hypothesis ; as are also the sides C H and A B. 
The two triangles are, therefore, equal. (Book 11., Prop. 
III.) The alternate angles, / and 3, opposite the equal sides, 
C H and A B, are thus proved to be equal ; and, therefore, the 
sides A C and B H are parallel. (Book ii.. Prop, xviii.) The 
alternate angles, 2 and 4, opposite the equal sides, B H and 
A C, are equal, and, therefore, the sides A B and C H are 
parallel. The opposite sides of the quadrilateral being 
parallel, each to each, it is, by definition, a parallelogram. 

Condnsion \ AB H C being any quadrilateral, it follows, etc. 
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Proposition III. 

1§9. Theorem : If two sides of a quadrilateral are 
equal and parallel^ the figure is a parallelogram. 




Statement : Let A B C H be any quadrilateral, having two 
opposite sides, as >1 ^ and // C, equal and parallel. The 
figure is to be proved a parallelogram, 

Constniction : Draw the diagonal B H. 

Demonstration: In the triangles ABH and B H C, the side 
B H is common, by construction ; the sides A B and H C are 
equal, by hypothesis ; and the alternate angles / and 2 are 
equal, the sides AB and H C being parallel. (Book i.. Prop. 
XXIV.) The two triangles are, therefore, equal. (Book ii., 
Prop, i.) The angles 3 and 4, opposite the equal sides A B 
and H C, are thus proved equal. The angles 3 and 4 being 
equal, the sides A H and B C are parallel. (Book i.. Prop. 
xviii.) The figure A B C H, having its opposite sides parallel, 
each to each, is, by definition, a parallelogram. 

Cpnclnsion : A B and H C being any two equal, etc. 
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Proposition IV. 

190. Theorem : If two adjacent aides of a reo 
tangle are equal, the figwre is a square. 



K 




\ 






\ 



B 



H 

Statement : Let A B C H be a rectangle with two of its ad- 
jacent sides, as ^ ^ and B C, equal. The four sides are then 
equal to one another, and the rectangle is a square. 

Construction : Draw the diagonal A C. 

Demonstration : In the two triangles ABC and A H C, the 
side AC IS common ; the angles / and 3 are equal, as they 
are alternate angles, the sides A B and C H being parallel, by 
hypothesis (Book i., Prop, xvi.) ; and, similarly, the angles 
4 and 2 are equal, A H and B C being parallel. 

The two triangles, having two angles and the included 
side of the one equal to two angles and the included side 
of the other, each to each, are equal. (Book it., Prop. 
II.) The sides H C and AH are thus proved equal, respect- 
ively, to the sides AB and B C. The sides >l ^ and BC are, 
however, equal to each other. The sides A B, B C, A H, and 
HC are, then, equal to one another. (Axiom i.) 

Conclusion ; AB C H being any rectangle, it follows, etc. 
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Proposition V. 

191. Theorem : If two adjacent sides of a rhomboid 
are equal, the figure is a rhombus. 




Statement : Let 12 3 4 be any rhomboid, and let two of 
its adjacent sides, as / 4 and / 2, be equal to each other. 
The four sides are to be proved equal to one another, and 
the figure is thus shown to be a rhombus. 

Demonstration : A rhomboid being, by definition, a paral- 
lelogram, the figure 1234 is a parallelogram. The opposite 
sides are, therefore, equal. (Prop, i.) The side 4 3 is, 
then, equal to the side / 2, and 2 5 is equal to / 4. Since, 
by hypothesis, the sides / 2 and / 4 are equal to each other, 
the four sides are equal to one another. (Axiom i.) The 
figure is, then, by definition, a rhombus. 

Conclusion : hs 1 2 3 4 is any rhomboid, it follows, etc. 



Exercise. In an isosceles triangle, A = ^ B, or ^C ; find 
4, B, and C. A = 4 B, or 4 C ; find A, B, and C, 



SECTION I.^EQUAL SIDES. "I 



MISCELLANEOUS EXERCISES. 

193. I. Straight lines drawn through any point in a diag- 
onal of a parallelogram; parallel to its sides, divide the par- 
allelogram into four parallelograms, two of which must be 
equal. 

The two equal parallelograms to which reference is made are some- 
times called complements. If the given point bisects the given 
diagonal, the four parallelograms are equal to one another. 

2. A diagonal of any parallelogram is trisected by two 
straight lines intersecting it, drawn from one of the opposite 
angles to the middle points of the two opposite sides. 

3. If a straight line be drawn through any vertex of a 
parallelogram so as to intersect the parallelogram, the per- 
pendicular to it from the opposite vertex is equal to the 
difference between the perpendiculars to it from the other 
vertices. 

4. The straight line joining the points of bisection of two 
sides of a triangle is parallel to the third side. 

5. If a straight line be drawn through any vertex of a 
parallelogram so as not to intersect the parallelogram, the 
perpendicular to the line from the opposite vertex is equal to 
the sum of the perpendiculars to it from the other vertices. 

6. The four straight lines that join the points of bisec- 
tion of the adjacent sides of any quadrilateral form a paral- 
lelogram. 

7. Any straight line drawn from the vertex to the base of 
a triangle, or to the base produced, is bisected by the straight 
line (produced, if necessary) that joins the middle points of 
the two other sides of the triangle. 
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SECTION II.— ANGLES. 



Proposition VI. 



193. Theorem : The four angles of a quadrilateral 
are together equal to four right angles. 




Statement: Let 1234 be any quadrilateral. Prove the 
sum of its angles, /, 2, 3, and 4, equal to four right angles. 

Construction : Draw the diagonal 2 4. 

Demonstration : By construction, the quadrilateral has been 
divided into two triangles. It is obvious, that the four 
angles of the quadrilateral are together equal to the six 
angles of the two triangles. The three angles of each tri- 
angle are, however, equal to two right angles. (Book ii.. 
Prop, xvii.) The six angles of the two triangles, or the 
four angles of the quadrilateral, are, then, equal to four 
right angles. (Axiom v.) 

Conclusion : 12 3 4 being any quadrilateral, etc. 



Exercise, i. Given three angles of any quadrilateral, find 
the fourth angle. Find the sum of the exterior angles. 
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Proposition VII. 

194. Theorem : The opposite angles of a paraHelo- 
gram are eqtuMi, ea^h to each. 



B 



5 4 





H 



Statement : Let ABC H be any parallelogram. Prove that 
the opposite angles / and 5 are equal to each other ; and, 
also, that the opposite angles 2 and 4 are equal to each 
other. 

Gonstmctioii : Extend the base H C to £ and to F, making 
the exterior angles 5 and 6. 

Demonstration : The angle / is equal to the angle 5, as 
they are alternate angles. (Book ii., Prop, xvi.) The angle 
3 is equal to the angle 5, as they are opposite exterior and 
interior angles on the same side. (Book ii., Prop, xvii.) 
The opposite angles / and 3, each being equal to the angle 
5, are equal to each other. (Axiom i.) 

In similar manner, it may be proved that the opposite 
angles 2 and 4 are each equal to the angle 6, and, there- 
fore, they are equal to each other. 

Gonclnsion : As AB C H is any parallelogram, it follows, in 

general, that : The opposite angles of a parallelogram are 

equal, each to each. 
8 
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Proposition VIII. 

195. Theorem : If the apposite angles of a quad- 
rilateral are equal, each to each, the figure is a 
parallelogratn* 

1 




Statement : Let f 2 34he any quadrilateral, with the angle 
/ equal to its diagonally opposite angle 3, and the angle 2 
equal to the angle 4. Prove that 1 2 3 4 \s a parallelogram. 

Demonstration : Since the angles 4 and 2 are equal, it is 
obvious, that the angle 4 is half of their sum. Since the 
angles 3 and / are equal, the angle 3 is half of their sum. 
The angles 4 and 3 are, then, together equal to half of the 
sum of the four angles of the quadrilateral, or two right 
angles. (Prop, vi.) • In similar manner, any other two con- 
secutive angles, as / and 4, may be proved equal to two 
right angles. 

Since the angles / and 2 are together equal to two right 
angles, the sides / 4 and 2 3 are parallel. (Book i.. Prop. 
XVIII., CoR. II.) Since / and 4 are together equal to two 
right angles, / 2 and 4 3 are parallel. The opposite sides 
being parallel, the figure is, by definition, a parallelogram. 

Conduflion : The figure 12 3 4 being any quadrilateral, etc. 
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Proposition IX. 

196. Theorem : If any angle of a paraiieiogram is 
a right angle, the figure is a rectangle. 



B 




H 



Statement: Let ABHC be any parallelogram. Let any 
angle, as A, be a right angle. Prove the figure a rectangle. 

Demonstration : The angles A and B are together equal to 
two right angles. (Book i., Prop, xvii.) As >I is a right 
angle, B is, also, a right angle. (Axiom iv.) 

As a and B are right angles, their respectively opposite 
angles, H and C, are right angles. (Prop, vii.) The four 
angles are, then, all right angles, and the figure is a rectangle. 

Conclusion : The figure ABHC being any parallelogram, 
and the angle A any one of its angles, it is true, in general, 
that : If one angle of a parallelogram, etc. 



Exercise, i. If one side of a quadrilateral be extended in 
both directions, the sum of the exterior angles is equal to 
the sum of the two opposite interior angles. 
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Proposition X. 

197. Theorem : If any angle of a pareUlelogram is 
an oblique angle, the figure is a rhomboid. 




1 




8 




Statement : Let f 23 4 be any parallelogram in which 
any angle, as /, is an oblique angle. The other angles, 2, 3, 
and 4, are then also oblique, and the parallelogram is a 
rhomboid. 

Demonstration : Since the figure 1 2 34 is a parallelogram, 
the sides / 4 and 2 3 being parallel and intersected by the 
side / 2, the angles / and 2 are together equal to two right 
angles. (Book i.. Prop, xvii.) The angle /, being oblique, 
is either greater or less than a right angle ; hence, the angle 
2 is less or greater than a right angle. (Axiom xii.) 

The angles / and 2 being oblique, their respectively oppo- 
site angles, 3 and 4, are also oblique, since they are equal 
to them. (Prop, vii.) 

Gonclnsion : 1 2 3 4 being any parallelogram, it follows, etc. 



Exercise, i. The angles included between the sides of a 
quadrilateral produced equal four right angles. 
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MISCELLANEOUS EXERCISES. 

19§. I. The bisectrices of the interior angles of a paral- 
lelogram form a rectangle. 

2. The bisectrices of the interior angles of a rectangle 
form a square. 

3. If the points in the sides of a square, at equal distances 
from the vertices taken in their order, be joined by straight 
lines, these straight lines will themselves form a square. 

4. If the angles adjacent to one base of a trapezoid are 
equal, those adjacent to the other base are also equal. 

5. If from any point in the base of an isosceles triangle 
parallels to the equal sides are drawn, the perimeter of the 
parallelogram thus formed is equal to the sum of the equal 
sides of the triangle. 
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DEFINITIONS. 




199. A diameter of a quadrilateral is a straight line join- 
ing the middle points of two opposite sides, as A. 

200. A trapezoid is a quadrilateral with only two parallel 
sides, as /. 

301. A trapezium is a quadrilateral with none of its sides 
parallel, as 2. 



ii8 
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Proposition XI. 

903. Theorem: The diagwMxls of a paraUelogravn 
mutuaUy bisect. 





Statement : Let AB CMbe any parallelogram, with its diago- 
nals, A C and B H, intersecting at the point £. The diagonal 
AC \s divided by the diagonal B H into two equal parts, A £ 
and £C; and the diagonal BH is divided by the diagonal A C 
into two equal parts, B £ and £ H. 

Demonstration : The two triangles A£ B and H £C have the 
sides A B and H C equal (Prop, i.) ; and, the angles 2 and 
6 equal to each other, and, also, the angles / and 4. (Book 
I., Prop, xvi.) The triangles A£B and H £ C, having two 
angles and the included side of the one equal to two angles 
and the included side of the other, each to each, are equal. 
(Book ii.. Prop, ii.) The sides A£ and £ C, opposite the 
equal angles 2 and 5, are, therefore, equal to each other ; 
and, also, the sides B£ and £H, opposite the equal angles 
/ and 4, are equal to each other. The diagonals AC and 
BH are thus shown to bisect each other at £, the point of 
intersection. 

Conelofdon : A C and B H being diagonals of ABC H, any, etc. 
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Proposition XII. 

90S. Theorem : The dianneters of a paraUelografn 
mtttttaiiy bisects 



A 2 




B 





Statement : Let f 24 3 be any parallelogram, with its diam- 
eters, A B and H C, intersecting at £. Prove that A £ and £ B 
are equal ; and, also, M E and £ C. 

Demonstration : / 2 and 3 4 being opposite parallel sides, 
by hypothesis, are equal. (Prop, i.) / A, which is half of 
/ 2, is, then, equal to 5 B, which is half of 3 4. (Axiom vi.) 
As 1 A and 3 B are, therefore, equal and parallel, / 3 and 
AB, joining their extremities, are also equal and parallel. 
(Prop, hi.) As >• ^ is parallel to / 3, it is also parallel to 2 4. 
(Book i.. Prop, xiv.) 

In similar manner, H C xs proved equal and parallel to / 2 
and 3 4. 

The diameter H C i^ divided at £ into two equal parts ; for 
HE and £C, its two parts, being respectively equal to 1 A 
and A 2 (Prop, i.), they are equal to each other. (Axiom i.) 

In similar manner, it is proved that >l ^ is bisected at £. 

Conclusion : A B and H C being diameters of 124 3, any, etc. 
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Proposition XIII. 

904. Theorem : If the diagonals of a quadrilateral 
mutually bisect, the figure is a parallelogram, 

A 

A 





Statement : Let A B HChe a quadrilateral, whose diagonals, 
A H and B C, bisect each other at £. AB M C \sa parallelogram. 

Demonstration : The triangles A £ B and C £ M have the 
sides A £ and £ H equal, by hypothesis ; and, also, B £ and 
EC. And the vertical angles / and 2 are equal. (Book i., 
Prop, vii.) The triangles A£B and C£H are, therefore, 
equal. (Book it.. Prop, i.) The angles 3 and 4, being 
opposite the equal sides A £ and £//, are thus proved equal ; 
as, also, 5 and 6, opposite the equal sides B £ and £ C ; and 
the side 4 iff is thus proved equal to C H. 

Since the angles 3 and 4 are equal, A B and C H are paral- 
lel. (Book i., Prop, xviii.) AB and CH having thus been 
shown to be equal and parallel, the figure A B C H is a paral- 
lelogram. (Prop, hi.) 

Conclusion : A H and B C being the diagonals, etc. 

Note. — If diameters mutually bisect, the figure is not necessarily a 
parallelogram. 
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Proposition XIV. 

d05. Theorem : The diagonals of a square are 
equal, and bisect each otlier at right angles* 

4 




Statement : Let / 2 5 4 be any square. The diagonals / 3 
and 2 4 are equal, and bisect each other at right angles. 

Demonstration : The triangles 12 3 and 2 34 are equal, 
having two sides and the included angles, respectively, equal. 
(Book ii., Prop, i.) Therefore, / 3 and 2 4 are equal. 

The diagonals / 3 and 2 4, moreover, bisect each other, 
since i 2 3 4 is a parallelogram. (Prop, xi.) 

The four triangles, having 5 as a common vertex, are, 
then, all equal. (Book ii.. Prop, hi.) The angles at 5 are all 
equal, and each is a right angle. (Book i.. Prop, vi.^ Cor. ii.) 

Conclusion : 12 3 4 being any square, it follows, etc. 



Corollary I. The diagonals of a rectangle are equal, but 
bisect each other obliquely. 



Exercises, i. If the diagonals of a quadrilateral are equal, 
and bisect each other at right angles, the figure is a square. 

2. If the diagonals of a quadrilateral are equal, but bisect 
each other obliquely, the figure is a rectangle. 
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Proposition XV. 

306. Theorem: The diagonals of a rhombus are 
unequal^ but bisect each other at right angles* 





Statement : Let A B C H be any rhombus. Its diagonals, A C 
and B H, are unequal, but bisect each other at right angles. 

Demonstration : Since the figure is a rhombus, its angles 
B and C are oblique ; and as, together, they are equal to two 
right angles (Book i., Prop, xvii.), one is obtuse and the 
other acute. The triangles ABC and B C H have two sides 
of the one equal to two sides of the other, each to each, but 
one included angle, B, greater than the other, C. AC is, 
then, greater than B H. (Book ii.. Prop, xiv.) The diago- 
nals are unequal ; and, as the figure is a parallelogram, the 
diagonals bisect each other. (Prop, xi.) 

The triangles ABE and B E C are equal. (Book ii.. Prop. 
III.) The angles / and 2 are, then, right angles. (Book i.. 
Prop, vi.) The diagonals are perpendicular to each other. 

Conclunon : A BCH being any quadrilateral, it follows, etc. 
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MISCELLANEOUS EXERCISES. 

a07. I. If the diagonals of a quadrilateral are unequal, 
but bisect each other at right angles, the figure is a rhombus. 

2. If the diagonals of a quadrilateral are unequal, and 
bisect each other obliquely, the figure is a rhomboid. 

3. The sum of the diagonals of a trapezium is less than 
the sum of any four lines which can be drawn to the vertices 
from any point within the figure, except the intersection of 
the diagonals. 

4. The sum of the angles of a four-sided figure is twice as 
great as the sum of the angles of a three-sided figure ; the 
sum of the angles of a five-sided figure, three times as great ; 
of a six-sided figure, four times as great ; and so on. 

5. The lines which join the middle points of the sides of 
a quadrilateral, successively, form a parallelogram equal to 
one-half of the quadrilateral, and whose perimeter is equal 
to the sum of the diagonals of the quadrilateral. 

6. If, through the extremities of each diagonal of a quad- 
rilateral, parallels to the other diagonal be drawn, a paral- 
lelogram double the given quadrilateral will be formed. 

7. The perimeter of a quadrilateral is greater than the 
sum of its diagonals. 

8. If a diagonal of a quadrilateral bisects two of its angles, 
it is perpendicular to the other diagonal. 

9. If the diagonals of a parallelogram are equal, the 
figure is a rectangle. 

10. If the diagonals of a quadrilateral bisect its angles, 
the figure is a rhombus. 

11. Between two intersecting straight lines, draw a straight 
line of a given length, and parallel to a given straight line. 
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SECTION IV.— EQUAL AREAS. 

Proposition XVI. 

30§. Theorem : A parallelograni is divided by 
either of its diagonals into two equal triangles. 





Statement : Let f 23 4 be any parallelogram, with either 
of its diagonals, as / 3, given. The triangles 12 3 and 14 3, 
into which the parallelogram is thus divided, are equal, and, 
therefore, equivalent. 

Demonstration : The triangles 12 3 and 14 3 have 1 3 in 
common ; and the alternate angles a and 6 equal, as, also, 
the alternate angles h and c. (Book i., Pro^. xvi.) The 
triangles are, therefore, equal. (Book ii.. Prop, ii.) 

In proving triangles equal, it is shown that they may be 
made to coincide throughout, and they are, therefore, equal 
in area, or equivalent. 

Conclusion : 12 3 4 being any parallelogram, and / 3 being 
either of its diagonals, it follows, in general, that : A paral- 
lelogram is divided by either of its diagonals into two equal 
triangles. 
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Proposition XVII. 

309. Theorem: ParaUelogratns, that fnay be di- 
vided by their diagonals so as to make a triangle 
in the one equal to a triangle in the other, are equal. 





Statement: Let ABCK andEFSHhe two parallelograms^ 
divided by their diagonals, B K and F H, so as to have the 
triangle B C K, in the one, equal to the triangle FS H, in the 
other. The parallelograms are to be proved equal. 

Demonstration: The triangles BCK and FSH may be 
equal, by any one of the first fiwe. propositions of Book II. 

As the triangles 1 and 2 are equal, the triangles 5 and 
4 are, also, equal, being equal, respectively, to / and 2 
(Axiom i.) ; since a diagonal divides a parallelogram into 
two equal triangles. (Prop, xvi.) 

The four triangles being equal, it is obvious that the 
parallelograms may be made to coincide, and are equal. 

Conclusion \ AB C K and E FS H being, etc. 



Corollary 1. Parallelograms having two sides and the in- 
cluded angle of the one e^qual to two sides and the included 
angle of the other, each to each, are equal. 
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Proposition XVIII. 

dlO. Theorem : A paraUelogram is divided by 
either of its diameters into two equal paraUelograms. 






Statement : Let f 2 34 be any parallelogram^ with either 
of its diameters, as 5 6, given. The two parts 12 6 5 and 
66 3 4 are to be proved equal parallelograms. 

Demonstration : The sides / 4 and 2 3, being opposite 
sides, are equal. (Prop, i.) Their halves, / 5 and 2 6, are, 
then, equal ; and 5 6 and / 2, joining corresponding extrem- 
ities of lines equal and parallel, are themselves equal and 
parallel. (Prop, hi.) Similarly, 6 6 is equal and parallel to 
4 3. 

The figures 12 6 6 and 6 6 3 4 are, then, parallelograms. 
They have / 2 and / 5, of the one, respectively equal to 6 6 
and 6 4, of the other. The included angles, 6 12 and 4 6 6, 
are also equal, being opposite exterior and interior angles 
on the same side. The parallelograms 12 6 6 and 6 6 3 4, 
into which the given parallelogram is divided, are, then, 
equal. (Prop, xvii.. Cor. i.) 

Conduflion : 12 34 being any parallelogram, etc. 
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Proposition XIX. 

311. Theorem: A trapezoid is equivnUent to any 
parallelogram with the same altitude, and a base 
€qti€U to the diameter Joining the sides that are not 
paraUelm 



A fi J 



£> 




Statement : Let ABC Kht, any trapezoid, the sides A B and 
K C being parallel, and let £ F be the diameter joining the 
other sides. Prove the trapezoid equivalent to any paral- 
lelogram with the same altitude, and base equal to £ F. 

Construction : Through F, draw S H parallel to A K, and ex- 
tend AB to S. 

Demonstration: The triangles BFS and HFC have the 
angles at F equal (Book i., Prop, viz.); the side B F equal 
to FC» by hypothesis ; and the sides SF and FH equal 
(Axiom i.), being equal, respectively, to >l£ and E K. 
(Prop, vii.) The triangles BFS and HFC are, therefore, 
equal. (Book ii.. Prop, i.) 

The entire figure AS FC K z=z AS FCK ; and it has just been 
proved that BS F = H FC. By equal subtractions (Axiom 
IV.), ABC K = AS H K ; that is, the trapezoid is equivalent to 
the parallelogram having the same altitude and a base, K H, 
equal to the diameter EF. (Prop, i.) 

Conclusion \ AB C K being any trapezoid, it follows, etc. 
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Proposition XX. 

dl3. Theorem : Par fiUelog rams with the same, or 
with equal banes and altitudes^ are equivalent. 




Statement : Let 12 3 4 and 5 6 3 4 be any two parallelo- 
grams, with the same base, or equal bases, 4 3, and equal 
altitudes. The parallelograms are equivalent. 

Gonstruction : If the parallelograms have different bases, 
place the one upon the other, so that their bases coincide 
in position. 

Demonstration : Since the parallelograms have the same 
altitude, the upper bases are at the same distance from the 
lower base ; and, being parallel to it and on the same side 
of it, they form one and the same straight line. (Book i., 
Prop, xix., Cor. i.) 

The triangles 145 and 6 32 are equal (Book ii., Prop. 
I.) ; for 1 4 is equal to 2 3, and 4 5 is equal to 3 6, being 
opposite sides of parallelograms (Prop, i.) ; and the angles 
at 4 and 3 are equal. (Book i., Prop, xx.) 

From the entire figure 14 3 6, subtracting the equal tri- 
angles, leaves the given parallelograms, 12 34 and 5 6 34, 
equal. (Axiom iv.) 

GoncluBion : As 1 2 3 4 and 5 6 3 4 are anv, etc. 
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Corollary I. A triangle is equivalent to half of any paral- 
lelogram with equal base and altitude. 

Corollary II. Triangles with the same, or with equal bases 
and altitudes, are equivalent. 

Corollary III. With given base, the greater altitude makes 
the greater parallelogram or triangle. 



MISCELLANEOUS EXERCISES. 

313. I. Bisect a parallelogram by a line drawn from a 
point in one of its sides. 

2. The perimeter of an isosceles triangle is greater than 
the perimeter of a rectangle which is of the same altitude 
with, and equivalent to, the given triangle. 

3. If the middle points in the sides of any quadrilateral 
figure are joined by four straight lines, the figure so formed 
will be a parallelogram. 

4. If, from any point within a parallelogram, lines be 
drawn to the four vertices, either set of opposite triangles 
thus formed is equivalent to half the parallelogram. 

5. If two triangles have two sides of the one equal to two 
sides of the other, each to each, and if the included angles 
are supplementary, the two triangles will be equivalent. 

6. Two quadrilaterals are equal when they have one 
diagonal and four sides, or two diagonals and three sides 
equal, each to each. 

7. The four bisectrices of the angles of a quadrilateral, 
not a square, form a second quadrilateral, whose opposite 
angles are supplementary. 
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SECTION v.— COMPARISON OF AREAS. 

DEFINITION. 

314. A projection of a line is that part of a second line 
included between perpendiculars to it, from the extremities 
of the first line. Illustrate. 



Proposition XXI. 

315. Theorem : The square of tlie sum of two lines 
is equal to the sum of the squares of the lines, in~ 
creased by twice the rectangle of the lines. 
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Statement : Let A B and B Ch^ any two straight lines, and 
let X C be their sum. Let AC FKbQ the square of A C. The 
square AC FK'is equal to the sum of the squares of A B and 
B C, increased by twice the rectangle oi AB and B C. 

Construction : Divide A IC at S into parts, A S and S AT, 
respectively equal to AB and BC. Draw S /, a common 
parallel to A C and AT F ; and B E, a common parallel to A K 
and C F. 
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Demonstration : The figures 1, 2, 3, and 4 are parallelo- 
grams, by construction ; and, the angles A, C, /^ and fC being 
right angles, the figures are rectangles. (Prop, ix.) 

The rectangle / is, however, the square of A B, for the 
sides A S and A B are equal, by construction. (Prop, iv.) 

The rectangle 2 is the rectangle oi B H and B C ; but, since 
the figure / is a square, B H is equal to A B. The figure 2 is, 
therefore, the rectangle oi AB and B C. (Axiom i.) 

The rectangle 3 is the rectangle oi K S and KE; or, of 
AB, 2i parallel and equal projection of KE (Prop, i.), and 
BC, by construction equal to K S. 

The rectangle 4 is a square (Prop, iv.) ; for the sides FE 
and Fl are equal, being equal to their respectively parallel 
and equal projections, B C and K S. (Prop, i ) The rect- 
angle 4 is, then, the square oi F E ; or, of B C. (Axiom i.) 

Since the whole is equal to the sum of all its parts, ACFK 
is equal to the sum of the areas /, 2, 3, and 4 ; that is, the 
square of >l C is equal to the square oi A B plus twice the 
rectangle of >l ^ and B C plus the square of B C. 

Conclusion : A B and B C being any two lines, etc. 



Corollary I. The square of a line is equal to the sum of 
the rectangles, with the given line as one side, and the 
several parts of the given line as the other side. 

Corollary 11. The rectangle of any two lines equals the 
sum of the rectangles, with one of the lines as one side, and 
the parts of the other line as the other side. 
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Proposition XXII. 

dl6. Theorem : Tfie square of the difference of two 
linen is equal to the sum of the squares of the lines, 
decreased by twice the rectangle of the lines* 




Statement : Let ACht the difference between the two lines 
A B and B C. Let 4 £ be the square of AC; AF, the square of 
A B ; and B H, the square of B C. Prove that A E equals the 
sum oi A F and B H, diminished by twice the rectangle oi A B 

and B C. 

t 
Gonstmction : Extend the line K Eto M, a point in B F. 

Demonstratioii : The lines A K and A S form one and the 
same straight line (Book i., Prop, xi.) ; and FB/ and ECH 
are straight lines. (Book i., Prop, viii.) 

The square / is evidently equal to the entire figure, or 
the sum of the squares oi AB and B C, diminished by the 
figures 4 and 5. 

The figure 4 is a parallelogram (Prop, hi.), as 5 fand KM, 
being each parallel and equal to A B (Prop, i.), are parallel 
and equal to each other. (Book i., Prop, xix.) The angle S, 
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moreover, being a right angle, the figure is, also, a rectangle. 
(Prop, ix.) It is the rectangle of 5^ and SK; hvXSF is 
equal to >1^ (Prop, i.) ; and 5/r is equal X.o C B (Axiom iv.). 
The figure 4 is, then, equal to the rectangle o( A B and B C. 

Similarly, the figure 5 is proved to be a parallelogram and 
a rectangle. It is the rectangle of £ H and H / ; but H / is 
equal to B C (Prop, i) ; and £// is equal to £ C plus C H. 
£C, one of the parts of £ M, is equal to AC; and C H, the 
other part, is equal to B C, being sides of the same square. 
£H is, therefore, equal to A B. The figure 5 is, therefore, 
equal to the rectangle of AB and B C. 

The square of the difference of two lines is thus proved 
equal to the entire figure, or the sum of the squares of 
the lines, diminished by twice the rectangle of the lines. 

Gonclnsion : A B and B C being any lines, it follows, etc. 



Exercises, i. If an equilateral triangle be constructed on 
one side of a given line, and on the other side two equi- 
lateral triangles, one on each half of the line, then the two 
lines drawn from the vertex of the larger triangle tt> the ver- 
tices of the smaller triangles will trisect the given line. 

2. Divide a given triangle into three equivalent parts by 
lines drawn from the vertices of the triangle to a point 
\Cithin it. 

3. If a straight line be divided into any two parts, the 
rectangle of the whole line and one of the parts is equal to 
the square of that part, together with the rectangle of the 
two parts. 

4. Parallelograms about the diagonals of a square are 
themselves squares. 
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Proposition XXIII. 

dl7. Theorem : The rectangle of the sum and dif- 
ference of two lines is equal to the difference of the 
squares of the lines. 



I 



B 



Statement : Let A B and iff C be any two lines ; and let A C 
be the difference, and A L the sum, of the lines. Let >1 ^ be 
the rectangle of >1 Z. and AC ; AH, the square of AC; and 
A E, the square of A B. Prove A K equal to the difference be- 
tween A E and A H. 

Constraction : Extend the line C H to I. 

Demonstration : The lines A S and A F form one and the 
same straight line ; also, SH and SK. (Book l. Prop, xi.) 

The figures FH, I J, H B, and J L, are all parallelograms, as, 
the lines I C, E B, and K L being each parallel to A F, they are 
parallel to one another; and, the lines ^£ and SK being 
each parallel to A L, they are parallel to each other. (Book 
I., Prop, xix.) 

The figures are, also, rectangles ; as they have each, by 
construction, a right angle. (Prop, ix.) The figure I J, 
moreover, has, by equal subtractions, the side H J equal to 
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the side HI (Axiom iv.) ; /./is, therefore, a square. (Prop. 
IV.) It is the square on H J, or its equal, CB, the difference 
of the two lines. 

The rectangles F H and H B are equal (Prop, xviii.) ; but 
the rectangle H B\^ equivalent to J L. (Prop, xvii.) FH is, 
therefore, equivalent to J L (Axiom i.) 

(Axiom it.) 

(Axiom i.) 

(Axiom iv.) 

(Axiom i.) 

AK \s the rectangle of the sum and difference of the two 
lines ; 4£ is the square of AB, one of the lines ; and E H \s 
the square of the other line, B C. The rectangle of the sum 
and difference of the two lines is, therefore, equal to the 
difference of their squares. 

Condtudon : A B and B C being any two straight lines, it 
follows, in general, that : The rectangle of the sum and 
difference of two lines is equal to the difference of the 
squares of the lines. 





AK = AJ + JL 


but. 


JL = FH 


therefore, 


AK — AJ + FH 


and, 


AJ + FH — AE^EH 


or, 


AK = AE — EH 



Ezeroiaea i. If a straight line be divided equally and, 
also, unequally, the rectangle contained by the unequal 
parts, and the square on the line between the points of sec- 
tion, are together equal to the square of half the line. 

2. If a straight line be divided into any two parts, four 
times the rectangle of the whole line and one of the parts, 
together with the square of the other part, is equal to the 
square of the straight line which is made up of the whole 
line and that part. 
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Proposition XXIV. 

31§, Theorem: The square of tfie hypotenuse of a 
right-angled triangle is equal to the sum of the squares 
of the two other sides. 

S 

F 




Statement : Let x ^ C be any right-angled triangle. Let 
41 be a square described on kC, the hypotenuse, and BE 
and BH squares described on >l^ and BC, the two other sides 
of the triangle. The square >1 1 is equal to the sum of the 
squares BE and BH. 

Coiirtrnction : Draw h H and B L, and draw B perpendicu- 
lar to KL 

Demonstration: The lines AS and CF are straight lines 
(Book i., Prop, viii.), as three of the angles at b are, by 
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construction, right angles ; and the straight line BO '\^ par- 
allel to AK and to CL as they are all perpendicular to K L. 
(Book i., Prop, xiii.) The parallelograms CO and kO are 
rectangles, each having one right angle. (Prop, ix.) 

The rectangle C0\% double the triangle BCL, as they have 
the same base, CL, and the same altitude, the perpendicular 
distance between the parallels CL and BO. (Prop, xx.. 
Cor. I.) 

The square ^// is double the triangle KCH, as they have 
the same base, C H, and the same altitude, the perpendicular 
distance between the parallels AS and CH. (Prop, xx., 
Cor. I.) 

The triangles BCL and ACH SLve, however, equal (Book ii., 
Prop, i.), as BC, one side of the one triangle, is equal to 
CH, one side of the other triangle, each being a side of the 
square BH; and CZ., a side of the one triangle, is equal to 
4C, a side of the other triangle, each being a side of the 
square AL; and the included angle BCL, of the one triangle, 
is equal to the included angle HCA, of the other triangle, as 
each is equal to a right angle plus the angle BCA. 

Since the triangles BCL and A C H are equal, their doubles, 
the rectangle CO and the square BH, are equal. (Axiom v.) 

In similar manner, the rectangle A may be proved equal 
to the square B E. The sum oi AQ and C 0, or A L, the square 
of the hypotenuse, is, then, by equal additions, proved equal 
to BE plus BH, the sum of the squares of the two sides of 
the triangle. (Axiom hi.) 

Conclusion : A B C being any right-angled triangle, it fol- 
lows, in general, that : The square of the hypotenuse of a 
right-angled triangle is equal to the sum of the squares of 
the two other sides. 



; 
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Corollary L The square of either side of a right-angled tri- 
angle is equal to the square of the hypotenuse diminished 
by the square of the other side. 

Corollary IL The square of either side of a right-angled tri- 
angle is equal to the rectangle of the hypotenuse and the 
projection of the given side upon the hypotenuse. 

CoroUary III. If the square of one side of a triangle is 
equal to the sum of the squares of the two other sides, the 
triangle is a right-angled triangle. 



Proposition XXV. 



dl9. Theorem : The square of any side of an 
oblique-angled triangle is equal to the sum of the 
squares of the two other sides, increased or decreased, 
according as the angle opposite tlie given side is obtuse 
or acute, by twice the rectangle of the one and the 
projection upon it of the other of the two sides. 





Statement; Let AB Che any oblique-angled triangle. Let 
A Che any side, and let ^ £ be the projection of A B, one of 
the other sides, upon B C, the third side. The square o( A C 
is equal to the sum of the squares of AB and B C, increased 
by twice the rectangle B C , B £, when the angle B is obtuse ; 
or decreased by twice the rectangle B C . BE, when B is acute. 
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Demonstration : I. When the opposite angle is obtuse : 

4(7" = >l £" + £ C' (Prop, xxiv.) 

but, At = AB^ — EB* (Prop, xxiv., Cor. i.) ; 

and, EC^ = BC^ -{^ EB* + 2BC.EB, (Prop, xxi.) 

By substitution, AC^ = AB^ — EB^-{- B C^ + E B' + 2BC. EB; 
by combining, A C = A B"" ^ B C* -{- 2 B C , E B. {Q. E, £>.) 

II. When the angle opposite the given side is acute : 

AC* ^AE"" + EC^ (Prop, xxiv.) 

but, At' = AB*-BE* (Prop. xxiv.. Cor. i. ) ; 

and, EC =zBC* + BE* — 2BC.be. (Prop. xxii.) 

By substitution, A C* = A B* — B E* + B C* -\- B E*'-'2 B C . B E ; 
by combining, A C* = A B* + B C* — 2 B C . B E. {Q. K £>.) 

Conclusion : Since ABC is any oblique-angled triangle, etc. 



Corollary I. The sum of the squares of any two sides of a 
triangle is equal to twice the square of half the third side, 
increased by twice the square of the median to that side. 

Corollary II. The difference of the squares of any two 
sides of a triangle is equal to twice the rectangle of the 
third side and the projection of the median upon that 
side. 

Corollary IIL The sum of the squares of the sides of 
any parallelogram equals the sum of the squares of the 
diagonals. 

Corollary 17. The sum of the squares of the sides of any 
quadrilateral is equal to the sum of the squares of the diag- 
onals, increased by four times the square of the line joining 
their middle points. 
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MISCELLANEOUS EXERCISES. 

Problems. 

330. Constxuctaons. Construct required figures, parts being 
given as follows : 

1. I. Square, one side. 

2. Rhombus, one side and one angle. 

3. Rectangle, two sides. 

4. Rhomboid, two sides and included angle. 

5. Rhomboid, two sides, and an angle not included. 

6. Trapezoid, two adjacent sides, included angle, and 
angle at other extremity of given parallel base. 

7. Isosceles trapezoid, two adjacent sides, and included 
angle. 

8. Trapezium, three consecutive sides and two included 
angles. 

9. Trapezium, two adjacent sides and three angles. 

10. Triangle, base, its median, and the angle included 
between them. 

11. II. Square, the sum of its sides, or perimeter. 

12. Square, a diagonal. 

13. Rhombus, two diagonals. 

14. Rhombus, perimeter and one angle. 

15. Rhombus, perimeter and one diagonal. 

16. Rectangle, perimeter and one side. 

17. Rectangle, one side and angles included between given 
side and diagonal. 

18. Rectangle, one diagonal and angle included between 
the two diagonals. 
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19. Rectangle, diagonal and angles on the same side at 
its extremities. 

20. Rhomboid, perimeter, one side, and one angle. 

21. Rhomboid, one side and angles included between 
given side and diagonals. 

22. Rhomboid, two diagonals and included angle. 

23. Isosceles trapezoid, bases and altitude. 

24. Isosceles trapezoid, bases and one angle. 

25. Isosceles trapezoid, bases and diagonal. 

26. Triangle, perimeter and three angles. 

27. Triangle, perimeter and angles at base. 

28. Isosceles triangle, perimeter and angle at vertex. 

29. Isosceles triangle, perimeter and base, 
^o. Isosceles triangle, perimeter and altitude. 

31. Parallelogram, one diagonal and the angles on the 
same side of it, at its extremities, made with it by sides of 
the parallelogram. 

32. Equilateral triangle, altitude. 

33. Equilateral triangle, perimeter. 



III. 34. Rectangle, shorter side and difference of two 
sides. 

35. Rectangle, longer side and difference of two sides. 

36. Rectangle, sum and difference of two sides. 

37. Rhombus, shorter diagonal and difference of two 
diagonals. 

38. Rhombus, longer diagonal and difference between two 
diagonals. 

39. Rhombus, sum and difference of diagonals. 

40. Rhombus, one side and one diagonal. 
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41. Triangle, the base, its median, and the difference of 
the angles at the base. 

42. Parallelogram, one diagonal and the difference of the 
angles on same side of it, at its extremities, made with it by 
sides of the parallelogram. 

43. Parallelogram, sum and difference of diagonals and 
the angle included between them. 

44. Isosceles trapezoid, altitude and sum and difference of 
the parallel sides. 

45. Trapezoid, sum and difference of parallel sides and 
sum and difference of the angles at the base. 

46. Trapezoid, two adjacent sides, the included angle, and 
the difference between the two parallel sides. 

47. Trapezoid, the altitude, the shorter parallel side, the 
difference between the parallel sides, and the difference be- 
tween the angles at the base. 

48. Trapezoid, the altitude, the longer parallel side, the 
difference between the parallel sides, and the difference be- 
tween the angles at the base. 

49. Triangle, base, sum of other sides, and difference of 
angles at base. 

50. Triangle, three medians. 



331. Constmctioim. Find equivalent areas, as follows ; 
I. 51. Square, equal to the sum of two squares. 

52. Square, equal to the difference of two squares. 

53. Square, equal to one fourth the sum of two squares. 

54. Square, equal to one fourth the difference of two 
squares. 

55. Rectangle, equal to the sum of any number of rect- 
angles of the same altitude. 
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56. Rectangle, equal to the difference of two rectangles of 
the same altitude. 

57. Triangle, equivalent to a rectangle. 

58. Triangle with given angle, equivalent to a rectangle. 

59. Triangle, equivalent to any parallelogram. 

60. Triangle with required angle, equivalent to any paral- 
lelogram. 



II. 61. Triangle, equivalent to a figure of any number of 
sides. 

62. Triangle with required angle, equivalent to any poly- 
gon, or figure of any number of sides. 

63. Isosceles triangle, equivalent to any polygon. 

64. Rectangle, equivalent to any polygon. 

65. Parallelogram with required angle, equivalent to any 
polygon. 

66. Parallelogram with required diagonal, equivalent to 
any polygon. 

67. Triangle with required median to the base, equivalent 
to any trapezoid, or trapezium. 

68. Two rectangles, respectively equivalent to two 
squares. 

69. Rectangle on a given line, equivalent to a square. 

70. Parallelogram with required angle, equivalent to a 
square. 

71. Parallelogram with required diagonal, equivalent to a 
square. 



III. 72. Square, equivalent to three times a given square. 
73. Square, equivalent to the sum of any number of dif- 
ferent squares. 
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74. Triangle with given median to the base, equivalent to 
any square. 

75. Triangle with given median to the base, equivalent to 
any polygon. 

76. Bisect a triangle by a straight line from any vertex to 
the opposite side. 

77. Bisect a triangle by a straight line drawn from a given 
point in one of its sides. 

78. Trisect any triangle by two straight lines from any 
vertex to the opposite side. 

79. Trisect any triangle by two straight lines from any 
point in any side. 

80. Bisect any parallelogram by a straight line drawn 
through any point. 

81. Bisect any parallelogram by a straight line drawn 
perpendicular to one of the sides. 

82. Bisect any parallelogram by a straight line parallel to 
a given line. 

83. Bisect any quadrilateral by a straight line from any 
one of the vertices. 

84. Bisect any quadrilateral by a straight line from any 
point in any of the sides. 

Theorems. 

323. Prove the following: 85. If, from any point in the 
diagonal (or diagonal produced) of a parallelogram, straight 
lines be drawn to the opposite angles, they will cut off 
equivalent triangles. 

86. The area of a trapezoid is equal to half that of a par- 
allelogram whose base is the sum of the parallel sides, and 
whose altitude is the perpendicular distance between those 
sides. 
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87. The two triangles formed by drawing straight lines 
from any point within a parallelogram to the extremities of 
two opposite sides are together half of the parallelogram. 

88. If a straight line be drawn from one of the acute 
angles of a right-angled triangle, bisecting the opposite side, 
the square upon that line is less than the square upon the 
hypotenuse by three times the square of half the bisected 
side. 

89. If, at any point of a straight line, a perpendicular be 
drawn to this line, the difference of the squares of the dis- 
tances of any point of this perpendicular from the two 
extremities of the given line is constant. 

90. Any straight line passing through the point of bisec- 
tion of either diagonal of a parallelogram bisects the paral- 
lelogram. 

91. If, from one of the acute angles of a right-angled tri- 
angle, a line be drawn to the opposite side, the squares of 
that side and the line so drawn are together equivalent to 
the squares of the hypotenuse and the segment adjacent to 
the right angle. 

92. In any triangle, if a line be drawn from the vertex at 
right angles to the base, the difference of the squares of the 
sides is equal to the difference of the squares of the seg- 
ments of the base. 

93. The squares of the diagonals of a parallelogram are 
together equivalent to the squares of the four sides. 

94. The squares of the four sides of a parallelogram are 
together equivalent to the squares of the two diagonals. 

95. If lines be drawn to the four vertices of a rectangle, 

from any point within or without the rectangle, the squares 

of the lines drawn to opposite vertices will together be 

equivalent to the squares of the other two. 
10 
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96. In any triangle, if a line be drawn from the vertex 
bisecting the base, the sum of the squares of the two sides 
of the triangle is double the sum of the square of the bi- 
secting line and the square of half the base. 

97. The area of any two parallelograms described on the 
two sides of a triangle is equal to that of a parallelogram 
on the base, whose side is equal and parallel to the line 
drawn from the vertex of the triangle to the intersection 
of the two sides of the other parallelograms produced to 
meet. 

98. The squares of the diagonals of a trapezoid are to- 
gether equivalent to the squares of the non-parallel sides, 
and twice the rectangle contained by the parallel sides. 

99. If, from any point whatever, lines be drawn to the four 
vertices of a parallelogram, twice the sum of their squares 
will be equivalent to the squares of the diagonals, together 
with eight times the square of the line drawn from the given 
point to the intersection of the diagonals. 

100. In any quadrilateral, the sum of the squares of the 
four sides is equal to the sum of the squares of the diagonals, 
together with four times the square of the line joining the 
middle points of the diagonals. 

loi. Prove that, if the squares of the sides of a quadrilat- 
eral are together equivalent to the squares of the diagonals, 
the figure must be a parallelogram. 

102. Four times the sum of the squares of the medians of a 
triangle is equal to three times the sum of the squares of the 
sides of the triangle. 

103. If perpendiculars to any line be drawn from the three 
vertices of any triangle, together they will be three times the 
perpendicular from the intersection of the medians of the 
triangle to the same line. 
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104. In any trapezium, if two opposite sides be bisected, 
the sum of the squares of the other two sides, together with 
the squares of the diagonals, is equal to the sum of the 
squares of the bisected sides, together with four times the 
square of the line joining those points of bisection. 

105. The area of the triangle contained by the medians 
of a triangle is three-fourths of the area of the given tri- 
angle. 

106. Prove Prop, xxiv., using the following diagram : 




107. Prove Prop, xxiv., using the following diagram : 




108. Prove Prop. xxiv. by any fourth method. 



14$ 
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GENERAL SCHOLIA. 



MAXIMA AND MINIMA. 

333. Exercises, i. The shortest lines drawn from two 

given points to any point in a given straight line are those 

that make equal angles with 

that line. 

Statement: AB and CB arc to- 
gether shorter than A £ and 
C E, if the angles ABG and 
C B E are equal. 

Conttraotion : Let AG h^ perpen- ' 

dicular to G E, the given tine, and produce C B to F, \r\ AG pro- 
duced, and join FE. 




Demonstration : 


Z GBF= z CBE 


(Book i., Prop, vii.) 




A ABG= A GBF 


(Book ii., Prop, ii.) 




.\AB = BF 




and, 


CF=AB + CB 




also. 


GF-AG 






.-. A AGE- A EGF 


(Book ii., Prof, i.) 


and, 


AE=EF 




but. 


CF<CE + EF 


(Book ii., Pkop. vii.) 




.\AB + CB <CE + AE 


Q. E, D. 



2. An isosceles triangle is the maximum triangle that can 
be constructed on a given base, the 
sum of the other sides of the trian- 
gle being constant. 

Statement: Let BChe a. given bate. 
Let A B equal A C, and their mm 
equal the sum of B E and £ C, any 
two unequal lines. The triangle 
B A C is greater than the triangle 
BEC. 
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Conftmctiim : Place the triangles as in the diagram. Draw k G per- 
pendicular to BC. Draw £/* perpendicular \o AG produced, 
and draw B F and FC. 

Demonstration : As >l ^ = >1 C, the b. KGB — £^ AGO. (Book ii.) 
Prop, iv.) >I F, then, is perpendicular to ^ C at its middle point, and 
BF = FC. (Book l. Prop, xv.) Z BFG = /_ CFG (Book i., Prop. 
XXIV., Cor. ii.) ; and, r.lBFH — z CFE; but, 

BE ^ EC > BF + FC (Exercise i.) 

.\AB'^AC>BF4'FC (Axiom i.) 

.\ AB > BF (Axiom vi.) 

r, AG > GF (Book l, Prop, xxv.) 

.-. A BAC> aBFC (Prop, xx., Cor. hi.) 

bttt. aBFC = A BEC (Prop, xx., Cor. ii.) 

.-. A BAC > A BEC. Q, E. D, 

3. The maximum triangle with two sides given is that in 
which the given sides include a right angle.* 



THEORY OF LIMITS. 



334. Imagine that a straight line can be changed accord- 
ing to some simple law of change ; thus, suppose that one 
extremity remains fixed in position, while the other is 
moved in either direction indicated by the straight line. 
The length of the line is then a variable quantity, only one 
of its points being constant. 

The movable extremity may evidently be moved in the one direction 
until it coincides with the fixed extremity, and in the other 
direction it may be moved toward infinity. There are, thus, 
two limits : (a) the fixed point ; {b) the line produced indefinitely 
toward infinity. 

325. When the variable is increasing, it approaches its 
superior limit ; when it decreases, it approaches its inferior 
limit. 

* For other exercises on Maxima and Minima, see pp. 166 and 193. 
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Any limit, whether point, line, angle, figure, or solid, with finite ex- 
tension from the point of observation or of comparison, may be 
called a finite limit ; with infinite extension, it is an infinite 
limit, 

936. An infinite limit can never be reached ; it is, there- 
fore, always, only an approximate limit, 

237. A finite limit may or may not be reached, according 
to the conditions of the problem, and the particular supposi- 
tion that may be made ; that is, a finite limit may be absolute^ 
or approximate, 

1. The law of change may allow one of the extremities of the line 

freedom of motion in either of the assigned directions. It is 
obvious, then, that the one extremity may be made to coincide 
with the other extremity. The line thus becomes a point. The 
point is the absolute limit of the line. 

2. The law of change may allow an intermediate point in a finite 

line to move in each unit of time one-half of the distance 
between it and one of the extremities. It is obvious, from the 
statement of the problem, that the moving point cannot reach 
the extremity. The limit is an approximate limit. It is the 
same with numbers ; .333 has, for an approximate limit, J. 

33§. The theory of liinits is, then, that lines, angles, fig- 
ures, and solids, in changing their parts according to certain 
laws of change, reach, or approximate, under one or more 
particular suppositions, certain limits prescribed by the con- 
ditions of the given problem. 

339, It has been seen that the motion of the parts of a 
figure not only gives limits but may give symmetry. 

The question of maxima and minima, greatest and smallest^ 
figures or forms may be raised in connection with either 
limits or symmetry. Limits will always give maxima or 
minima. In symmetrical figures or forms, maxima or min- 
ima may also be expected. 
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SYNOPSIS. 

SECTION I.— EQUAL CHORDS AND ARCS. 

330, I. Definitions. 

2. Propositions. 

Prop. I. Every diameter of a circle divides the circle and its cii^ 

cumference into two equal parts. 
Prop. II. In equal circles, equal arcs are subtended by equal chords. 
Prop. III. In equal circles, equal chords subtend equal arcs. 
Prop. IV. In equal circles, equal chords are at equal distances from 

the centers ; and, conversely, chords at equal distances from the 

centers are equal. 
Prop. V. In any circle, parallel chords intercept equal arcs. 

3. Miscellaneous Exercises. 

SECTION II.— UNEQUAL CHORDS AND ARCS. 

331. I. Definitions. 

2. Propositions. 

Prop. VI. A diameter of a circle is greater than any other chord. 
Prop. VII. In equal circles, the greater chord subtends the greater 

arc. 
Prop. VIII. In equal circles, the greater arc is subtended by the 

greater chord. 
Prop. IX The greater of any two chords in a circle is at the less 

distance from the center. 
Prop. X. Of two chords in a circle, the chord at the less distance 

from the center is the greater chord. 

3« Miscellaneous Exercises. 
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SECTION III.— CHORDS AND PERPENDICULARS. 

333. I. Definitions. 

2. Propositions. 

Prop. XL A radius perpendicular to a chord of a circle bisects that 

chord and also the arc subtended by the chord. 
Prop. XII. A radius that bisects a chord, or that bisects the arc of 

a chord, is perpendicular to that chord. 
Prop. XIII. A straight line perpendicular to a radius at its outer 

extremity is tangent to the circle at that point ; and, conversely, 

a tangent is perpendicular to the radius drawn to the point of 

contact. 
Prop. XIV. A straight line perpendicular to a tangent of a circle at 

the point of contact, or perpendicular to a chord at its middle 

point, passes through the center of the circle. 
Prop. XV. Through any three points not in the same straight line, 

one circumference of a circle, and but one, can be described. 

3. Miscellaneous Exercises. 



SECTION IV.— ANGLES AND ARCS. 

333, I. Definitions. 
2. Propositions. 

Prop. XVI. In equal circles, equal angles at the center are sub- 
tended by equal arcs ; and, conversely, equal arcs subtend equal 
angles at the center. 

Prop. XVII. If an angle at the center of a circle and an angle at 
the circumference are subtended by the same arc, the angle at 
the circumference is equal to half of the angle at the center. 

Prop. XVIII. All the angles inscribed in semicircles are right 
angles. 

Prop. XIX. All the angles inscribed in a g^ven segment of a circle, 
greater than a semicircle, are equal acute angles. 

Prop. XX. All the angles inscribed in any segment of a circle, less 
than a semicircle, are equal obtuse angles. 

'K. Miscellaneous Exercises. 
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SECTION v.— TWO CIRCLES. 

234. I. Definitions. 

2. Propositions. 

Prop. XXI. If the distance between the centers of two circles is 
equal to the sum of their radii, the circles are tangent exter- 
nally. 

Prop. XXII. If the distance between the centers of two circles is 
equal to the difference of their radii, the circles are tangent 
internally. 

Prop. XXIII. If the circumferences of two circles intersect, the dis- 
tance between the centers is less than the sum and greater than 
the difference of the radii. 

Prop. XXIV. A circle may be inscribed in, or circumscribed about, 
any regular polygon. 

Prop. XXV. If a regular polygon of any number of sides be in- 
scribed in a circle, a regular polygon of the same number of 
sides may be circumscribed about the circle ; or, if a regular 
polygon of any number of sides be circumscribed about a circle, 
a regular polygon of the same number of sides may be inscribed 
in the circle. 

3. Miscellaneous Exercises 

GENERAL SCHOLIA. 

335. I. CoNCYCLic Points. 2. Inscribed and Escribed Circles. 
3. The Triangle and Nine of its Circles. 4. The Nine- 
points Circle. 
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SECTION I.— EQUAL CHORDS AND ARCS. 




DEFINITIONS. 

336. A circle is a plane figure bounded by a curved line, 
all the points of which are equally distant from a point within, 
called the center ; as the circle whose center is C. 

237. The circumference is the line that bounds the circle. 

33§. A radius is any straight line extending from the cen- 
ter to the circumference of a circle ; as C A. 

339. A diameter of a circle is any straight line passing 
through the center and terminated in both directions by the 
circumference ; as / 2 in the circle ABM. 

340. A semicircle is half of a circle, and a semi-circumfer- 
ence is half of a circumference. 

341. A quadrant is a quarter of a circle, as X; or a quarter 
of a circumference, as Y. 

342. An arc is any portion of a circumference ; as >l ^, or 
A2 B, in the circle whose center is 0. 

343. A chord is a straight line joining the extremities of 
any arc ; as the chord A B. 

If a chord is produced to cut the arc, it becomes a secant. 

344. A line is a tangent to a circle when it meets the cir- 
cumference, but, being produced, does not cut it ; as 2 5. 
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Proposition I. 

345. Theorem : Efvery diameter of a circle divides 
the circle and its circumference into two equal parts. 




Statement : Let HBA£he a circle. Let C be the center of 
the circle, and H CA one of the diameters. 

The diameter divides the circle into two equal areas and 
the circumference into two equal arcs. 

Constructioii : With ^ >l as an axis, turn the part H B A upon 
the part H £A. 

Demonstration : The two arcs H B A and H £ A will coincide 
throughout their entire extent ; for, by the construction, they 
coincide at their extremities. They coincide, also, between 
these points ; for, if they do not, they will have points 
unequally distant from the center, which is contrary to the 
definition of a circumference. (Def.) As the areas and 
the arcs coincide, they are equal. (Axiom I.) 

Condnsion \ H B A £ being any circle, and H A being, eta 



Corollary L Diameters divide circles into semicircles, and 
circumferences into semi-circumferences. 
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Proposition II. 

346. Theorem : In equal circles, equal arcs are stib- 
tended by equal chords. 





Statement : The circles whose centers are C and are equal ; 
also, the arcs A B and H £. Prove the chords A B and H E equal. 

Construction: Draw the radii CA and OH. Place the circle 
whose center is upon the circle whose center is C, so that 
shall fall upon C, and OH take the direction of C A. 

Demonstration : As the circles are equal, the radii are equal. 
The point H, therefore, falls upon the point A. The two 
circumferences, moreover, coincide throughout; otherwise, 
they have points unequally distant from the center. 

The arc H E falls, therefore, upon the arc A B, and, since 
they are equal, the point E falls on the point B. 

As H falls upon A, and £ upon B, the chord HE coincides 
with the chord A B. (Post, i.) 

Conchision : The circles whose centers are C and 0, etc. 



Corollary I. In the same circle, equal arcs are subtended 
by equal chords. 
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Proposition III. 

347. Tbeorem : In equal circles^ equal chords 9ub> 
tend equal arcs. 





Statement : The circles whose centers are C and are equal ; 
also, the chords A B and H E. Prove the arcs >l B and H E equal. 

Construction : Draw the radii Ck, CB, OH, and E, 

Demonstration: In the triangles C>l^ and OHE, the sides 
C k, C B, OH, and E are equal, being equal radii ; and the 
third sides, AB and HE, are equal, by hypothesis. The 
angles C and are, therefore, equal. (Book ii.. Prop, hi.) 

Place the one circle upon the other, so that the angle C 
shall coincide with 0. The points A, B, and C then coincide 
with H, £, and 0. (Book l, Prop, iv.) The arcs AB and 
HE, therefore, coincide and are equal ; otherwise, there 
would be points unequally distant from the center. 

Condasion : The circles whose centers are C and 0, etc. 



Corollary L In the same circle, equal chords subtend equal 
arcs. 

Corollary IL Equal circles coincide, if the centers are 
made to coincide. 



158 BOOK IV,— CIRCLES. 



Proposition IV. 

34§. Theorem: In equal cirt^es, equal chords are 
at equal distances from the centers ; and, conversely , 
chords at equal distances fronn the centers are equal. 

C £ 





Statement : Let the circles whose centers are A and B be 
equal. If the chords C K and £ F are equal, they are equally 
distant from the centers ; and, conversely, if .they are equally 
distant from the centers, they are equal. 

Construction : Draw A S and B H perpendicular, respectively, 
to C AT and to EF, Draw the radii AC, AK, BE, and B F. 

Demonstration: I. Since the chords are equal, the tri- 
angles ACK and BEF are equal, and may be made to coin- 
cide. (Book ii., Prop, hi.) The perpendiculars, A S and B //, 
also, coincide (Book i., Prop, xii.) ; that is, the distances of 
the chords from the centers are equal. 

II, If the perpendiculars are equal, the four right-angled 
triangles are equal (Book ii., Prop, iv.), and EH plus HF, or 
EF, equals C S plus S f^, or C K ; that is, the chords are equal. 

Condnsion : The circles whose centers are A and B, etc. 



Corollary L In the same circle, equal chords, etc. 
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Proposition V. 

349. Theorem: In any circle, paraUei chords in- 
tercept equcU arcs. 




Statement : Let the chords, or secants, 4 B and C iT be par- 
allel. The intercepted arcs, A C and B AT, are equal. 

Constmction : Draw the chords A C and B/C; also, the radii 
£A, £B, £C, E K, and the line E F perpendicular to the chord 
AB. 

Bemonstration : EF, being perpendicular to A B, is perpen- 
dicular to C K. (Book i.. Prop, xiii.) The radii A E and B E 
being equal, the angles / and 2 are equal. (Book i.. Prop. 
XXIV., Cor. ii.) For a similar reason, the angles C E S and 
KES are equal. By equal subtractions, the angle C E S less 
the angle A E F, or the angle AE C, is equal to the angle KES 
less the angle /?£r, or the angle BEK. (Axiom iv.) The 
triangles A EC and BEK are, then, equal in all their parts. 
(Book ii., Prop, i.) The chords A C and BK Rve, therefore, 
equal. Since the chords A C and B K are equal, the arcs A C 
and BK are equal. (Prop, hi.. Cor. i.) 

Conclusion : The circle whose center is E being any circle 
it follows, in general, that : In any circle, parallel chords 
intercept equal arcs. 
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MISCELLANEOUS EXERCISES. 

250. I. Chords that join corresponding extremities of two 
parallel chords are equal. 

2. Intersecting chords joining the extremities of two par- 
allel chords are equal. 

3. Chords joining corresponding extremities of equal arcs 
or chords are parallel. 

4. Intersecting chords that join the extremities of equal 
arcs or chords are equal. 

5. If two chords which intersect each other have one part 
equal in each, the two chords are also equal. 

6. If, on each side of any point in the circumference of 
a circle, any number of equal arcs be taken, and the ex- 
tremities of each pair be joined, the sum of the chords so 
drawn will be equal to the last chord produced to meet a 
line drawn from the given point through the extremity of 
the first arc. 

7. The perpendiculars from the vertices of a triangle to 
the opposite sides are the bisectrices of the angles of the tri- 
angle formed by joining the feet of the perpendiculars. 

8. Find the locus of the middle points of all chords of a 
given length that can be drawn in a given circle. 

9. The tangents drawn through the vertices of an inscribed 
rectangle form a rhombus. 

10. Through a given point without a circle, draw a secant 
with equal internal and external segments. 

Ti. Find the locus of the middle points of the secants 
drawn from a given point to a given circumference. 

12. All chords of a circle touching an interior concentric 
circle are equal, and are bisected at the point of contact. 
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SECTION II.— UNEQUAL CHORDS AND ARCS. 

Proposition VI. 

251. Theorem : A diameter of a circle i» greater 
than any other chord. 




Statement : Any diameter, as A B, of the circle whose cen- 
ter is C, is greater than H £, any other chord in that circle. 

Construction : Draw the radii C H and C £ to the extremities 
of the chord HE. 

Demonstration : In the triangle H C E, the sides C H and C E 
together are greater than the side H E. (Book ii., Prop, xi.) 
The sides C H and C E are, however, radii, and are, therefore, 
together equal to the diameter A B. (Def.) By substitu- 
tion, then, >1 ^ is greater than H E. (Axiom i.) 

Conclnsion : The circle whose center is C being any circle, 
it follows, in general, that : A diameter of a circle, etc. 



Exercise. A straight, line can intersect the circumference 
of a circle in only two points. 



XI 
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Proposition VII. 

353. Theorem : In equal circles^ the greater chfyrd, 
subtends the greater arc. 





Statement : Let the circles whose centers are C and be 
equal, and let the chord BAht greater than the chord EH. 
Prove the arc B A greater than the arc £ H. 

Construction : Draw the radii CB, C A, E, and H. 

Demonstration: In the triangles C BA and OE H, the sides 
CB and CA are equal to the sides OE and OH; and, by 
hypothesis, B A'\s greater than £ H. The angle at C is, then, 
greater than the angle at 0. (Book ii., Prop, xv.) 

Let the circles be made to coincide so that the points 
and £ shall fall upon the points C and B. Since the angle at 
is less than the angle B C A, the point H falls at some point, 
as F, between the points ^ and >l. The arc B F, or its equal, 
£ H, being equal to only a part of B A, is, of course, less than 
that arc. 

Conclnsion : The circles whose centers are C and 0, etc. 



Corollary L In the same circle, the greater chord subtends 
the greater arc. 
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Proposition VIII. 

353. Theorem : In equal, circles, the greater arc is 
stibtended by the greater chard. 





4 

Statement : Let the circles whose centers are C and be 
equal, but let the arc 1 2 he greater than the arc 5 4. The 
chord / 2 is to be proved greater than the chord 3 4. 

Bemonstration : Suppose the chord / 2 is not greater than 
the chord 3 4. If the chord / 2 is not greater than the 
chord 3 4, it is equal to 34, or less than 3 4, The chord 
/ 2, however, can be neither equal to nor less than 3 4 ; for, 
if it were equal to 3 4, the arcs / 2 and 3 4 would be equal 
(Prop, hi.) ; if the chord / 2 were less than the chord 3 4, the 
arc / 2 would be less than the arc 3 4. (Prop, vii.) Each 
of these conclusions is, however, contrary to the given hy- 
pothesis that the arc / 2 is greater than the arc 3 4. The 
supposition that leads to such conclusion is to be aban- 
doned. The chord / 2 is, then, greater than the chord 3 4. 

Condnsion : The circles whose centers are C. and 0, etc. 



Corollary I. In the same circle, the greater arc is sub- 
tended by the greater chord. 
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Proposition IX. 

354. Theorem : The greater of any two chords in a 
circle is at the less distance from the center. 




Statement : Let 2 3 and 3 4 be any two chords of any circle. 
Prove 2 5 to be nearer the center than 3 4. 

Construction : If the chords are not drawn from the same 
point, draw from 3, one of the extremities of the greater 
chord, a chord, 3 4, equal to the less chord, and at the same 
distance from the center. (Prop, iv.) Draw, also, / 5 and 
/ 6 from the center perpendicular to 2 5 and 3 4. 

Demonstration : The less chord has the less arc, so that 
the point 4 falls short of the point 2. (Prop, vii.) / 6, the 
distance of the less chord, is greater than / 7 (Axiom ii.) ; 
and / 7, being an oblique line, is greater than the perpen- 
dicular / 5. (Book i., Prop, xxi.) From the continued 
inequality ley / 7 > 15, it is evident that / 6, the dis- 
tance of the greater chord, 2 3, is less than / 6, the distance 
of the less chord, 3 4. 

Conclusion : The circle whose center is / being, etc. 



Corollary L In equal circles, the greater chord, etc. 



SECTION II.— UNEQUAL CHORDS AND ARCS. 165 



Proposition X. 

355. Theorem: Of two chorda in a circle, the 
chord at the less distance from the center is the greater 
chord. 




Statement : Let the circle whose center is / be any circle, and 
let 2 3 and 4 5 be any two of its chords, of which 4 5 is at the 
less distance / 7, from the center. 4 5 is the greater chord. 

Demonstration : Suppose that the chord 4 5 is not greater 
than the chord 2 3. If 4 5 is not greater than 2 3, it is equal 
to 2 3, or less than 2 3. If the chord 4 5 be equal to the 
chord 2 3, they are at equal distances from the center. 
(Prop, iv.) If the chord 4 5 be less than the chord 2 3, the 
chord 4 5 is at the greater distance from the center. (Prop. 
IX.) As each of these conclusions is contrary to the hypoth- 
esis, the supposition that leads to them is to be abandoned. 
It follows, then, that the chord 4 5, at the less distance from 
the center, is the greater chord. 

Conclusion : The circle whose center is / being any, etc. 



Corollary I. Of two chords, in equal circles, the chord at 
the less distance from the center is the greater chord. 
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MISCELLANEOUS EXERCISES. 

356. I. If two straight lines cut each other at right angles, 
the sums of the squares of opposite lines joining their ex- 
tremities will be equal. 

2. If two points be taken in the diameter of a circle, equi- 
distant from the center, the sum of the squares of the two 
lines drawn from these points to any point in the circumfer- 
ence will be constant. 

3. From a given point without a circle to draw a straight 
line to cut it, and to terminate in the circumference, such 
that the intercepted chord may have a given length, not 
greater than the diameter of the circle. 

4. Through a given point within a circle, draw the shortest 
possible chord. 

5. If a circle be inscribed in a triangle, the distance from 
the vertex of any angle to the points of contact of its sides 
is equal to the semi-perimeter, minus the side lying opposite 
to this angle. 

6. The shortest line that can be drawn from a given point 
to a given circumference of a circle passes, when produced, 
through the center of the circle. 

7. The longest line that can be drawn from a given point 
to a given circumference of a circle passes through the 
center of the circle. 

8. The radius of a circle inscribed in an equilateral tri- 
angle is one third of the altitude of the triangle. 

9. The radius of a circle circumscribed about an equi- 
lateral triangle is equal to twice the distance of the sides of 
the triangle from the center of the circle. 
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SECTION III.— CHORDS AND PERPENDICULARS. 

Proposition XL 

3ft7. Theorem : A radius perpendicular to a chord 
of a circle bisects that chord and also the arc sub'- 
tended by the chard. 




Statement : Let the circle whose center is C be any circle, 
and AB, any of its chords. If the radius C£ is perpendicular 
to ^ ^ at H, it bisects AB at H and the sltc A£B at £. 

Constraction : Draw C A and C B, and A E and £ B. 

Demonstration : Since C A and C B are equal oblique lines^ 
A H and H B are equal (Book i., Prop, xxiv.) ; that is, the 
perpendicular C £ bisects the chord at H. 

Therefore, AE and EB are equal (Book i., Prop, xv.) ; 
and, since they are equal, their arcs, >l £ and E B, are equal. 
(Prop, hi., Cor. i.) The arc >l £^ is, then, bisected at £. 

Conclusion : The circle whose center is A being, etc. 



Corollary L The center of a circle and the middle points of 
any arc and its chord are in one and the same straight line. 
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Proposition XII. 

35§. Theorem : A radius that bisects a chardf or 
that bisects the arc of a chtyrd, is perpendicular to that 
chord. 



Statement : Let the circle whose center is / be any circle ; 
2 3, any one of its chords ; and 1 4, a radius of the circle 
bisecting the chord, or the arc, 2 3. The radius / 4 is per- 
pendicular to the chord 2 3. 

Constraction : Draw the radii / 2 and / 3, and the chords 
5 4 and 4 2. 

Demonstration : I. Since 5 is the middle point of 2 3, and 
/ 3 and / 2 are equal, being radii, / 5, or the radius / 5 4, is 
perpendicular to 2 3, the chord which it bisects. (Book i., 
Prop, xv., Cor. hi.) 

II. If 4 is the middle point of the arc 2 3, the chords 
2 4 and 3 4 are equal. (Prop, hi.. Cor. i.) Since 12 and 
13, being radii, are also equal, / 4 is perpendicular to 2 3 
(Book i.. Prop, xv., Cor. h.) ; that is, the radius is perpen- 
dicular to the chord of the arc which it bisects. 

Conclusion : The circle whose center is / being any circle, 
and 2 3 being any one of its arcs, or chords, it follows, etc. 
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Proposition XIII. 

359. Theorem : A straight line perpendictUar to a 
radius at its outer eoctreniity is tangent to the circle 
at that point ; and, conversely f a tangent is perpen' 
dicular to the radius drawn to the point of contact. 




Statement : Let the circle whose center is / be any circle. 
If 2 3 is perpendicular to the radius / 4 at 4, it is tangent to 
the circle at 4 ; and, conversely, if 2 5 is a tangent at 4, 
it is perpendicular to the radius / 4. 

Constmction : Draw the straight line / 5 to any point in 
2 3, other than the point 4. 

Demonstration : I. If 2 ^ is perpendicular to 14, / 4 is 
shorter than / 5. (Book i.. Prop, xxi.) As 4 is in the cir- 
cumference 5, any other point in 2 5 is beyond the circum- 
ference. 2 3 touches the circumference at but one point, 
and is, then, a tangent. 

II. If 2 5 is tangent at 4, every point of 2 5, other than 4, 
being beyond the circumference, / 4 is the shortest line from 
1to2 3. It is, then, perpendicular to 2 3. (Book i., Prop, xxi.) 

(Jonclnsion : The circle whose center is / being, etc. 



170 



BOOK IV.— CIRCLES, 



Proposition XIV. 

MO. Theorem : A straight line perpendicular to a 
tangent of a circle at the point of contact, or perpen- 
dicular to a chord at its middle point, passes through 
the center of the circle. 





Statement : Let the circle whose center is / be any circle ; 
and let 2 5 be either any tangent or any chord, with / 4 drawn 
perpendicular to the line, if a tangent, at the point of con- 
tact, or, if a chord, at the point of bisection. The straight 
line / 4 passes through the center of the circle. 

Bemonrtration: If the center of the circle is not in the 
line / 4, but at some point without that line, as at 5, draw 
5 4 to the point of contact or of bisection. 5 4 is perpen- 
dicular to 2S. (Props, xii. and xiii.) 

This, however, is impossible, as / 4 is perpendicular to 
23. (Book i., Prop, xi.) The supposition that leads to 
this conclusion is to be abandoned. The perpendicular / 4, 
then, does contain, or pass through, the center. 

Condiudon : The circle whose center is / being any circle, 
and 2 3 being any tangent or any chord, it follows, etc. 
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Proposition XV. 

961 • Theorem : Thro^igh any three points net in the 
same straigM line, one circumference of a circle^ and 
hut one, can be described. 




Statement : Let 1, 2, and 3 be any three points not in the 
same straight line. One circumference of a circle, and but 
one, can be drawn through these three points. 

Constraction : Dra^ /2 and 23; and 4 5 and 6 6, re- 
spectively, perpendicular to them at their middle points. 

Demonstration: 4 6 and 6 6 must meet, otherwise they 
are parallel ; and 2 4 and 2 6 are, then, parallel (Book i., 
Prop, xiv., Cor.), and one and the same straight line (Post. 
III.), contrary to the hypothesis. The lines 4 6 and 6 6, there- 
fore, intersect, or meet at some point, as at 5. 

Since 5 is the intersection of the loci, 4 6 and 6 6, it is the 
only point equally distant from /, 2, and 3. (Book i., Prop. 
XV., Cor. i.) The point 5 is, then, the only point equally 
distant from /, 2, and 3 ; and, hence, one, and but one, cir- 
cumference of a circle can be described through the given 
points. 

Condnsion : /, 2, and 3 being any three points not, etc. 
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miscellaneous exercises. 

Problems. 

363. I. I. Find the locus of the points of bisection of the 
equal chords of a circle. 

2. Having given the radius of a circle, determine its center 
when the circle touches two given lines which are not parallel. 

3. A trapezoid may be inscribed in a circle, if the sides 
joining the parallel sides are equal. 

4. Circumscribe a circle about a given rectangle. 

5. With a given radius, describe a circle which shall pass 
through two given points. 



II. 6. Construct a circle, the circumference of which shall 
pass through a given point, and be tangent to a given 
straight line in a given point. 

7. Inscribe a circle in a given rhombus. 

8. Construct a right-angled triangle, given the radius of the 
inscribed circle and one of the sides containing the right angle. 

9. Construct a rectangle equivalent to a given rectangle 
and the sum of two adjacent sides equal to a given line. 

10. Inscribe a circle in a given triangle. 

11. Find a point in the prolongation of a diameter of a 
circle, from which, if a line be drawn to touch the circle, it 
shall be equal to a given straight line. 

12. Construct a circle which shall pass through a given 
point, have a given radius, and be tangent to a given straight 
line. 

III. 13. Draw a straight line tangent to two given circles. 
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14. Through a given point, either within or without a given 
circle, draw a straight line, the part of which intercepted by 
the circle shall be equal to a given line, not greater than the 
diameter of the circle. 

15. Construct a circle which shall pass through two given 
points, and be tangent to a given straight line. 

16. Two circles being given in position and magnitude, 
draw a straight line cutting them, so that the chords in each 
circle may be equal to a given line, not greater than the 
diameter of the smaller circle. 

17. Construct a circle, the center being in the perpendic- 
ular of a given right-angled triangle, the circumference pass- 
ing through the vertex of the right angle, and tangent to 
the hypotenuse. 

18. Construct a circle having a given radius, having its 
center in a giyen straight line, and being tangent to another 
given straight line inclined at a given angle to the former. 

19. In the diameter of a circle, produced, determine a 
point from which a tangent drawn to the circumference shall 
be equal to the diameter. 



Theorems. 



363. I. 20. In any quadrilateral figure circumscribing a 
circle, the opposite sides are equal to half the perimeter of 
the quadrilateral. (For definitions, see p. 175.) 

21. If from a point without a circle two secants be drawn, 
making equal angles with the line joining the given point 
and the center, the intercepted chords are equal. 

22. If a circle be inscribed in a right-angled triangle, the 
difference between the two sides containing the right angle 
and the hypotenuse is equal to the diameter of the circle. 
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II. 23. If any number of parallel chords are drawn in a 
circle, their middle points lie in the same straight line. 

24. Two tangents that meet are equal ; and the bisectrix 
of the included angle passes through the center of the circle. 

25. The perpendiculars to the sides of an inscribed quad- 
rilateral, at their middle points, meet in a common point. 

26. In an inscribed trapezoid, the non-parallel sides are 
equal ; and, also, the diagonals. 

27. Two chords which cut each other, and make equal 
angles with the diameter passing through their point of in- 
tersection, are equal. 

III. 28. If a point be taken without a circle, and from it 
tangents be drawn to the circle, and another point be taken 
in the circumference between the two tangents, and a tangent 
be drawn to it, the sum of the sides of the triangle thus 
formed is equal to the sum of the two tangents. 

29. If any two chords of a circle intersect at right angles, 
the squares of their four segments will together be equiva- 
lent to the square of the diameter. 

30. If a quadrilateral be circumscribed about a circle, the 
angles subtended at the center by one set of opposite sides 
will together be equal to those subtended by the other set ; 
that is, to two right angles. 

31. If, from any point in the diameter of a semicircle, two 
straight lines be drawn to the circumference, one to the mid- 
dle of the arc, the other at right angles to the diameter, the 
squares upon these two lines always amount to the same 
sum, wherever the point be taken. 

32. In a circumscribed trapezoid, the straight line joining 
the middle points of the non-parallel sides is equal to one- 
fourth the perimeter of the trapezoid. 
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DEFINITIONS. 



364. An inflcribed angle is an angle whose vertex is in the 
circumference of a circle and whose sides are chords ; as 
the angle /. 

365. An inscribed figure is a figure each of whose sides 
is a chord ; as the square in the circle whose center is 3. 

266. A circnmscribed figure is a figure each of whose sides 
is a tangent of a circle ; as the square about the circle 
whose center is 4. 

267, A sector of a circle is a portion included between 
two radii and the arc subtending their included angle ; 
as 2. 

26§. A segment of a circle is a portion included between 
any chord and either of its arcs ; as ^ and B. 

Point to other segments Construct circles and divide them into 
segments. Construct segments without completing the circles. 

269. A secant of a circle is a straight line which meets 
the circumference at two points, cutting it at one or both of 
the points ; as the secant H S. 
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Proposition XVI. 

9T0. Theorem : In equal circles^ equal angles at the 
center are subtended by equal arcs ; and, conversely , 
equ€U arcs suhtend equal angles al the center. 





4 

Statement : Let the circles whose centers are / and 2 be 
any two equal circles. If the angles a and b are equal, 
the arcs 3 4 and 5 6 are equal ; and, conversely, if the arcs 
3 4 and 5 6 are equal, the angles a and 6 are equal. 

Constrnction : Draw the chords 3 4 and 5 6. 

Demonstration : I. The triangles f 3 4 and 2 5 6, having 
two sides and the included angle of the one equal to two 
sides and the included angle of the other, each to each, 
are equal in all their parts. 5 4 and 5 6 are, then, equal, 
and, being equal chords, the arcs 3 4 and 5 6 are equal. 
(Prop, hi.) 

II. If the arcs 3 4 and 5 6 are equal, the chords 3 4 and 
5 6 are, also, equal. (Prop, ii.) The triangles 13 4 and 
2 56 are, then, equal, as they have their sides respectively 
equal. (Book ii.. Prop, hi.) The angle a is, then, equal to 
the angle 6. 

Conclusion : The circles whose centers are / and 2, etc. 
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Proposition XVII. 

271. Theorem: If an angle at the center of a cir^ 
de and an angle at the circumference are 8ubtended 
by the same arc, the angle at the circumference is 
equal to half of the angle al the center* 






Statement : Let the circle whose center is 1 be any circle. 
If the angles 2 and 314 have the same arc, 3 4, the angle 2 
is equal to one-half of 3 1 4. The center of the circle may 
be in one of the sides of the angle 2; or, between or beyond 
the sides of the angle 2, as in the diagram. 

GoDStrnction : In the second and third cases, draw 2 1 ; 
produce it to the circumference at 5. 

Demonstration: I. The angles 2 and 4 are equal (Book ii., 
Prop, vi.); and, together, they equal the angle 5. (Book ii., 
Prop, x.) The angle 2 is, then, equal to half of the angle 5. 

II. The angles 6 and 7 are, similarly, proved equal to 
halves of the angles 8 and 9. The angle 2 is, then, equal 
to half of the angle 3 14. (Axiom hi.) 

III. The angles 6 and 7 are, similarly, proved equal to 
halves of the angles 8 and 9. By equal subtractions, the 
angle //is equal to one-half of the angle 10. (Axiom iv.) 



Condnaion : The circle whose center is / being, etc. 
12 
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Proposition XVIII. 

37d. Theorem : AU ttie angles inscribed in semi- 
circles are right angles. 




Statement : Let the circle whose center is / be any circle ; 
let 2 3 be any of its diameters. The angle 4, any angle in- 
scribed in the semicircle, is a right angle. 

Constractioii : Draw the radius / 4. 

Demonstration: The angle 4 is equal to the sum of the 
angles 2 and 3, as the parts of 4 are respectively equal to 2 
and 3. (Book ii., Prop, vi.) The angles 4, 2, and 3 are 
together equal to two right angles. (Book ii., Prop, xvi.) 
As the angle 4 equals the sum of the angles 2 and 5, it is 
equal to one-half of two right angles, or one right angle. 

Gonclosion : As the circle whose center is / is, etc. 



Exercises, i. The hypotenuse being given, find the locus of 
the opposite vertex. 

2. The hypotenuse and one side of a right triangle being 
given, construct the triangle. 

3. The hypotenuse and its median being given, construct 
a right triangle. 
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Proposition XIX. 

9T3. Theorem : All the angles inscribed in a given 
segment of a cirde, greater than a semicircle^ are 
equal acute angles. 




Statement: Let the circle whose center is / be any circle, 
and let 3 24 be any segment greater than a semicircle. The 
inscribed angles, as the angles at the points numbered 2, are 
equal acute angles. 

Coiistmction : Draw the radii / 3 and / 4. 

Demonstration : The inscribed angles and the angle at the 
center are subtended by the same arc, 3 4, The inscribed 
angles are, therefore, each equal to one-half of the angle /. 
(Prop, xvii.) The angle /, being one of the angles of the 
triangle 13 4, is less than two right angles. (Book ii., 
Prop, xvii.) The angles 2, 2, 2, etc., being each equal to 
half of the angle /, are, therefore, each less than one right 
angle. The inscribed angles are, then, equal acute angles. 

Condnsion : The circle whose center is / being, etc. 



Ezercifle. Construct angles: 90°; 60°; 45°; 30°; 150°; 



135°; 120°. 
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Proposition XX. 

374. Theorem: AU the angles inscribed in any 
segment of a circle, less than a semicirt^e, are equal 
obtuse angles. 

4 




Statement : Let the circle whose center is / be any circle, 
and let the segment 2 53 he any of its segments less than 
half of the circle. All the angles inscribed in the segment, 
as the angles 4, 6, and 6, are equal obtuse angles. 

Constmction : From any vertex in the segment, as 5, draw 
a diameter, 5 f 7 ; and draw the chords 2 7 and 5 7. 

Demonstration : In the quadrilateral 2 5 3 7, the four angles 
are together equal to four right angles. (Book hi.. Prop, i.) 
Two of these angles, the angles at 2 and 3, are right angles. 
(Prop, xviii.) The angles 5 and 7 are, therefore, supple- 
mentary, or, together, equal to two right angles. (Axiom iv.) 

Any other angle in the segment 2 5 3 has, similarly, its 
supplementary angle in 2 7 3. 

The angles in 2 7 3 are, however, all equal acute angles 
(Prop, xix.) ; and, hence, the angles inscribed in the seg- 
ment 2 5 3 are all equal obtuse angles. 

Gonclnsion : The circle whose center is / being, etc. 
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Corollary I. All angles inscribed in the same segment of a 
circle are equal. 

MISCELLANEOUS EXERCISES. 

Theorems. 

375. I. I. Prove that the interior angles of a hexagon, or 
six-sided figure, are equal to eight right angles. ^ 

2. If a tangent is drawn to a circle at the extremity of a 
chord, the middle point of the subtended arc is equally dis- 
tant from the chord and the tangent. 

3. If a circle is inscribed in a right-angled triangle, the 
sum of its diameter and the hypotenuse is equal to the sum 
of the other two sides of the triangle. 

4. Two chords perpendicular to a third chord at its ex- 
tremities are equal. 

5. The circle described on one of the equal sides of an 
isosceles triangle as a diameter bisects the base. 



II. 6. The bisectrices of any number of angles inscribed 
in the same segment, pass through a common point. 

7. The straight line drawn from the center of a circle to 
the point of intersection of two tangents bisects at right 
angles the chord joining their points of contact. 

8. If a circle be inscribed in a right-angled triangle, and 
another be circumscribed about it, prove that the sum of the 
sides containing the right angle will be equal to the sum of 
the diameters. 

9. If the arc of a semicircle be trisected, and from the 
points of section lines be drawn to either extremity of the 
diameter, the difference of the two segments thus made will 
be equal to the sector which stands on either of the arcs. 



l82 BOOK IV^-^CIRCLES, 



10. If the base of a triangle be produced both ways so that 
each part produced may be equal to the adjacent side, and 
through the extremities of the parts produced and the vertex 
a circle be described, the line joining its center and the 
vertex of the triangle will bisect the angle at the vertex. 

11. A straight line drawn from the vertex of an equilateral 
triangle inscribed in a circle, to any point in the opposite 
circumference, is equal to two lines together which are 
drawn from the extremities of the base to the same point. 

12. Of all triangles on the same base and between the 
same parallels, the isosceles has the greatest vertical angle. 



III. 13. The vertical angle of a triangle is greater, or less, 
than a right angle, by the angle contained by the base and 
that diameter of the circumscribing circle which is drawn 
from the extremity of the base. 

14. If an equilateral triangle be inscribed in a circle, the 
square described on a side thereof is equal to three times 
the square described upon the radius. 

15. If, from the extremities of the diameter of a circle, 
tangents be drawn, and produced to intersect any other tan- 
gent, the straight lines joining the points of intersection and 
the center of the circle form a right angle. 

16. If, from any point without a circle, lines be drawn tan- 
gent to the circle, the angle contained by the tangents is 
double the angle contained by the line joining the points of 
contact and the diameter drawn through one of them. 



Problems. 



276. I. 17. Draw a straight line tangent to a given circle, 
and making, with a given line, a given angle. 
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18. If either set of opposite angles of a quadrilateral be 
equal to two right angles, a circle may be circumscribed 
about the quadrilateral. 

19. Draw a line tangent to a given circle and perpen- 
dicular to a given straight line. 

20. Draw a line tangent to a given circle and parallel to a 
given straight line. 

II. 21. Given the base and vertical angle of a triangle, 
find the locus of the vertex. 

22. Find the locus of the vertices of right-angled triangles 
having the same hypotenuse. 

23. Through a given point without a straight line, draw a 
straight line which shall make with the first a given angle. 

24. Draw, in a circle, a chord of given length, and parallel 
to J given straight line. 

25. With a given radius, describe a circle tangent to two 
given straight lines. 

26. Construct a regular hexagon, one side being given. 

27. On a given straight line, construct a segment that shall 
contain a given angle. 

III. Gonstrnct triangles, the following parts being given : 

28. The vertical angle, the line bisecting the base, and 
the angle which the bisecting line makes with the base. 

29. The line bisecting the vertical angle, the line bisect- 
ing the base, and the difference of the angles at the base. 

30. The vertical angle, the line drawn to the base bisect- 
ing the angle, and the difference between the base and the 
sum of the sides. 

31. The vertical angle, the difference of the sides contain- 
ing it, and the difference of their projections on the base. 
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SECTION v.— TWO CIRCLES. 

Proposition XXI. 

' 377. Theorem : If the distance between the centers 
of two circles is equiU to the sum of their radii^ the 
circles are tangent externally. 




Statement : Let / 2, the distance between the centers' of 
any two circles, be equal to the sum of the radii. The cir- 
cles are tangent externally. 

Gonstmction : Draw the straight line 13 2, the parts / 3 
and 3 2 being the radii. If the circumferences can have any 
other point than 5 in common, let 4 be that point ; and draw 
/ 4 and 2 4. 

Bemonstration : The point 3 is obviously common to the 
two circumferences. If 4 is also common, / 4 and 2 4 are 
radii of the two circles ; and their sum is greater than / 2. 
(Book ii., Prop, xi.) This, however, is contrary to the hy- 
pothesis. The circumferences have, then, but one point in 
common, and are, therefore, tangent ; and, as each center 
lies without the other circle, they are tangent externally. 

Concliiflion : The circles whose centers are / and 2, etc. 
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Proposition XXII. 

37§« Theorem : If the distance between the centers 
of two circles is equol to the difference of the radii, 
the circles are tangent internally. 




Statement: Let / 2, the distance between the centers of any 
two circles, equal the difference of the radii. The circles are 
tangent internally. 

Construction : Draw / 2, and produce it to 3, a point in 
the circumference of the circle whose center is 2. 

Demonrtration : U 1 2, the difference of the radii, be added 
to 2 3, the radius of one of the circles, the sum, the straight 
line 12 3, is equal to the radius of the other circle. The 
circumferences, have, then, one point, 3, in common. If 
they can have another point in common, let 4 be that point. 
/ 4 and 2 4 are, then, the radii of the two circles, and their 
difference is less than the line / 2. (Book ii., Prop, xi.) 
This, however, is contrary to the hypothesis. The circum- 
ferences have, then, but one point in common, and they are, 
therefore, tangent. As the center of one circle lies within 
the other circle, they are tangent internally. 

Conclusion : As the circles whose centers are / and 2 are, etc. 
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Proposition XXIII. 

5IT9. Theorem : If the circumferences of two circles 
intersect, the distance between the centers is less than 
tlie sum and greater than the difference of the radii. 




Statement : Let the circles whose centers are / and 2 b«$ 
any two circles whose circumferences intersect, as at 3 and 
4. Prove that the distance between the centers, / and 2, is 
less than the sum and greater than the difference of the 
radii. 

Coiistraction : Draw the radii / 3 and 2 3. 

Demonstration : The distance between the centers, / 2, is 
one side of the triangle 13 2. It is, then, less than the sum 
and greater than the difference between / 3 and 2 3, the 
radii of the two circles. (Book ii., Prop, xi.) 

Conclusion : The circles whose centers are / and 2, etc. 



Corollary L If the circumferences of two circles intersect, 
the straight line joining the centers bisects at right angles 
the straight line joining the points of intersection. 
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Proposition XXIV. 

3§0. Theorem : A circle "tnay he inscribed in, or cir- 
cumscribed about, any regular polygon. 




Statement: Let ABCH be a portion of any regular poly- 
gon ; that is, an equiangular and equilateral figure. A circle 
may be inscribed in, or circumscribed about the polygon. 

Comrtxaction : Bisect two of the sides, as 4 i^and B C, by per- 
pendiculars meeting at 0. (Prop, xv.) From draw straight 
lines to the extremities and middle points of the other sides. 

Demonstration: All the small triangles into which the 
regular polygon is divided are equal. (Book ii., Props, i. 
and IV ) The lines from to the vertices are, then, equal ; and, 
the lines from bisecting the sides are equal perpendiculars. 

If, with (? as a center and the distance to any vertex as a 
radius, a circumference be described, it will pass through all 
the other vertices and be circumscribed about the polygon ; 
or if, with (? as a center and the distance to the middle point 
of any side as a radius, a circumference be described, it will 
pass through the middle points of all the other sides ; and, 
as the sides are then perpendicular to radii at their outer 
extremities, they are tangents to the circle (Book iv.. Prop. 
XIII.), and the circle is inscribed within the regular polygon. 

Condiudon : As A B CH is a. portion of any, etc. 
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Proposition XXV. 

3S1« Theorem : If a regular polygon of any num- 
ber of sides be inscribed in a circle, a regular polygon 
of the same number of sides may be circumscribed 
txbout the circle ; w, if a regular polygon of any num- 
ber of sides be circumscribed about a circle, a regular 
polygon of the same nutnber of sides n^ay be inscribed 
in the circle. 



b F 





Statement : Let ABC H be a portion of any regular poly- 
gon inscribed in, or circumscribed about the circle whose 
center is 0, A regular polygon of the same number of sides 
may be circumscribed about the circle to correspond with 
the given inscribed polygon, or inscribed in the circle to 
correspond with the given circumscribed polygon. 

Gonstraction : Draw A, B, C, and H to the vertices ; 
also, the radii, (?£, OF, and OS, perpendicular to the sides 
of the given polygon. (Prop, xiii.) To obtain the corre- 
sponding circumscribed polygon, draw ab, be, and c h per- 
pendicular to the radii E, OF, and S at their outer ex- 
tremities ; to obtain the corresponding inscribed polygon, 
draw ab, be, and c A so as to join the points where the lines 
drawn to the vertices ;— viz., A, OB, C, and Off — intersect 
the circumference. 
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Demonstration I. : The sides of the given inscribed poly- 
gon being equal chords, they are at equal distances from the 
center. (Prop, iv.) The small triangles into which the 
given inscribed polygon is divided are, then, all equal. 
(Book ii.. Prop, i.) The small angles at the center, as /, 2, 
3, etc., are thus all proved to be equal ; and, the triangles 
aOE, bOE, bOF, cO F, c OS, and h S are all equal. (Book 
II., Prop, ii.) The figure ab c h, etc., is, then, a regular poly- 
gon, as all of its sides and angles are equal. The angles at 
£ being equal, each is a right angle, and a b is, then, a tan- 
gent. (Prop, xiii.) Similarly, b c and c h are shown to be 
tangents. The figure abc h, etc., is, then, a regular circum- 
scribed polygon, and it has the same number of sides as the 
given polygon. 

Demonstration II. : The sides of the given circumscribed 
polygon being tangents, the angles at E, F, and S are right 
angles. (Prop, xiii.) The angles at the vertices of the 
given polygon have been bisected, by construction ; thus, 
the angles at B are equal. (Book ii., Prop, iv.) 

The series of triangles, A B, B C, COH, etc., are, then, 
all equal. (Book ii.. Prop, i.) The angles at the center, 
A B, B C, C H, etc., are, then, equal. 

The series of triangles a b, bOc, cOh, etc., are, then, 
equal, as their sides are equal radii. (Book ii.. Prop, i.) 

The figure ab ch, etc., is, then, a regular polygon, as all of 
its sides and angles are equal. It is an inscribed polygon, 
as the sides are chords of the circle, and they are, moreover, 
the same in number as the sides of the given circumscribed 
polygon. 

Gonclnsion: ABCH being a portion of any regular poly- 
gon, it follows, etc. 
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MISCELLANEOUS EXERCISES. 

Problems. 

3§3. I. I. With a given radius, describe a circle tangent 
to a given straight line and given circle. 

2. With a given radius, describe a circle tangent to two 
given circles. 

3. Construct three circles having equal diameters, and 
being tangent to one another. 



II. 4. Construct a circle which shall touch two given 
straight lines, and pass through a given point between them. 

5. Describe a circle which shall pass through a given 
point and be tangent to two given circles. 

6. Describe a circle which shall be tangent to two given 
straight lines and to a given circle. 

7. Draw two concentric circles (i.e., with common center)^ 
such that the chords of the outer circle tangent to the inner 
circle may be equal to the diameter of the inner circle. 



III. 8. Inscribe a circle in a given sector. 

9. From the vertices of a triangle as centers, describe 
three circles which shall touch each other, two and two. 

10. Draw a straight line cutting two concentric circles, 
so that the part intercepted by the circumference of the 
greater may be double the part intercepted by the less. 



Theorems. 

2§3. I. II. If a straight line is a tangent to the interior 
of two concentric circles, and a chord in the outer, it will 
be bisected at the point of contact. 
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12. If a circle is described on the radius of another circle 
as a diameter, any chord of the greater, passing through the 
point of contact of the circles, is bisected by the circumfer- 
ence of the smaller. 

13. Prove that the shortest distance between two circum- 
ferences is measured on the line which joins the centers. 



II. 14. If two circles cut each other, and from either point 
of intersection diameters be drawn, their extremities and 
the other point of intersection are collinear. 

15. If a straight line is drawn through the point of contact 
of two circles which touch each other, terminating in their 
circumferences, the radii drawn to its extremities are parallel ; 
and, also, the tangents. 

16. If two circles intersect, their common chord, pro- 
duced, bisects the parts of their common tangents included 
between the points of contact. 

17. If the sides of an equiangular and equilateral pentagon 
be produced to meet, the angles formed by these lines are 
equal, and their sum is equal to two right angles. 

18. The three common chords of three circles which inter- 
sect each other, two and two, meet each other in one point. 



III. 19. The square and the rhombus are the only paral- 
lelograms in which a circle can be inscribed. 

20. The straight line bisecting any angle of a triangle cuts 
the circumference of the circumscribing circle in a point 
which is equidistant from the extremities of the opposite 
side and from the center of the inscribed circle. 

21. The entire plane space about a point can be filled, 
without leaving vacant intervals, by equal equilateral tri- 
angles, by equal squares, and by equal regular hexagons. 
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Loci. 

3§4. Find the following loci : I. 22. The points at a given 
distance from a given point. 

23. The points at a given distance from a given straight 
line. 

24. The points equally distant from two parallel straight 
lines. 

25. The points equally distant from the circumferences 
of two concentric circles. 

26. The points equally distant from two intersecting 
straight lines. 

27. The vertex of a right-angled triangle with a given 
hypotenuse. 

28. The vertex of a triangle with a given base and a given 
opposite angle. 

29. The middle points of equal chords of a given length. 

30. The middle points of secants from a given point to a 
given circle. 

31. The centers of circles tangent to two intersecting 
straight lines. 

32. The points, any one of which is equidistant from the 
circumferences of two equal circles. 

2^2^. The points, the sum of the squares of the distances of 
any point of which, from the four sides of a rectangle, shall 
be equal to a given square. 



II. 34. The middle points of the chords of a circle pass- 
ing through a given point {a) within the circle ; {p) on the 
circumference ; (c) beyond the circumference. 

35. The middle points of chords parallel to a given 
straight line. 
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36. The points of intersection of tangents including a 
given angle. 

37. The centers of circles tangent to a given straight line 
at a given point. 

38. The centers of circles tangent to a given circle at 
a given point. 

39. The middle point of a straight line moving between 
the sides of a right angle. 

III. 40. Center of circle with given radius and passing 
through a given point. 

41. Center of circle with given radius and tangent to a 
given straight line. 



Maxima and Minima. 

385. 42. Of all straight lines which can be drawn from 
two given points to meet on the convex circumference of a 
given circle, the sum of those two which make equal angles 
with the tangent at the point of meeting will be the least. 

43. Of polygons that are isoperimetric (i.e., that have 
equal boundaries), and have the same number of sides, the 
maximum is a regular polygon. (Isosceles triangles.) 

44. Of isoperimetric regular polygons, the maximum is 
that which has the greatest number of sides. 

If one regular polygon has one side more than the other, this other 
may be divided into two parts, placed to make an equivalent 
irregular polygon of the same number of sides as given polygon. 

45. Of equivalent regular polygons, that one has the least 
perimeter which has the greatest number of sides. 

Compare each with a regular polygon constructed with less number 
of sides, but area equal to polygon with greater number of sides. 
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46. The circumference of a circle incloses a greater area 
than any polygon of equal perimeter. (Method of limits.) 

47. The perimeter of a circle is less than the perimeter of 
any equivalent polygon. 



Numerical Exercises. 

SiSO. 48. Two angles of a triangle are, respectively, 
41° 5' 31" and 37° 52' 49". Find the third angle. 

49. How many degrees in each angle of a square ? 

50. How many degrees in angle of equilateral triangle ? 

51. How many degrees in each of the equal angles of an 
isosceles triangle, the angle at the vertex being 45° 45' 40" ? 

52. Which angle, if any, is obtuse in the triangle whose 
sides are 3, 5, and 7 inches long ? Whose sides are 7, 11, 15 ? 

53. What kind of a triangle could have sides, respectively, 
5, 10, and 15 ? 6, 12, and 24 ? 

54. Find the projections on the hypotenuse of the sides, 7 
and 14, of a right-angled triangle. Find the distance to the 
hypotenuse from the opposite angle. 

55. The radius of a circle is 10. How far from the cen- 
ter is a chord, 5 ? 

56. The radius of a circle is 5. How far from the center 
is a chord, 8 ? 

57. A chord is 7 and its distance from the center is 3. 
What is the radius ? 

58. A chord is 9 and the diameter is 10. What is the dis- 
tance of the chord from the center ? 

59. If a chord, 16 inches long, is 10 inches from the center, 
how far from the center is a chord, 22 inches long 1 

60. A circle has a radius, 9 ; what is the length of the 
maximum chord through a point 7 inches from the center ? 
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CONSTRUCTIONS. 

3S7. Prove the following constrnctions : 

Note. — Prove the problems in Arts. 48, 49, 50, 60, 84, 85, 86. 121, 
and 186. 

I. A line through a given pointy parallel to a given straight 
line. 




'Z/C £ 



.dL 



S A. 




2. A parallelogram^ two sides y and included angle given, 
J. A triangle^ two angles^ and included side given. 




^ 



,4x 



./■ 



4. The third angle of a triangle, two angles given. 
^. A triangle, two sides and angle opposite one given. 
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6» A right-angled trianglcy hypotenuse^ and one side given. 
7. A triangle equivalent to a parallelogram. 




8. A triangle equivalent to any polygon. 

A trikngle or parallelogram with given angle may, then, readily be 
constructed equivalent to any given polygon. 
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GENERAL SCHOLIA. 



CONCYCLIC POINTS. 



3§8. Concyclic points are points that lie in the circum- 
ference of the same circle. 

Exercises, i. Any three points are concyclic. 

2. The vertices of any regular polygon are concyclic. 

3. The vertices of a quadrilateral are concyclic, if any two 
opposite angles are supplementary. 

4. The vertices of equal given vertical angle of triangles 
on a given base are concyclic. 

INSCRIBED AND ESCRIBED CIRCLES. 




399. An inscribed circle is a circle tangent to the three 
sides of the triangle ; as / 2 5. 

390. An escribed circle is a circle tangent to one side of a 
triangle and to two other sides produced ; as 4 5 ff. 

391. Prove the following propositions with respect to the 
inscribed and any escribed circle : 

1. Tangents from the same point to a circle are equal. 

2. Any tangent being a side with its production is equal to 
half the perimeter of the triangle ; as >1 5. 



GENERAL SCHOLIA. 
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3. Any tangent being an internal segment of a side is 
equal to half of the perimeter diminished by the side opposite 
the vertex from which the tangent is drawn ; as k /, or, / B. 

4. The intercepts between the points of contact made by 
any two sides of the triangle produced are equal to each 
other and to the third side of the triangle. 



THE TRIANGLE AND NINE OF ITS CIRCLES. 




The three escribed circles are represented by arcs ; the other six, by 
centers. Prove the construction of the nine circles. Find three 
others. (General Scholia for advanced students only.) 

Circles. Centers. 

Circumscribed, / 

Inscribed, 2 

Nine Points, 3 

Pedal (3), 4, B, 6 



Radii. 

Perp. from 7 

34 
4 0, 5 0, 6 



C is the centroid ; and 0^ the orthocenter ; 13 r= 30. 

393. Prove the following propoidtions : 

1. The circumscribed circle bisects the straight lines, join- 
ing the center of the inscribed circle with the centers of the 
escribed circles. 

2. Each vertex of the triangle is col linear with the centers 
of two of the escribed circles. 
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3. The center of the inscribed circle is collinear with the 
center of any escribed circle and the opposite vertex. 

4. Each center of the inscribed or the escribed circles is 
the orthocenter of the triangle, having the other three centers 
as its vertices. (See § 293, for definition ) 

5. The four circles, each of which passes through three of 
the centers of the escribed and inscribed circles, are equal. 

6. The three circles, the circumference of each of which 
passes through the extremities of any side of a triangle and 
the orthocenter, equal one another and the original triangle. 

Nineteen circles in all have been mentioned. 
THE NINE-POINTS CIRCLE. 

393. The orthocenter is the point at which the three per- 
pendiculars from the vertices to the opposite sides meet. 

004. The centroid of any triangle is the point at which 
the medians of the triangle meet. 

095. Prove the following propositions : 

1. The middle points of the sides of a triangle are con- 
cyclic with the feet of the perpendicular from the opposite 
vertices, and the middle points of the lines joining the 
orthocenter with the vertices. {Nine-paints circle.) 

2. The center of the nine-points circle is the middle point 
of the line joining the orthocenter and the center of the cir- 
cumscribed circle. 

3. The diameter of the nine-points circle is equal to the 
radius of the circumscribed circle. 

4. The orthocenter and the centroid are collinear with 
the centers of the nine-points and circumscribed circles. 

5. The nine-points circle is tangent to the inscribed and 
escribed circles of a triangle. 
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SYNOPSIS. 

SECTION I.— EQUAL RATIOS. 

396. I. Definitions. 
2 Propositions. 

Prop. I. If four quantities are in proportion, the product of the 
extremes is equal to the product of the means. 

Prop. II. If four quantities are in proportion, they are in proportion 
by alternation. 

Prop. III. If four quantities are in proportion, they are in propor- 
tion by inversion. 

Prop. IV. If four quantities are in proportion, they are in propor- 
tion by composition. 

Prop. V. If four quantities are in proportion, they are in propor- 
tion by division. 



SECTION II.— EQUAL PRODUCTS. 

M7» Prop. VI. If the product of two quantities is equal to the product 
of two other quantities, the two quantities that form either 
product may be made the extremes, and the other two quanti- 
ties, the means, of a proportion. 

Prop. VII. If the product of three quantities equals the product of 
three other quantities, the three that form either product may 
be separated in any manner to form the extremes, and the other 
three quantities will form the means of a proportion. 

Prop. VIII. If the product of two quantities is equal to the square 
of a third quantity, the third quantity is a mean proportional 
between the two other quantities. 

199 
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Prop. IX. If the product of two quantities is equal to a third quan- 
tity, the square root of the third quantity is a mean proportional 
between the two other quantities. 

Prop. X. If the product of three quantities is equal to a fourth 
quantity, the square root of the fourth quantity is a mean pro- 
portional between any one and the remaining two of the three 
quantities. 



SECTION III.— SEVERAL PROPORTIONS. 

99!l, Prop. XI. If a couplet in each of two proportions is the same, the 

other couplets form a proportion. 
Prop. XII. If, in two proportions, the antecedents are the same, the 

consequents form a proportion. 
Prop. XIII. If, in two proportions, the consequents are the same, 

the antecedents form a proportion. 
Prop. XIV. If the terms of two proportions, taken in the same order, 

are multiplied together, the products will form a proportion. 
Prop. XV. If the terms of one proportion are divided by the terms 

of another proportion, taken in the same order, the quotients 

will form a proportion. 



SECTION IV.— CONTINUED PROPORTIONS. 

999. Prop. XVI. In any proportion, the sum of the antecedents is to 
the sum of the consequents as any antecedent is to its consequent. 

Prop. XVII. In any proportion, all the antecedents, or all the con- 
sequents, may be multiplied by any quantity, and the results will 
be proportional. 

Prop. XVIII. In any proportion, all the antecedents, or all the con- 
sequents, may be divided by any quantity, and the results will be 
proportional. 

Prop. XIX. The same powers of the terms of a proportion form a 
proportion. 

Prop. XX. The same roots of the terms of a proportion form a pro- 
portion. 
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SECTION I.— EQUAL RATIOS. 

DEFINITIONS. 

300. Ratio is the relation between two quantities, ex- , 
pressed by division. 

The ratio of SO to 5 is g , or 30 -f- 5 ; written in abbreviated form, 
30 : 5, the ratio being equal to 6. 

301. Proportion is an equality of ratios. 

The ratio of 30 to 6 equals the ratio of 45 to 9, as each ratio is equal 
to 5. The four quantities form a proportion, written thus : 

30 45 

30 -^ 6 = 45 -i- 9; or, 
30 : 6 = 45 : 9; or, 
30 : 6 : : 45 : 9. 

Any one of the preceding forms may be read : 30 is to 6 as 45 is to 9. 

303. Proportion is the basis of mensuration. Either of 
two quantities of the same kind may be taken as the meas- 
ure of the other, and their relation may be expressed by 
division, as a ratio ; and, when two quantities have a com- 
mon measure, there is an equality of ratios, or a proportion. 

Thus, if A z= 5 X M, and, B = 7 x M, then, ^ = __, also, 

B A B 

M = ■=; and, ^ = ■=■ ; or, A : 5 : : B : 7. 
7 o 7 

aoa. The first and last terms are the extremes. 

In the proportion, a : b : : c : d, the extremes are a and d, 

304, The second and third terms are the means. 

In the proportion, a : b : : c : d, the means are b and c. 
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3€(i(. The first, second, third, and fourth terms may be 
called the first, second, third, and fourth proportionals. 

When three quantities form a proportion, the second and third terms 
being the same quantity, it is called a mean proportional. 

306. Any two terms forming a ratio, as the first and 
second terms, or the third and fourth terms, form a couplet. 

307. The first terms in the different couplets are the 
antecedents. 

In the proportion, a : b : : c : d, the antecedents are a and c. 

30§. The second terms in the different couplets are the 
consequents. 

In the proportion, a: b : : c : d, the consequents are b and </. 

300. By alternation is meant comparison of the first term 
with the third, and the second term with the fourth. 

The proportion, a : b : : c : d, by alternation becomes a : c : : b : d. 

310. By inversion is meant making, in each couplet, the 
first term second and the second term first. 

In the proportion, a : b : : c : d, the terms are inverted by making the 
proportion read, b : a : : d : c. 

311. By composition is meant comparing the sum of first 
and second terms in each couplet with the first or the second 
term of the couplet. 

a : b : : c : d, by composition, becomes a + b -' b : : c + d : d; or, 
a -i- b : a : : c + d : c. 

313. By division is meant comparing the difference of the 
first and second terms in each couplet with the first or the 
second term of the couplet. 

a : b : : c : d, by division, becomes a — b : b : : c — d: d; or, it 
becomes a — 6 ; a ; ; c — (/ ; c. 
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Proposition I.* 

313. Tbeorem : If four quantities are in propor- 
tion, the product of the extremes is equal to the prod- 
uct of the means. 

Statement : U A: B: : C : D, then, AD = BC. 

Demonstration : Write the proportion in fractional form, 

AC 
B^D' 
clearing (Axiom v.), AD = BC. Q, E, D. 



Proposition II. 

314. Ttaeorem : If four quantities are in propor- 
tion, they are in proportion by alternation. 

Statement : If A: B : : C : D, then, A : C : : B : D. 

Demonstration : AD = BC (Prop. i. ) ; 

dividing by proposed consequents (Axiom vi.), 

AD BC ^ ,. A B 

— - = — - ; and, canceling, — = - , 
CD CD ' ^' C D 

which is the same as A : C : : B : D. Q. E, D, 

* This proposition is used as the test of a proportion. If the product 
of the extremes is not equal to the product of the means, the quantities 
are not in proportion. It is also used in finding any missing term of 
a proportion. 



204 BOOK V.^PROPORTION. 



Proposition III. 

316. Theorem : jf four quantities are in pnypor- 
Hon, they are in proportion by inversion » 

Statement : li A: B : : C : D, then, B : A: : D : C. 

Demonstration : BC = AD (Prop, i.) ; 

dividing by proposed consequents, 

BC AD 



AC AC 



(Axiom vi.) -, 



B D 
by canceling, — = — ; or, B : A : : D : C. Q. E. D, 

A C 



Proposition IV. 

316. Theorem : If four quantities are in propor- 
tion, they are in proportion by composition. 

Statement : U A: B: : C ; D, then, A + B : B : : C -h D : D. 

A C 
Demonstration : — = — ; adding / to each mem 

B D 

A C 

ber, B ^ ^ ~ D "^ ^ (Axiom hi.) ; 

A +B C + D 

reducmg, — y— = —y- ; or, 

A + B: B : : C -{^ D: D. Q. E. D. 



Corollary 1. The sum of antecedent and consequent is 
proportional to the antecedent. 
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Proposition V. 

317. Theorem : If four quantities are in propor^ 
tioUf they are in proportion by fHvision, 

i A — B: B: : C ^ D: D ; or, 

Statement : If >l;^;; (7;/?, then, •< ^ , ^ ^ ^ ^ 

i B — A : A : : D — C : C. 

Bemonstration : I. Writing the proportion in fractional 

form, — = — , and, subtracting / from 

4 C 

each member, / = ——/,• and this, by reduc- 

B D ^ 

tion, becomes — - — = — -— . Writing the result in 

proportional form, A — B : B : : C — D : D, Q^ E. D, 



II. By inversion, B : A : : D : C (Prop, hi.) ; 

or, in fractional form, the equation is, 

B D 

— =. -. Subtracting / from both 

B D 

members, • - — / = - — /, which, by reduction, 

B — A D — C 
becomes — j— = — ;i— / or, 

A C 

B — A : A : : D — C : C. Q, E. D. 



Corollary I. The difference between antecedent and con- 
sequent is proportional to either the antecedent or the con- 
sequent. 
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SECTION II.— EQUAL PRODUCTS. 

Proposition VI. 

31 §. Theorem : If the product of two quantities is 
eqtuU to the product of two other quantities^ the two 
quantities that form either product may he made the 
extremes, and the other two quantities, the means, of 
a proportion. 

Statement : If AD = B C, then, A : B : : C : D. 

Demonstration : Dividing by the proposed consequents, 

AD BC .. , ..AC, 

— = — (Axiom vi.) ; cancehng, ^ = ^ ' 

or, A: B : : C : D, Q. E, D. 

Proposition VII. 

319. Theorem : If the product of three quantities 
equals the product of three other quantities, the three 
that form either product may he separated in any 
manner to form the extremes, and the other three 
quantities will form the means of a ^proportion. 

Statement : \i A B C ^ D E F, then, A : EF: : D : B C. 

Demonstration : Divide both members by the proposed 
consequents, as EFB C; 





ABC 
EFBC 


DEF ..AD 
^^^^ ; cancehng, -^:--.^^ 


« 




A:EF: : P : B Q. 



Q E. D. 
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Proposition VIII. 

390. Theorem : If the product of two quantities is 
equfU to the square of a third quantity, the third 
quantity is a mean proportional between the two other 
quantities. 

Statement : If AC = B(*, then, A: B : : B : C. 

Demonstration : Dividing by the proposed consequents, 

AC B* ,. A B 

— = -/canceling, - = -; 

or, A: B: : B : C. Q. E. D. 



Proposition IX. 

321. Ttaeorem: If the product of two quantities is 
equal to a third quantity, the square root of the third 
quantity is a mean proportional between the two other 
quantities. 

Statement: If AC — B, then, A : \/b : : \/B: C. 

Demonstration : Dividing both members by C \/b, the 
product of the proposed consequents, 

AC B ^, A ^/B 

— ~— ; cancehng, — zn ~ 



c ^/b c \/b' ^' \/B c 

or, A : Vb : : \/~B : C. Q, E, V. 
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Proposition X. 

333. Theorem : If the product of three quantities 
is eqtuU to a fourth quantity, the square root of the 
fourth quantity is a mean proportional between any 
one and the remaining two of the three quantities* 

Statement : li A B C =z D, then, A : \/D: : ^/O : B C, 

Bemonstration : Dividing both members by B C ^D, the 
product of the proposed consequents, 

ABC D .. A ^/d 

-r ; cancehng, -— r = 



BC\/D bc\/d' ^d bc 

or, A : ^D : : VO: B C. Q, E. D. 



SECTION III.— SEVERAL PROPORTIONS. 

Proposition XI. 

333. Theorem : If a couplet in each of two propor- 
tions is the same, the other couplets form a proportion. 

Statement : If A : B : : C : D, and A: B : : E : F, 
then, C: D : : £ : F. 

AC A E 

Demonstration : In fractional form, - = ■- and --=-:; 

B D B F 

C E 
therefore (Axiom l), - = — ; or, CD: : E : F, Q, E, D. 



SECTION III,— SEVERAL PROPORTIONS, 209 



Proposition XII. 

334. Theorem : If, in two proportions, the antece- 
dents are the same, the consequents form a propor^ 
tion. 

Statement : If A : B : : C : D, and A : E : : C : F, then, 

B : D : : E : F, and B: E : : D : F. 

Bemonstration : By alternation, the two given proportions 
become A : C : : B : D, and A : C : : E : F (Prop, ii.) ; 

therefore, B : D : : E : F (Prop, xi.) ; 

and, by alternation, B : E : : D : F. Q. JS, D, 



Proposition XIII. 

335. Theorem : If, in two proportions, the conse- 
quents are the same, the antecedents form a propor- 
tion. 

Statement : If A: B : : C^ D, and E : B : : F: D, then, 

A: C : : E : F, and A : E : : C : F. 

Demonstration : By alternation, the two given proportions 
become A : C : : B : D, and E : F : : B : D (Prop. II.) ; 

therefore, A : C : : E : F (Prop, xi.) ; 

and, by alternation, A : E : : C : F. Q, E, D. 



Scholium. If any two terms of one proportion are the 
same as two corresponding terms of another proportion, the 
remaining terms form a proportion. 



2IO 
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Proposition XIV. 

396. Theorem : If the terms of two proporti€ni8, 
taken in the satne order, are multiplied together, the 
products wiU form a proportion. 

Statement : li A: B : : C .- D, and E : F: : G : H, then, 

AE: BF: : C G : D H. 



Bemoiistration : 

multiplying, 
or, 



AC ^ E G 
-=-,and^ = -; 

AE _ CG 

Tf "Th 
ae: bf: : cg: dh. 



(Axiom v.) ; 
Q, E, D, 



Proposition XV. 

337. Theorem : If the term,s of one proportion are 
divided by the terms of another proportion, taken in 
the same order, the quotients wiU form a proportiim. 

Statement : If A: B : .- C : D, and E : F: : G : H, then, 

A B CD 
E F G H 

Demonttration : AD = BC, and EH = FG 

If — ?f 
EH'^FG 



then, 



or. 



A D _B C 

e'^h'f^g' 



and, therefore (Prop, vi.), 

A B CD 
£ F G' H 



(Prop, i.) ; 
(Axiom vi.) ; 



Q. E. D. 
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Scholium. If the antecedents, or the consequents, or the 
terms of either couplet be increased or decreased by like 
parts of each, the results will be proportional. 



SECTION IV.— CONTINUED PROPORTIONS. 

338. A contmned proportion is a continued equality of 
ratios. 

A : B : : C : D : : E : F : : G : H : : I : J, is a continued proportion ; 
read, 4 is to ^ as C is to D as £ is to F as ff is to /^ as / is to «/. 



Proposition XVI. 

339. Theorem : In any proportion, the sum of the 
antecedents is to the sum of the consequents as any 
antecedent is to its consequent. 

Statement : If A : B : : C : D : : £ : F: : G : H, then, 
A + C + E+G:B + D + F-\-H::A:B. 

Bemonstration : By identity, AB = BA; 
and, AD = BC (Prop, i.) 

also, AF = BE (Prop, i.) 

and, AH = BG (Prop. I.) 

therefore, A {B + D -^ F -^ H) = B {A ■{- C -{- E + G) (Axiom hi.), 
and (Prop. VI.), A + C + E + G : B -^ D + F -^ H : : A : B. 

Q, K £>, 

Scholium. For the second couplet in the conclusion may 
be substituted any other couplet in the given proportion, as 
ratios equal to the same ratio are equal to each other. 
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Proposition XVII. 

330. Theorem : In any proportion, €iU the ante- 
cedents, or aU the consequents, tnay be maltipiied by 
any quantity, and the results will be proportion€U. 

Statement: If A: B : : C : D : : E : F, then, 

miM: B: : MC: D: : ME: F ; and, A : M B : : C : M D : : E : M F. 

ACE 

Demonstration: - = - = - ; then (Axiom v.), 

B D F ^ ' 

MAMCME.A C E 

= — — -, and, = —- — = , or, 



B D F ' MB MD MF 

M A: B: : M C : D : : M E : F, 2indy A : M B : : C: M : : E : M F. 

Q. E. D. 

Corollary I. Any like multiples of the antecedents are pro- 
portional to any like multiples of the consequents. 

Proposition XVIII. 

331. Theorem : In any proportion, all tlie antece- 
dents, or all the consequents, may be divided by any 
quantity, and the results wUl be proportional. 

Statement : If A : B : : C : D : : E : F, then, 

ACE , B D F 

-- ; 5 ; ; - ; Z? ; ; - ; F; and, A:-::C:- : : E: -• 

m m m m m m 

Demonstration : N A : B : : N C : D : : M E : F (Prop. XVII.), 
and, also, A : N B : : C : N D : : E : M F.; making ^ = — , 

^ ^ ^ ^ £ ^ , B F 

M Hi ' ' M ' ^' ' M' ' ^ ' M ' ' ^ ' M 

Q. £. Z>. 
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Proposition XIX. 

333. Theorem: The same powers of the terms of 
a proportion are proportional. 

Statement \ li A : B : : C : b : : E : F, then, 
Bemonstration : Repeating the proportion and multiplying, 

A : B : : C : D : : E : F 
A: B : : C : D : : E : F 
A : B : : C : D : : E : F 
A^ : B^ : : C^ : Ifi ; .- £3 .. /-a (Prop. XIV.) ; 

and, similarly, A*^ : B"* : : C" : DT : : E*^ : P". Q. E, D, 



Proposition XX. 

333. Theorem: Tlie same roots of the tertns of a 
proportion are proportional. 

Statement: If A : B : .CD : : E: F, then, 

y'/l ; *!^B: : '^C; \^D: : ^£; ^£. 

Demomrtration : A*" : B^ : : C* ; (r* : : £* ; £» (Prop. xix. ) ; 

making /» = — , 

m 

1 1 1 i J J 
^« . gm . Qm . Qm . . £m . p» . which is the 

same as, \/>l .* "^/B : : ^C : "y/D : : "y/E : ^^F. Q. E D. 



BOOK VI.— MENSURATION: PLANE 

FIGURES. 

SYNOPSIS. 

SECTION I.— ANGLES 

334. I. Definitions. 

2. Propositions. 

Prop. I. In equal circles, angles at the center are proportional to 
their intercepted arcs. 

Prop. II. An inscribed angle is measured by half of its intercepted 
arc. 

Prop. III. An angle formed by a tangent to a circle and a chord 
drawn to the point of contact is measured by half of the inter- 
cepted arc. 

Prop. IV. In any circle, angles formed by intersecting chords are 
measured by half the sum of the intercepted arcs. 

Prop. V. Angles formed by secants meeting without the circle are 
measured by half of the difference of the intercepted arcs. 

3. Miscellaneous Exercises. 

SECTION II.— TRIANGLES. 

335. I. Definitions. 
2. Propositions. 

Prop. VI. Triangles with equal altitudes are proportional to their 

bases. 
Prop. VII. Triangles, with an angle in each equal, are proportional 

to the product of the including sides. 
214 



SYNOPSIS. 215 



Prop. VIII. The area of a right-angled triangle is equal to hA\l the 
product of its base and altitude. 

Prop. IX. The area of any triangle is equal to half the proddci 6f 
its base and altitude. 

Prop. X. A. trapezium being divided into two triangles by eitner 6t 
its diagonals, its area is equal to half of the product df tliai 
diagonal and the sum of the perpendiculars drawn from the 
remaining vertices to the diagonal, or the diagonal produced. 

3. Miscellaneous Exercises. 



SECTION III.— QUADRILATERALS. 

336. I. Definitions. 

2. Propositions. 

Prop. XI. Parallelograms with equal altitudes are proportional td 
their bases. 

Prop. XII. Parallelograms, with an angle in each equal, are propor- 
tional to the products of the including sides. 

Prop. XTII. The area of a rectangle is equal to the product bi iis 
base and altitude. 

Prop. XIV. The area of a parallelogram is equal to the prodiict ot 
its base and altitude. 

Prop. XV. The area of a trapezoid is equal to the product of its 
altitude and half the sum of its parallel sides. 

3. Miscellaneous Exercises. 



SECTION IV.— REGULAR POLYGONS. 

337. I. Definitions. 
2. Propositions. 

Prop. XVI. To inscribe a regular polygon of the same number o^ 
sides as a given circumscribed polygon ; or, to circumscribe si 
regular polygon of the same number of sides as a given inscribed 
polygon. 

Prop. XVH. To find the length of one side and the area bf aiiy 
inscribed or circumscribed square. 

Prop. XVIII. The side of a regular inscribed hexagon is equal fo 
the radius of a circle. 
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Prop. XIX. The perimeter and apothem of a regular inscribed 
polygon of any number of sides being given, to find the perim- 
eter and apothem of a regular inscribed polygon of double the 
number of sides. 

Prop. XX. The perimeter of a regular circumscribed polygon being 
given, to find the length of a side of the perimeter of the regular 
circumscribed polygon of double the number of sides. 

3. Miscellaneous Exercises. 



SECTION v.— CIRCLES. 

S38. I. Definitions. 

a. Propositions. 

Prop. XXI. To find the circumference of a circle, from the perim- 
eter of the inscribed and circumscribed squares. 
Prop. XXII. To find the area of a circle. 
Prop. XXIII. To find the area of a sector of a circle. 
Prop. XXIV. To find the area of a segment of a circle. 
Prop. XXV. To find the area of a circular ring. 

3. Miscellaneous Exercises. 



SECTION L--ANGLES. 217 



SECTION I. —ANGLES. 

Proposition I. 

339. Tbeorem : In equal circles, angles at the cen- 
ter are proportional to the intercepted arcs. 





b « n ' h 

Statement: Let AC F and GO/ be any angles at the cen- 
ters of equal circles. Prove that A C F : G I : : AF : G I. 

I. Commensurable angles. 

Constrnction : When the angles have a common measure, 
as the angle m, apply it to the angles C and as often as it 
is found in each ; thus, three times in C and twice in 0. 

Demonstration : By hypothesis, M -'- — — , and M = — — ; 

' 2 

AC F GDI 
therefore, — - = — - ; or, AC F: G 1 : : 3 : 2. (A) 

The angles at the center being equal, the arcs Ab,be,eF, 
Gh, and h/, are equal. (Book iv.. Prop, xvi.) 

By hypothesis, then, n = — -, and n = -—- ; 

AF G I 

therefore, — = — ; or, AF: G I : : 3 : 2. (B) 

Then (Book v. Prop, xl), AC F : GO I : : AF : G I. Q. E, D, 
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II. Incommensurable angles. 

Construction : When the angles have no common measure^ 
take AC /f, a. part of the larger angle, A C F, equal to G L 





K M 



Demonstration : The arc >l AT is equal to G I. (Prop, xvi.) 
If the proportion, AC F : AC K : : AF : AK, is not true, sup- 
pose the fourth term to be A H, greater than A K; thus, 

ACF: ACK: : AF: AH. (A) 

Divide ACF into equal parts, each less than K C H. At 
least one line of division, as C M, falls between C K and C H. 
The angles ACF and ACM being commensurable, 

ACF:ACM::AF:AM; (B) 

and, therefore, comparing (A) and (B), 

ACK:ACM::AH:AM. (BooK v., Prop, xii.) 

As AC K \s less than ACM, AH should, then, be less than 
A M, whereas 4 // is greater than A M. The supposition that 
the fourth term can be greater than A K leads to a false 
conclusion. 

In similar manner, it can be shown that the fourth term is 
not less than A K. The fourth term, therefore, is A K, and the 
proportion, A C F : A C K : : A F : A K, is true ; and, by substitu- 
tion (Axiom i.), AC F : G 1 : : AF : G I. Q, E. D, 

Conclusion : The circles whose centers are C and 0, etc. 
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Corollary I In any circle, angles at the center are propor- 
tional to the intercepted arcs. 

Corollary IL Angles at the center of a circle are measured 
by their intercepted arcs. 

Corollary m. All the angles at the center of a circle, 
being equal to four right angles, are measured by the entire 
circumference ; and one right angle is measured by a quad- 
rant, or one quarter of a circumference. 



Proposition IL 

340. Theorem : An inscribed angle is measured by 
half of Us intercepted arc. 






Statement : Let the circle whose center is be any circle ; 
A, any angle inscribed in the circle ; and, B C. its intercepted 
arc. The angle A is measured by half of B C. 

Construction : Construct the angle BOC, at the center. 

Demonstration : The angle B C is measured by the arc 
BC. (Prop, i.. Cor. ii.) The angle BACis equal to half of 
the angle BOC. (Book iv., Prop, xvii.) The angle BAC 
is, then, measured by half of B C. (Axiom vi.) 

Conclusion : The circle whose center is being, etc. 
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Proposition III. 

341. Theorem: An angle formed by a tangent to a 
circle and a chord drawn to the point of contact is 
measured by hcUf of the intercepted arc. 

6 




Statement : Let 2 d 4 be a tangent to any circle ; and, 5 3,3. 
chord to the point of contact, 3. The angle 53 4 is meas- 
ured by half of the arc 3 5. 

Construction : At 3, erect 3 6 perpendicular to 24. 

Demonstration : The chord 3 6 passes through the center. 
(Book iv., Prop, xiv.) The angle 5 34 is the difference 
between 63 4 and 6 3 5. The measure ol 5 34 is, therefore, 
the difference between the measures oi 6 34 and 6 3 5. The 
angle 6 3 4 being a right angle, its measure is half of the 
semi-circumference 6 5 3. (Prop, i., Cor. hi.) The measure 
of the angle 6 3 5 \s half of the arc 6 5. (Prop, ii.) The 
measure of the angle 5 3 4 is, therefore, by substitution, the 
difference between half of 6 5 3 and half of 6 5, which is half 
of 5 3. 

In similar manner, it may be shown that the measure of 
5 3 2 is half of the arc 5 6 3. 

Conclusion : The circle whose center is / being, etc. 
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Proposition IV. 

343* Theorem : In any circle^ angles farmed by 
intersecting chords are measured by half of the sum 
of the intercepted arcs. 




Statement : Let the chords A B and C H he any two inter- 
secting chords. The angle / is measured by half of the sum 
of the arcs A C and B H. 

Construction : Through C, draw C E parallel to A B. 

Demonstration: The angle / is equal to the angle fi. 
(Book l, Prop, xvi.) The angle C is measured by half of 
thearc//£. (Prop. 11.) The arc /^£ is equal to H B plus 
BE. BE is equal to A C (Book iv., Prop, v.) 

In the equation, 

The measure o( C = ^ {H B -{- BE). 

substituting for the angle C its equal, the angle / ; and for 
the arc B E its equal, the arc A C, the equation becomes : 

The measure oi 1 = \ {H B ■\- AC). 
Conclnfdon : The circle whose center is being, etc. 
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Proposition V. 

848. Theorem : Anglea forvned by secants meeting 
without the circle are measured by half of the differ^ 
pnce of the intercepted arcs. 



Statement : Let / 2 and 2 3 be two secants intersecting 
without any circle, as at 2. The angle f 2 3 is measured by 
half of the difference of the intercepted arcs / 3 and 4 5. 

CQiutraction : From 5, draw the chord 5 6 parallel to / 4. 

D09aoii8tration : The angle 2 is equal to the angle 5. 
(BoQ<^ I., Prop, xvii.) The angle 5 is measured by half of 
th« arc 6 3, which is the difference of the arcs / 3 and / S 
(Prop, ii.), or its equal, 4 5. (Book iv., Prop, v.) If the 
angle 5 is measured by half of the difference between the 
arcs / 3 and 4 5, its equal, the angle 2, is also measured by 
half of the difference between / 3 and 4 5, the intercepted 
arcs. 

Coaclnsion : The circle whose center is being, etc. 



Oorollary I. An angle formed by a tangent and a secant, 
or by two tangents, is measured by half of the difference of 
the intercepted arcs. 
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Proposition VI. 

344. Theorem : Triangles with eqtial aUUudes are 
proptn^ianai to their bases* 




Statement: "Let ABC and /C£F he any two triangles, with 
altitudes, a' and a", equal. Prove that ABC: KEF: : B C : E F. 

I. Commensurable bases. 

Constraction : Taking n as the common measure of the 
two bases, construct any triangle, M, with the given altitude. 
Lay off n, the common measure, on the two bases as often 
as it is found in each, as five times in B C, and seven times 
in E F. Draw lines from the vertices, A and K, to the points 
of division. 

Demonstration : A B C = 5 M, and EKF = 7 M (Book hi.. 
Prop, xx., Cor. ii.) ; 

A o f* F If F 

then, M =z =: ,• and, A B C : E K F : : 5 : 7. (A) 

5 7 

B C E F 

Moreover, n = -, and n = —— ; or, B C : E F : : 5 : 7. (B) 

5 7 

Then, comparing (A) and (B), (Book v.. Prop, xi.), 

ABC : EKF: : BC: EF. Q, E.£>. 
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II. Incommensurable bases. 





CHS 

Construction : On £F, lay off £C equal to B C. Draw KC. 

Demonstration : The triangles K EC and ABC are equal. 
(Book hi., Prop, xvii., Cor. ii.) If the proportion, 

E K F : E K C : : £ F : E C, is untrue, suppose 
EKF: EKC : : EF: E$, 

the fourth term, E$, being greater than EC. Divide EF 
into equal parts, each less than C S. At least one point of 
division, as H, will fall between C and S. Draw iCH. 
Since E F and E H are commensurable, 

EKF: EKH : : EF: EH; 

therefore, EKC:EKH::ES:EH. (Book v., Prop. 

XII.) In this proportion, E KC \s less than EKH; £5 should, 
then, be less than £ H, whereas it is greater than EH. The 
supposition that leads to this false conclusion is to be aban- 
doned. 

In similar manner, it can be shown that the fourth term 
cannot be less than EC. The first proportion is true, and 

EKF: EKC: : EF: EC; or, EKF: ABC: : E F : B C, 
by substituting ior E K C and £ C their equals, !\ S C and B C. 
Conclusion : ABC and AT ££ being any triangles, etc. 
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Proposition VII. 

345. Theorem: Triangles with an angle in each 
equai are proportional to the product of the including 
sides. 




Statement: Let the triangles A and B have the angles / 
and 2 equal. Prove that A : B : : c x d : e x f. 

Construction : Place the triangles so that the equal angles 
are opposite, or vertical. Complete the figure M. 

Demonstration : A : N : : c : f, and N : B : : d : e. (Prop, vi.) 

A X M : B y. M: : c x d: e x f. (BooK v., Prop, xiv.) 

A: B: : c X d: e x f. (BooK v., Prop, xv., Cor.) 

Conclusion : A and B being any triangles, etc. 



CoroUary I. If a triangle is divided into two triangles by a 
line bisecting one of its angles, the two triangles thus made 
are proportional to the two sides of the angle bisected. 

Corollary 11. The segments of the base of a triangle that 
are made by a line bisecting the vertical angle are propor- 
tional to the sides of the bisected angle. 
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Proposition VIII. 

346. Theorem : The area of a right-angled triangle 
is equal to half of the product of its base and altitude. 





Statement : Let T be any right-angled triangle ; b, the base \ 
and a, the altitude. 

Constraction : Construct M, any right-angled triangle, with 
its base and altitude each equal to U any linear unit. 

Demonstration : As T and M have an angle in each equal, 

T : H : : a x b: 1 X t. (PROP. VII.) 

In this proportion, 1x1 equals / ; and M, being a right- 
angled triangle, on completing the square is evidently half 
of /, the square unit. (Book iil. Prop, xvi.^ Substituting 

^ for M, and / for / x /, the proportion becomes 



T : ^ : : a x b : 1 ; 



therefore, 



r = ^ (o X 6). (Book v.. Prop. i. ) 



Goncliudon : T being any right-angled triangle, it follows, 
in general, that : The area of a right-angled triangle is equal 
to half of the product of its base and altitude. 
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Proposition IX. 

347, Theorem : The area of any triangle is equal 
to half of the product of its base and attitude. 





b * ^ 

Statement : Let f 23 be any triangle. The area o( f 23 
is equal to one -half of the product of b and the altitude. 

ConsCrnction : Construct 4 2 3, sl right-angled triangle, as 
in the diagram, with the same altitude and base as the alti- 
tude and base of the given triangle. 

Demonstration : The right-angled triangle 4 23 is equiva- 
lent to the given triangle f23. (Book hi., Prop, xx., 
Cor. II.) The area of the right-angled triangle is half 
of the product of a and 6 (Prop, viii.) ; and, therefore 
(Axiom i.), the area of the triangle / 2 5 is equal to one-half 
of the product of a and 6. 

Condnnon : 12 3 being any triangle, it follows, etc. 



Corollary. Triangles are proportional in area to the prod- 
ucts of their bases and altitudes. If the altitudes are equal, 
they are proportional to their bases ; if their bases are 
equal, they are proportional to their altitudes. 
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Proposition X. 

34S« Theorem : A trapezium is equal to half of the 
product of either of its diagoncUs and the sum of the 
perpendiculars frotn the opposite vertices to the dia^g- 
onaly or the diagonal produced. 





Statement :. Let the diagonal A C, or g, divide the trapezium 
ABCH into two triangles. The area of the trapezium is 
then equal to half of the product of g by the perpendiculars 
drawn from B and H to g, or to g produced. 

Gonstmction : Draw a' and a" perpendicular to g froni B 
and H. 

Demonstration : The trapezium is equivalent to the two 
triangles. (Axiom ii.) One triangle equals one-half of 
a' X g, and the other triangle equals one-half of a" x g. 
(Prop, ix.) The two triangles, or the trapezium ABCH, 

therefore, equals ^g x (a' 4- a"). (Axiom hi.) 

Conclusion : AB C H being any trapezium, and A C being 
either of its diagonals, it follows, in general, that : A trape- 
zium is equal to half of the product of either of its diago- 
nals and the sum of the perpendiculars from the opposite 
vertices to the diagonal, or the diagonal produced. 



SECTION II.— TRIANGLES, 229 

Soholiam. The area of any polygon, regular or irregular, 
is equal to the sum of the areas of the triangles into which 
it may be divided. 



MISCELLANEOUS EXERCISES. 

349. I. Bisect a given triangle by a line drawn from one 
of its angles. 

2. Find a point within a given triangle from which lines 
drawn to the several angles will divide the triangle into three 
equal parts. 

3. Trisect a given triangle from a given point within it. 

4. The area of an isosceles right-angled triangle is equal 
to one-fourth the area of the square described upon the 
base. 

5. Construct an isosceles triangle equivalent to a given 
triangle, its altitude being given. 

6. Construct a triangle, the base, an adjacent angle, and 
the sum of the two other sides being given. 

7. Construct a triangle, the base, an adjacent angle, and 
the difference of the two other sides being given. 

8. Construct a square equal to the sum of a given triangle 
and a given parallelogram. 

9. In an equilateral triangle, inscribe three equal circles 
touching one another, and each touching two sides of the 
triangle. 

10. Prove Prop, iv., by using a line drawn from B to C. 

11. Prove Prop, v., by using a line drawn from / to 5. 

12. The maximum polygon, with any number of given sides 
but unknown base, is that in which the sides are chords, and 
the unknown base, the diameter of a circle. 
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SECTION III.— QUADRILATERALS. 

Proposition XL 

3ftO, Theorem: ParcUlelograins with equal cUti^ 
tudes are proportional to their bases. 



^ \ \ ^ \ ^ 





Statement : Let the parallelograms A and B be any parallelo- 
grams with the same altitude. They are proportional to 
their bases ; that is, A : B : : C £ : F G. 

I. Commensurable bases. 

Gonstmction : Let ^ be a parallelogram with the given alti- 
tude and a base equal to the common measure of the bases. 
Lay the common measure of the two bases off on the two 
bases, as often as it is found in each ; as, seven times in C£, 
and nine times in FG. From the points of division, draw 
lines parallel to the sides of the respective parallelograms. 

Demonstration: The sixteen parallelograms thus formed 
are all equal (Book hi., Prop, xx.) ; 

A B 

and, M = ^ = -r ; or, A: B : : 7 : 9. (A) 

T 9 ^ ^ 

C £ FG 
Moreover, m = -— =—~; or, C£: FG : : 7 : 9. (B) 

/ if 

Then, comparing (A) and (B), (Book v., Prop, xi.), 

A: B: : C£: FG. Q. E, D. 



SECTION IIL^QUADRILATERALS. 231 



II. Incommensurable bases. 





H LKG 



Constraction : Take F^, a part of FG, equal to C £. Draw 
^ / parallel to /"J 

Demonstration: The parallelograms k and«///are equal. 
(Book hi., Prop, xx.) If it is not true that 

B:JH::FG: FH, suppose B : JH: : FG: F K, (A) 

in which FK \s greater than FH. Divide FG into parts, each 
less than H K. At least one point of division, as Z., falls 
between H and K. A line may be drawn through L, parallel 
to FJ, making a parallelogram, J L Since J L and B have 
commensurable bases, B : J L : : FG : FL. (B) 

Comparing the last two proportions, 

J H : J L: : FK : FL. (BoOK v.. Prop, xil.) 

In this proportion, J H is less than J L, and F/C should be less 
than FL; but FiT is greater than FL. The supposition that 
leads to this false conclusion is to be abandoned. The 
fourth term of the first proportion is, therefore, not greater 
than FH. In similar manner, it may be proved that the 
fourth term is not less than FH. The fourth term is, there- 
fore, FH ; and it is true that 

B: J H : : FG : FH; or, by substitution, B : A: : FG : C £ ; or 
(Book v., Prop, hi.), M: B :: C F: FG is true. Q. E. D, 

Condnsion : As k and B are any two parallelograms, etc. 
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Proposition XII. 

351, Theorem : BaraUelograms with an angle in 
each equal are proportional to the products of the 
including sides. 



Statement : Let the parallelograms UK and N have the angles 
/ and 2 equal. Prove that M : M : : a x b : c x d. 

ConrtruotioD : Place the parallelogram so that the angles 
/ and 2 shall be vertical angles. Produce the sides that are 
parallel to a and c, and thus form the figure 0. 

Demonstration: By construction, is a parallelogram. 
The parallelograms M and being between the same paral- 
lels and having the same altitude, 

M: 0: : a : d. (Prop, xi.) 

The parallelograms M and being between the same 
parallels and having the same altitude, 

0: M : :b: c. (Prop. XI.) 

Multiplying the two proportions together, term by term, 

M X : N X 0: : a x b : c x d. (BooK V., Prop. xiv.) 

Dividing both terms of the first couplet by gives 

M : M : : a x b: c xd. (BoOK v., PROP. XV., COR.) 

Condnnon : Since M and M are any two, etc. 
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Proposition XIII. 

353. Theorem : The area of a rectangle is equal to 
the product of its base and altitude* 





a 


R 


M 






1 


b 



Statement : Let R be any rectangle ; 6, its base ; and a, its 
altitude. The rectangle R is equal to the product of a and 6, 
its base and altitude. 

Gonstraction : Construct, on any linear unit, as one inch, 
one foot, or one yard, a square, M, the corresponding unit of 
area. 

Demonstration: R and M being rectangles and, therefore, 
parallelograms, with an angle in each equal, they are pro- 
portional to the products of the two sides a and b, the 
altitude and the base ; that is, 

R : M : : a X b : 1 X 1 (Prop. XIL) ; 

but M is, by construction, the unit of area, or / ; and, there- 
fore, by substitution, 

R : 1 : : ab : 1 ; or, /? = a b. (BoOK v., Prop. I.) 

That is, the rectangle equals the product of its base and 
altitude. 

Conclusion : R being any rectangle, it follows, in general, 
that : The area of a rectangle is equal to the product of its 
base and altitude. 
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Proposition XIV. 

353. Theorem : The area of a paraUelf^gram is 
eqttiMl to the prodtict of the base and altitude. 



Statement : Let S be any parallelogram. The area of ^ is 
equal to the product of its base and altitude. 

Gonstmction : On the base of the parallelogram, construct 
a rectangle having the same altitude as the parallelogram. 

Demonstration : The parallelogram and the rectangle, hav- 
ing the same base and altitude, are equal in area. (Book 
III., Prop, xx.) The area of the rectangle is equal to the 
product of its base and altitude, a b. (Prop, xiii.) The area 
of the parallelogram is, therefore, equal to the product of a 
and b (Axiom i.) ; but a and 6 are, also, by construction, 
the altitude and base of the parallelogram. The area of S 
is, therefore, equal to the product of its base and altitude, 
a b. 

Conclusion : S being any parallelogram, it follows, in gen- 
eral, that : The area of a parallelogram is equal to the 
product of the base and altitude. 



Corollary I. The area of a triangle is equal to half of the 
product of its base and altitude. 
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Proposition XV. 

354. Theorem : The area of a trapezoid is equal 
to the product of its altitude by half of the sum of 
its parallel sides. 



A 


B , 


J 


.. _\^ 


/ 





M 



Statement : Let A B E C be any trapezoid. The area is 
equal to the product of 4 F by half of the sum oi A B and CE. 

Constrnction : Draw S H, the diameter, joining the sides not 
parallel. Draw LH M parallel to A C. Extend A B to L 

Demonstration : The "rapezoid AB E C is equal to the paral- 
lelogram A LM C, the triangles B H L and M H E being equal. 
(Book hi., Prop, xix.) The area of the parallelogram 
ALM C, however, and, therefore, the area of the trapezoid 
AB E C/\s equal to the product of A F, the altitude, by C M, the 
base of the parallelogram. (Prop, xiv.) Since M E is equal 
to B L the line C M is, obviously, equal to half of the sum of 
A B and C E (Book hi., Prop, i.) ; and, the trapezoid is proved 
equal to the product of its altitude by half the sum of its 
parallel sides. 

Conclnsion: ks ABE C \s any trapezoid, it follows, in gen- 
eral, that : The area of a trapezoid is equal to the product 
of its altitude by half of the sum of its parallel sides. 
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MISCELLANEOUS EXERCISES. 

355. I. Divide a parallelogram into two parts which shall 
have a given ratio, by a line drawn parallel to a given line. 

2. Bisect a trapezium by a line drawn from one of its angles. 

3. Bisect a trapezium by a line drawn from a given point 
in one of its sides. 

4. The triangle contained by either of the sides joining 
the parallel sides of a trapezoid and the two straight lines 
drawn from its extremities to the bisection of the opposite 
side, is half the trapezoid. 

5. Divide a given trapezoid in a given ratio by a line 
drawn through a given point, and terminated by the two 
parallel sides. 

6. If a rectangle be inscribed in a right-angled triangle, 
and they have the right angle common, the rectangle con- 
tained by the segments of the hypotenuse is equal to the 
sum of the rectangles contained by the segments of the sides 
about the right angle. 

7. The area of a rhombus is equal to half the product of 
its diagonals. 

8. The parallelogram formed by joining the middle points 
of the adjacent sides of a quadrilateral is one-half of the 
quadrilateral. 

9. Construct a triangle equivalent to a given triangle, two 
of its sides being given. 

10. Construct a triangle equivalent to a given square. 

11. Construct a triangle equivalent to a given square, its 
base and the length of the line from the opposite vertex to 
the middle point of the base being given. 

12. Construct a triangle equivalent to a given polygon. 
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SECTION IV.— REGULAR POLYGONS. 






DEFINITIONS. 

356. A polygon is a plane figure bounded by straight lines. 

357. A pentagon is a polygon with five sides ; as /. 
35§. A hexagon is a polygon with six sides ; as the figure 3, 

359. A heptagon is a polygon with seven sides. 

360. An octagon is a polygon with eight sides ; as 2. 

361. An enneagon is a polygon with nine sides. 
363. A decagon is a polygon with ten sides. 

363. A hendecagon is a polygon with eleven sides. 

364. A dodecagon is a polygon with twelve sides. 
36ft. A pentedecagon is a polygon with fifteen sides. 

366. A regular polygon is an equilateral and equiangular 
polygon ; that is, all of its sides and angles are equal. 

The figure 3 is a regular hexagon ; the figure 2, a regular octagon. 

367. A polygon is inscribed in a circle when all of its sides 
are chords ; it is circumscribed, when all of its sides are 
tangents. 

368. An apothem is a straight line drawn from the center 
perpendicular to any side of a regular polygon ; as the line a. 

369. The perimeter of a polygon is the broken line that 
bounds the polygon. 
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Proposition XVI. 

370. Problem : To find the side and the area of a 
circumscribed square. 




Statement : Let the circle whose center is C be any circle, 
and let >l iff £ f be any circumscribed square. It is required 
to find the length of one side and the area oi AB E F. 

Constraotion : Draw radii to the points of contact. 

Demonstration : The angles at g, h, i, k are all right angles. 
(Book iv., Prox. xiii.) The angles at A, B, £, and F are, 
by construction, right angles. The figures A C, B C, £ C, and 
FC are, therefore, rectangles (Book hi.. Prop, vi.) ; and, as 
each has two adjacent sides equal, being equal radii, they 
are equal squares. (Book hi.. Prop, iv.) 

The side of the circumscribed square is, then, obviously 
equal to the diameter ; and the area, to the square of the 
diameter, or four times the square of the radius. 

Conclusion : As the circle whose center is C is any circle, 
it follows, in general, that : The side of a circumscribed 
square is equal to the diameter, and the area is equal to the 
scjuare of the diameter^ or four times the square pf the radiu& 
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Proposition XVII. 

371 • Theorem : To find the side and the area of an 
inscribed square. 




Statement : Let the circle whose center is C be any circle, 
and \et ABE Fht any inscribed square. Find the length of 
one side of the square A E, and find the area. 

Construction : Draw the radii to the vertices of the square. 

Demonstration : The four sides of the square are four equal 
chords. The four arcs, AB, BE, E F, and FA, are, therefore, 
equal (Book iv., Prop, hi.), and each is a quadrant. The 
four angles at the center are, therefore, right angles. (Prop. 
I., Cor. hi.) The four figures into which the given square 
is divided are, then, equal right-angled triangles. 

The area of any one of these triangles is equal to half of 
the product of its base, a radius, by its altitude, a radius ; 

that is, ^^^ (Prop, viii.) The area of the four triangles, 

or of the inscribed square, is four times as much ; that is, 

4 X ^ r', or 2 r', in which r represents the radius. If the 

radius is equal to /, the inscribed square is equal to 2 ; and 

the side of the square is equal to V2. 

Conclusion : As the circle whose center is C is, etc. 
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Proposition XVIII. 

379. Problem : To find the side and the area of a 
regular inscribed hexagtm. 
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Statement : Let the circle whose center is C be any circle, 
and let abcefg be any regular inscribed hexagon. It is 
required to find the area and the length of one side of the 
inscribed hexagon. 

Construction: Draw the radii to the vertices of the hexa- 
gon, and draw Ch from the center perpendicular to fe, any 
side of the hexagon. 

Demonstration: The sides ab, be, etc., being equal, the 
arcs a 6, be, etc., are equal (Book iv.. Prop, hi.) ; and the 
angles at the center are, also, all equal. (Book iv.. Prop, xvi.) 
Each of the angles at the center is, then, one-sixth of four 
right angles, or two-sixths, that is, one-third, of two right 
angles. 

The triangles a C b, b C c, etc., are all equal (Book ii.. 
Prop, i.), two of the sides in each triangle being radii, and 
the included angles at the center being each equal to one- 
third of two right angles. 



^•1 
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As the three angles of a triangle equal two right angles 
(Book ii., Prop, xvii.), the two other angles in any of the 
triangles about the center, C, equal two-thirds of two right 
angles ; but the two other angles are equal to each other 
(Book ii., Prop, vi.), being opposite equal sides. Each of 
these angles is, then, equal to one-third of two right angles, 
and the triangle is equiangular. As the triangles are equi- 
angular, they are, also, equilateral. (Book ii., Prop, ix.) 
The sides are, then, all equal, and each is equal to the radius 
of the circle. 

The area of the hexagon is six times the area of any one 
of its triangles. The area of any one of the triangles is equal 

to ^r X C h, half the product of r, its base, by C h, its altitude. 

Ch being one side of a right-angled triangle, its square is 
equal to C e" — e A' ; but C e is the radius, and e A is equal 
to half of e ^ (Book iv., Prop, xi.), which is equal to the 

radius. C h^ is, then, equal to r" — ( |- r )' = r' — j r' = |- r'. 



If Ch^ = %r\ Ch=\/%.r'' = l-r V^. Th& area of the tri- 
angle is, then, equal to |- r x C h; or, |-r x |r \^3 — jr^ \/~3, 
The area of the hexagon is tf x ^ r' ^/s = f- /•'' V^ ; and, if 
the radius is /, the area equals -^ ^3. 

Concltudon : - As the circle whose center is C is any cir- 
cle, and asa6ce^^is any inscribed hexagon, it follows, in 
general, that : The side of a regular inscribed hexagon is 
equal to the radius of the circle ; and the area is equal to 



Scholinm. A regular inscribed hexagon may be con- 
structed by using the radius six times as a chord. 
16 



> 
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Proposition XIX. 

373. Problem : The perimeter and apothem of a 
regular inscribed polygon of any number of sides 
being given, to find the perim^eter and apothem, of a 
regtUar inscribed polygon of double the number of 

sides. 

H 




f V ^ 



statement : Let 5 C be the side of a given regular in- 
scribed polygon, and let AH ht drawn perpendicular to B C. 
AE'xs the apothem. With B C and A £ known, it is required 
to find a side and the apothem of the regular inscribed poly- 
gon of double the number of sides. 

Construction : Draw B H and H C, and draw A F perpendicular 
to H C ; also, draw radii perpendicular to the sides of the 
given polygon. 

Demonstration : The arcs B H, H C, etc. , are all equal. 
(Book iv.. Prop, xi.) The chords BH, H C, etc., are, then, 
all equal (Book iv.. Prop, ii ) ; and the angles made by these 
chords are equal. (Prop, ii.) 

The figure thus drawn, B H C, etc., is, then, a regular 
polygon of double the number of sides of the given polygon. 
As // C is a chord thus constructed, it is a side of the required 
polygon, and AF\s its apothem. 
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Let S represent a side of the given polygon ; A, its apo- 
them ; s, a side of the required polygon, and a, its apothem. 

Then, 8' = H£' + EC (Book iii., Prop, xxiv.) ; 

and, Ht=:{R — A)\ since, H E = A H — A E =: R — A ; 
also, EC^ = AC^ - At = R^ ^A\ 

By substitution, s* = {R —Ay + {R^ — A^) 

= R^ --2AR + A^ + R^ -A' 
= 2R^ — 2AR = 2 {R"" — AR); and, 
« = V2 (R' - A R), and, ii R= 1. s= ^/2 -2A. Q- E. F. 
Now, AF^^AH' — HF'' (Book hi.. Prop, xxiv.); 

that is, a« = y?«-(0'==/?«_i' = l£^^|(4/?«-s«). 

If a^=.\ {4 R' - s'). a = l^/JF^^^V. Q. E. F. 

When /? = /, « = I V^ — «'• 

Conclusion : Since ^ C is a side of any regular inscribed 
hexagon, it follows, in general, that : The side of a regular 
inscribed polygon of double the number of sides is equal to 

y/2 (R^ — A R), or, \/2 — 2 A, when R = 1, and the apothem 
equals | \/4 R^ — s' ; or, | ^/4 — s\ when R= 1. 



Corollary I. The area of a regular inscribed polygon of 
double the number of sides is equal to 



J ^2 {R^-AR){4R' -s^). 



Scholinm. If a regular inscribed polygon of any number 
of sides is given, a regular inscribed polygon of double the 
number of sides may be constructed by drawing radii perpen- 
dicular to the sides and the chords of the halves of the arcs 
thus constructed. 
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Proposition XX. 

374. Theorem : The area of any regtUar ptdygon is 
eqtuU to one^half of the product of its apothem and 
perimeter. 




\ 
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statement : Let A BCD£ Fbe any regular polygon, and G H, 
its apothem. The area of the polygon is equal to one-half 
of the product oi 6 H and the perimeter, A B C D E F. 

Constmctioii : Circumscribe the circumference of a circle 
about the polygon, and draw the radii G E, GO, etc. 

Demonstration : The polygon is thus divided into as many 
triangles as it has sides. The triangles are all equal. 
(Book ii., Prop, hi.) The apothem is a constant quantity, 
being the perpendicular distance from the center to equal 
chords. (Book iv.. Prop, iv.) 

The area of each triangle is one-half the product of the 
apothem by its base. (Prop, ix.) The area of all the tri- 
angles, or of the regular polygon, is one-half of the product 
of the apothem by the sum of the bases, or the perimeter. 

Conclusion : ABC D E F being any regular polygon, etc. 
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MISCELLANEOUS EXERCISES. 

375. I. The interior angles of a polygon equal two right 
angles taken as many times as there are sides less two. 

2. The exterior angles of any polygon, made by producing 
the sides in the same order, equal four right angles. 

3. The regular inscribed hexagon is double the inscribed, 
and one-half of the circumscribed equilateral triangle. 

4. The area of the regular inscribed dodecagon is equal 
to three times the square of the radius. 

5. In a given square, inscribe four equal circles, tangent 
each to two of the others and to one side of the square. 

6. The figure bounded by the five diagonals of a regu- 
lar pentagon is itself a regular pentagon. 

7. The regular inscribed hexagon is three-fourths of the 
regular circumscribed hexagon. 

8. The square of a side of a regular inscribed decagon, 
together with the square of the radius, equals the square of 
a side of a regular inscribed pentagon. (Figures assumed.) 

9. If two circumferences of circles intersect, the maximum 
straight line through a point of section, and terminated by the 
circumferences, is parallel to the line joining the centers. 

10. Tangents from the same point to a circle are equal. 

11. The sums of the opposite sides of a quadrilateral cir- 
cumscribed about a circle are equal. 

12. Construct circles on the sides of any quadrilateral as 
diameters, and prove that the common chord of any two con- 
secutive circles is parallel to that of the other two circles. 

13. Through any point, draw a secant to a circle so that 
the intercepted chord may equal a given straight line. 
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SECTION v.— CIRCLES. 



Proposition XXI. 



376. Problem : To find the drcwinference of a circlem 




Statement : Let the circle whose center is C represent any 
circle. It is required to find its circumference. 

Constnicti(m : Construct the inscribed square. Draw C A, 
the apothem of the inscribed square. 

Demonstration : As the perimeter of the inscribed square 
is known (Prop, xvil), the side and perimeter of the regular 
inscribed polygons of B, 16, 32, 64, etc., sides may be found 
in succession (Prop, xix.) The perimeter of the inscribed 
polygon of 8,192 sides is thus found to be 3.141592 + (or, 
3.1416) X 2R; or, 3.1416 x D; or, representing 3.1416 by 
Tf, the perimeter equals 2 n R, ox n D. This, which is cor- 
rect to three decimal places, represents the length of the 
circumference of the circle in terms of the radius or diam- 
eter. For, as the number of sides of the inscribed polygon 
is increased, its perimeter approaches its limit, the circum- 
ference ; and the apothem, its limit, the radius of the circle. 

Conclusion : As the circle whose center is C, etc. 
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Proposition XXII. 
377. Problem: To find the area of a eireU. 




Statement : Let the circle whose center is C be any circle. 

Gonstrnctioii : Construct a regular inscribed polygon of 
any number of sides. 

Demonstration: By increasing the number of sides, the 
perimeter finally reaches its limit, the circumference ; and the 
apothem its limit, the radius. The area of the polygon 
becomes the area of the circle. As the area of a regular 
inscribed polygon is equal to one-half of the product of its 
apothem and perimeter (Prop, xx.), the area of the circle 
equals one-half of the product of its circumference, 2 n R 
(Prop, xxi.), and radius, R ; that is, ^ of 2 7r/?*, or 7r /?'. 

Conclosion : The circle whose center is C being any circle, 
it follows, in general, that : The area of any circle is n R*. 



Scholinm. The circumference equals n times the diameter ; 
and, the area equals n times the square of the radius. 



ise. I. Find the area of a circle whose radius is 2. 
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Proposition XXIII. 

37§. Problem : To find the area of a sector of a 
circle* 




Statement : Let kBC h^ any sector of any circle. It is 
required to find its area. 

Demonstratioii : By a course of reasoning similar to that 
in Props, i., vi., and xi., it is demonstrated that sectors of 
circles are proportional to their arcs, or to their included 
angles ; that is, 

Circle : Sector : : SSOT : number of degrees in sector. 

The area of the sector, then, equals the area of the circle, 
TvR'^ X arc (or angle) of the sector, divided by 360. (Book 
v., Prop, i., Cor. i.) 

Conclusion : The given sector being any sector, it follows, 
in general, that : The area of a sector of a circle, etc. 



Exercises, i. Find the locus of the centers of circles 
passing through two given points. 

2. Find the locus of the centers of circles touching a 
given straight line and having a given radius. 

3. Find the locus of the centers of circles touching two 
given straight lines. 
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Proposition XXIV. 

379. Problem : To find the area of a segment of 
a circle. 




Statement : Let the circle whose center is C be any circle. 
Let A be any segment of a circle. Find its area. 

Gonstmctioii : Draw C b and C f, and C h perpendicular to b i. 

Demonstratioii : The segment is equivalent to the sector 

less the triangle Cbf. 

^, r , . n R^ X arc bf ,^ 

The area of the sector equals — . (Prop, xxiii.) 

The area of the triangle equals 



1 / b f^ 

ibf X Ch = ^bf X y R' ■-—.. 

The area of the segment equals 

;r^'xarc6/ , , auxJ~^i ^' 
-— ; chord bfyR'' — . 

The area of the segment greater than a semicircle is equal 
to the re-entrant sector A! + the triangle. 

Conclusion : As the circle whose center is C, etc. 



Corollary I. The area of a part of a circle between two 
chords is the difference of two segments. 
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Proposition XXV. 

3§0. Problem : To find the area of a circular 
ring. 




Statement : Let the circles whose centers are at C be any 
circles forming M, a circular ring, between their circumfer- 
ences. It is required to find the area of A. 

Constrnction : Draw the radii, R being that of the larger 
circle, and r, the radius of the smaller circle. 

Demonstratioii : The area of the ring is evidently the dif- 
ference between the areas of the two circles. The smaller 
circle equals nr^. (Prop, xxii.) The larger circle equals 
n H^. (Prop, xxii.) The ring, 

k^nR^ -nr^ — 7t (H^ — r*). 
Conclusion : As the circles whose centers are at C, etc. 



MISCELLANEOUS EXERCISES. 

381. I. The area of any circle is equal to four times the 
area of the circle described upon its radius as a diameter. 
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2. In concentric circles, chords to the outer circle that are 
tangent to the inner circle are bisected at the point of contact. 

3. The middle points of the sides of any triangle are con- 
cyclic with the foot of any perpendicular from any vertex to 
the opposite side. 

4. The middle points of the sides of any triangle and the 
feet of the perpendiculars to the sides from the opposite ver- 
tices are concyclic. 

5. In a given circle, inscribe three equal circles touching 
one another and the given circle. 

6. Construct a segment of a circle on a given line so as to 
contain an inscribed angle equal to a given angle. 

Construct an angle equal to the given angle, having the given line for 
one side and an indefinite line for the other side. The latter 
line being a tangent and the former a chord, find the center. 

7. Find the locus of the vertices of triangles having a 
given base and a given vertical angle. 

8. Construct triangles, having given the base, the vertical 
angle, and (a) the altitude ; {b) the median to the base ; 
(c) either side ; (</) the point in the base at which the base 
is cut by the perpendicular from the vertical angle ; or, (e) 
by the bisectrix of the vertical angle ; (/) the sum of the two 
sides ; {g) the difference of the two sides. 

9. If the circumferences of two circles intersect each other 
orthogonally, the tangent to either circle at the point of 
intersection will pass through the center of the other circle. 

Two circumferences of circles intersect orthogonally when their tan- 
gents at the point of intersection are perpendicular to each other. 

ID. The square of the distance between the centers of two 
circles intersecting each other orthogonally is equal to the 
sum of the squares of the radii. 
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11. The angles of an orthocenter, or pedal triangle of any 
acute-angled triangle are bisected by the perpendiculars from 
the opposite vertices of the acute-angled triangle. 

I. Find three sets of concyclic points. The parts of any angle of 
the pedal triangle are then easily proved equal by showing that 
they are equal to angles which are complements of the opposite 
angle of the original triangle. 

1 2. Find the locus of the orthocenter of any triangle, the 
base and vertical angle being given. 

Analyze, by using the principle of concyclic points, noting the value 
of the angle opposite the given vertical angle. 

13. Find the locus of the bisectrices of the angles of any 
triangle, the base and opposite angle being given. 

Analyze, drawing all lines mentioned and noting value of angles 
opposite the base. 



CONSTRUCTIONS. 

3§3. Prove the following conrtractions : 





1. In a given triangle^ inscribe a circle, 

2. About a given triangle^ circumscribe a circle. 




J. A tangent to a given circle from different points. 



MISCELLANEOUS EXERCISES. 



4.. Find the ratio of two commensurable straight lines. 



* 5- ff^~^^ 

As in finding G. C. D., use each remainder as the divisor and the 
preceding divisor as a dividend; thus (1) CO is found twice 
a AB, with D B 3.i a lemainder ; {2) ff B is found twice in 



CD.' 
OB' 



ith B- , 
ilhout a rema 
found seven 
iiioCD.JIB-. 



inder 



] C0 and s 



T,KB:CD= 17 ;7. 

J. Find the ratio of two commensurable arcs, 
6. Equilateral triangle, one side given. 




J. Square, a side given. 8. Regular hexagon, a side given. 
g. Inscribed triangle, square, or hexagon, in given circle. 



10. On a given straight line, a segment of a circle, to contain 
a given angle. 

Cooatruct at B an angle equal 10 the angle /- ^ fl is a chord ; B B, 
a tangent. These give the cenlet, 0, by intersection of loci, 
X is the required angle. 
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NUMERICAL EXERCISES. 

383. I. Find the area of an equilateral triangle, in terms 
of a side. 

I. Area = A x j/ but» A* = a* — j- = j a* ; .*. 

d d a a' 



2. Find the altitude of any triangle, in terms of the sides. 
A« = a« - 24"; 6* = a" + c'- 2c x 24. / 




( 



a*+ c'— A' 
.-. 24= ^^^ ;>nd,A'=tf«- 



« .J. c« - 6* \' 4 a^c" - (a«+ c" - by 2. 



2c 



Y= 



4 0" 




_ ( 2a c 4- a'+ c^-6')(2ac-a'-c«4- b^ 
•'• '^ - 4c« 

_ j(a + c)« - 6'} {6» - (a -c)'[ 

4c* 

_ (g + c + 6) (g + c — 6) (6 -H g — c) (6 ~ q 4 c) 

Let 2« = g+6 + c; then, g i- c — 6 = 2 (« — b); and, 

6 + g — c = 2 (s — c) ; and, 6 — g+c = 2(»— a). 



_ 2 s X 2 (s — g) X 2 (s - 6) X 2 (s — c ) 

^ 2 

• '• '' = ^ Vs (s — g) (s — 6) (s — c) . 



3. Find the area of any triangle in terms of the sides. 



Area = — x n 




_ f. ^ ?_\/8 (s - g) (s - 6) (s - c). ^ 
-2 "" c 

.'. Area = v/s (« — g) (s — 6) (s — c) ; a being half the perimeter. 
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SYNOPSIS. 



SECTION I.— TRIANGLES. 

3§4. I. Definitions. 

2. Propositions. 

Prop. I. Triangles that are mutually equiangular are similar. 

Prop. II. Triangles with proportional sides are similar. 

Prop. III. Triangles with an angle in each equal, and the including 

sides proportional, are similar. 
Prop. IV. Triangles with sides respectively parallel are similar. 
Prop. V. Triangles with sides respectively perpendicular are similar. 

3. Miscellaneous Exercises. 



SECTION II.— PARTS OF TRIANGLES. 

3S5. I. Definitions. 
2. Propositions. 

Prop. VI. Lines drawn parallel to the base of a triangle divide the 

sides proportionally. 
Prop. VII. Lines drawn from the vertex of a triangle to the base 

divide the base and lines drawn parallel to it into proportional 

parts. 
Prop. VIII. Lines that divide the sides of a triangle are parallel to 

the base. 

255 
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Prop. IX. Either side of a right-angled triangle is a mean propor- 
tional between the hypotenuse and its projection upon the 
hypotenuse made by the perpendicular drawn from the right 
angle to the hypotenuse. 

Prop. X. In any right-angled triangle, the perpendicular from the 
right angle to the hypotenuse is a mean proportional between 
the segments of the hypotenuse. 

3. MiSCELLANKOUS EXERCISES. 



SECTION III.— POLYGONS. 

3IKI. I. Definitions. 

2. Propositions. 

Prop. XI. Regular polygons of the same number of sides are similar. 

Prop. XII. Similar polygons may be divided into the same number 
of similar triangles, similarly placed. 

Prop. XIII. Polygons composed of the same number of triangles, 
similar each to each, and similarly placed, are similar. 

Prop. XIV. The perimeters of similar polygons are proportional to 
any homologous lines. 

Prop. XV. The perimeters of similar regular polygons are propor- 
tional to the apothems, the radii, or the diameters of the in- 
scribed, or of the circumscribed polygons. 

3. Miscellaneous Exercises. 



SECTION IV.— CIRCLES, 

3§7. I. Definitions. 
2. Propositions. 

Prop. XVI. The segments of intersecting chords in a circle are 
reciprocally proportional. 

Prop. XVII. Secants drawn from the same point without a circle are 
reciprocally proportional to their external segments. 

Prop. XVIII. If, from any point without a circle, a tangent and 
secant are drawn, the tangent is a mean proportional between 
the secant and its external segment. 

Prop. XIX. Circumferences of circles are proportional to the diam- 
eters or to their radii. 
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Prop. XX. Arcs of similar sectors of circles are proportional to their 
radii or to the diameters of the circles ; or, to the chords of the 
arcs. 

3. Miscellaneous Exercises. 

SECTION v.— PROPORTIONAL AREAS. 

3§§. I. Definitions. 

2. Propositions. 

Prop. XXI. Similar triangles are proportional to the squares of their 

homologous sides. 
Prop. XXII. Similar polygons are proportional to the squares of any 

homologous lines. 
Prop. XXIII. Three similar figures having been constructed on the 

hypotenuse and the sides of a right'angled triangle, the figure 

constructed on the hypotenuse is equal to the sum of the two 

other figures. 
Prop. XXIV. The areas of circles are proportional to the squares of 

their radii. 
Prop. XXV. The areas of similar sectors of a circle are proportional 

to the squares of the radii, the chords, or any homologous lines. 

3. Miscellaneous Exercises. 
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SECTION I.— TRIANGLES. 




/ 






DEFINITIONS. 



3S9. Similar figures are figures having the angles taken in 
the same order equal, and the sides proportional ; as / and 2. 



Proposition I. 

390. Theorem : Triangles that are tntUuaUy equi' 
angular are similar. 





Statement : Let the triangles A and B have the angles /, 2, 
and 3 respectively equal to the angles 4, 5, and 6. Prove 

1 2: 4 5:: 1 3: 46: : 23: 5 6. 

Constmctioii : Take 4 7, a, part of 4 5, equal to f 2 ; and 4 8, 
a part of 4 6, equal to / 3. Draw 7 8, 7 6, and 8 5. 
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Demonstration : The triangles 123 and il 8 are equal. 
(Book ii., Prop, i.) The angles 47 S and 4 56 are, then, 
equal, as each is equal to the angle 2. The lines 7 8 and 5 6 
are, then, parallel (Book i., Prop, xviii., Cor. i.) ; and the 
triangles 7 55 and 7 5tf are equal. (Book hi., Prop, xx.. 
Cor. II.) 

Then, 47 8 : 7 8 5 : : 47 : 7 5 (BoOK VI., Prop, vi.) ; 

and, also, 47 8 : 7 86 : : 48 : 8 6. The second terms 

being equal, 47 : 7 5 :: 4 8: 8 6 (BooK v., Prop, xi.) ; 

by composition, 4 7 : 4 5 : : 4 8 : 4 6. (BooK v.. Prop, iv.) 
Substituting for 4 7 and 4 8 their equals, / 2 and f 3, gives, 

12:45:: 13:46. 

In similar manner, 1 2 : 4 5 : : 2 3 : 5 6. 

As the triangles have their angles equal, by hypothesis, and 
their sides proportional, they are similar. 

Conclusion : As the triangles 123 and 4 56 are, etc. 



Corollary I. Triangles with two angles of the one equal, 
each to each, to two angles of the other, are similar. 

Corollary IL Isosceles triangles with the vertical angles 
equal are similar. 



Exercises, i. The medians of a triangle are concurrent. 

2. The medians of a triangle intersect at a point of tri- 
section, the greater segment in each being toward the angu- 
lar point. 

3. Find the locus of the centroid, or intersection of the 
medians, of a triangle, the base and the vertical angle being 
given. 
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Proposition II. 

301. Theorem : Triangles with propartiomU aides 
are similar. 




Statement : Let 123 and 4 5 6 be triangles whose sides, 
taken in the same order, are proportional. Prove the tri- 
angles are mutually equiangular and, therefore, similar. 

Constraotioii : Take 1 7, a. part of / 2, equal to 4 5; and, 
1 8, a part of / 5, equal to 4 6. Draw 7 8, 7 3, and 8 2. 

Demonstration : As the triangles 17 8 and 78 2 have the 

same altitude, 

178:782 ::17: 72 (BoOK VI., Prop, vi.) ; 

and, also, 1 7 8 : 3 7 8 : : 1 8 : 8 3. (Book vi.. Prop, vi.) 

By hypothesis, as the sides are proportional, 

12: 45: : 13:46; 

or, by substitution, 12: 17:: 13: 18, 

and, by division, 1 7 : 7 2 : : 1 8 : 8 3. (Book v., Prop, v.) 

The first couplets, therefore, form a proportion (Book v., 
Prop, xi.) ; that is, / 7 8: 7 82 : : 1 7 8: 378. 
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In this proportion, the first and third terms are the same , 
the second and fourth terms are, therefore, equal. That 
is, the triangles 7 82 and 37 8 are equal. They have, how- 
ever, the same base, 7 8 ; and they must have, therefore, the 
same altitude. (Book vi.. Prop, vi.. Cor. i.) The line 2 3, 
containing the vertices of the triangles, is, therefore, parallel 
to 7 8. (Book i.. Prop, xix., Cor. i.) 

If 7 ^ and 2 3 are parallel, the angles 17 8 and 123 are 
equal ; and, also, the angles 187 and 13 2. (Book i.. Prop. 
XVII.) The angle at / is common. The two triangles 17 8 
and 12 3 are, then, mutually equiangular and, therefore, 
similar. (Prop, i.) Then, the sides are proportional ; as, 

12: 1 7 : : 23:78; 

but, by hypothesis, 1 2 : 4 S : : 2 3 : 5 6. The antecedents in 
the two proportions being the same, the consequents form a 
proportion (Book v.. Prop, xii.), that is, 

1 7 : 4 5 : : 7 8 : 56. In this proportion, 

as / 7 equals 4 5, by construction, 7 8 and 5 6 are equal. 

The triangles 17 8 and 4 66 have, then, three sides of the 
one equal to three sides of the other, each to each, and they 
are, therefore, equal in all their parts. (Book ii.. Prop, hi.) 

The triangle 17 8 has, however, been proved mutually 
equiangular with the triangle 12 3. The triangles 4 6 6 
and 123 are, therefore, mutually equiangular and similar. 
(Prop, i.) 

Concliudon : The triangles 123 and 4 66 being, etc. 



Corollary L A line that divides the sides of a triangle into 
proportional parts is parallel to the base. 
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* Pl^POSITION III. 

399. Theorem: Triangles with an angle in each 
« equal, and the including sides proportiantU, are 
similar. 





Statement : Let the criangles f 2 3 and 4 56 have the angles 
/ and 4 equal, and the included sides proportional ; that is, 
1 2 : 4 5 : : 1 3 : 46. The triangles are similar. 

Constraction : Take / 7, a part of / 2, equal to 4 5, and 
take / 5, a part of / 3, equal to 4 6. Draw 7 8, 

Demonstration : As 4 5 : 1 2 : : 4 6 : 1 3, by substituting 

equals, 1 7 : 1 2 : : 1 8 : 1 3. 

The lines 7 8 and 2 3 are, then, parallel. (Prop, il, Cor. i.) 
The angles 17 8 and 123 are, therefore, equal ; and, also, 
the angles 1 87 and / 3 2. (Book i., Prop, xvii.) The tri- 
angles 17 8 and 123 are, then, similar. (Prop, i.) The tri- 
angles 17 8 and 4 5 6 are, however, equal in all their parts. 
(Book ii., Prop, i.) The triangles 45 6 and 12 3 are, there- 
fore, also, mutually equiangular and similar. 

Condnsion: 123 and 4 5 6 being any two triangles, etc. 
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Proposition IV. ^ 

393. Theorem: Triangles tvith sides respectively 
parallel are similar. 

1 





Statement : / 2 and 4 5 are parallel ; / 3 and 4 6 ; and, also, 
2 3 and 5 6. Prove the triangles similar. 

Demonstration : The angles / and 4 are equal (Book i., 
Prop, xx.) ; also, 2 and 5; and 3 and 6. The triangles, 
being mutually equiangular, are similar. (Prop, i.) 

Conclusion: The triangles 12 3 and 4 56 being, etc. 



Exercises, i. The maximum polygon, all the sides being 
given except one, is that which can be inscribed in a semi- 
circle, the unknown side being the diameter. 

Assume the maximum polygon. Prove the triangle, made by the 
base, or unknown line, and any two lines drawn to its extremities 
from any vertex of the polygon, a right-angled triangle. 

2. The maximum polygon, all the sides being given, is that 
which can be inscribed in a circle. 

3. The rectangle has less perimeter than any other parallel- 
ogram with equal base and altitude. 
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Proposition V. 

304. Theorem: Triangles with sides respectively 
perpendicular are similar. 




Statement : Let 12 3 and 4 5 ^ be any two triangles with 
sides respectively perpendicular ; as, 4 5 perpendicular to / 2, 
6 6 perpendicular to 2 3, and 6 4 perpendicular to / 3. The 
triangles are then similar ; that is, the angles included 
between sides respectively perpendicular are equal ; as, angle 
/ to angle 4, angle 2 to angle 5, and angle 3 to angle 6 ; and 
the sides, taken in the same order, are proportional ; as, 

1 2 : 4B : :23: 56: : 31 : 6 4. 

Constractioii : Produce the sides of any angle so that they 
meet the perpendicular sides of the corresponding angle in 
the other figure ; as, 4 6 perpendicular to 1 2 at 7, and 6 4 
perpendicular to / 3 at 8. 

Bemonstration : In the quadrilateral 4817, the angles 8 
and 7 being right angles, by construction, the angle / is the 
supplement of the angle a. (Book hi., Prop, i.) The angle 
4 is, also, the supplement of the angle a. (Book i.. Prop. 
VI.) The angles / and 4 are, therefore, equal. 
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In similar manner, the angle 2 is shown to be equal to the 
angle 5 ; and 3, to 6. 

The two triangles are, then, mutually equiangular ; and, 
therefore, similar. (Prop, i.) 

Conclusion : The triangles 123 and 45 6 being, etc. 



Scholium. The proportional sides in similar triangles are 
sides taken in the same order, including equal angles ; and 
the equal angles are the ones included by parallel, perpen- 
dicular, or proportional sides. 



MISCELLANEOUS EXERCISES. 

395. I. In the figure on the opposite page, indicate three 
sets of concyclic points, each set containing four points. 

2. Inscribe in a circle a triangle similar to a given triangle. 

3. Circumscribe about a circle a triangle similar to a 
given triangle. 

4. Construct a triangle similar to a given triangle and 
having a given perimeter. 

5. The distance from the center of a circle to a chord 8 
inches long is 4 inches. Find the distance from the center 
of a chord 5 inches long. 

6. Is the triangle whose sides are 3, 4, and 5, a right, 
acute, or obtuse-angled triangle ? Find its area. 

7. What kind of triangle is that whose sides are 7, 7, 9 ? 
7» 7> 7 ? 5> 7> 9 ? 'o> ^S> 20 ? 12, 16, 20 ? Find the areas. 

8. The sides of a right-angled triangle are 6 and 10. 
What is the distance of the vertex of the right angle from 
the hypotenuse ? 
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SECTION II.— PARTS OF TRIANGLES. • 

Proposition VI. 

396. Theorem : Lines drawn parciUel to the base 
of a triangle divide the sides proportionally. 




Statement : Let ABChe any triangle, with H E and F S drawn 
parallel to B C, the base. The sides A B and A C are divided 
proportionally ; that is, 

AH:AE::HF:ES::FB:SC. 

Demonstration : Since the lines H E and FS are parallel to 
the base B C, the corresponding angles at //, F, and B, and, 
also, at E, S, and C, are equal. (Book i., Prop, xvii.) The 
triangles A HE, AFS, and>I^C are, then, equiangular and 
similar. (Prop, i.) It follows, that 

AH : AE : : AF:AS: : AB: AC; or, 

AH : AE: : H F : ES : : FB: SC. (BoOK v., PROP. V.) 

Condnsion : Since A B C \s any triangle, etc. 
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Proposition VII. 

397. Theorem : lAnes drawn from, the vertex, of a 
triangle to the hase divide the base and lines paraUel 
to it into proportional segments, 

A 




G I K M 

Statement : Lines drawn from the vertex, A, to the base, B C, 
divide B C, and S £, any line drawn parallel to B C, into pro- 
portional segments ; that is, 

SF: BG : : FH : Gl : : HJ: IK : : J L: KM : : L E : M C. 

Demonstratioii : Since ^ £ is parallel to B C, it follows that 
the angles at S, F, H, J, L, and £ are equal to the correspond- 
ing angles at B, G, A AT, M, and C. (Book i., Prop, xvii.) The 
triangles ASF and ABG are, then, similar (Prop, i.) ; also, 
AFH and AG/; AH J and A/ K; AJL and A KM; and AL£ 
and AM C. As the triangles are similar, 

SF: BG: : AF: AG; and FH:GI::AF:AG; and, 
therefore, S F: BG : : FH : G I. (BooK v.. Prop. xi. ) 

In similar manner, it may be proved that 

FH :GI:: HJ: IK; and H J : I K :: J L : KM ; and 
J L : KM : : LE : M C ; and, therefore (BooK v.. Prop, xi.), 
SF:BG: : FH : G I : : H J : I K : : J L : K M : : L E : M C, 

Concludon : ABC being any triangle, etc. 
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Proposition VIII. 

39S. Theorem : Ltines that divide the sides of a 
triangle propartionaiiy are parallel to the base. 




Statement : Let >l i? C be any triangle ; B C, its base ; and HE 
and FS, any lines dividing the sides AB and A C into propor- 
tional parts ; as, 

AH:AE::HF:ES::FB:SC. Prove that the 
lines H E and FS are parallel to the base. 

Demonstration: By composition (Book v., Prop, iv.), 

AH: AE: : AF.AS: : AB: AC. 

The triangles A HE, AFS, and ABC have, then, the angle at 
A common, and the including sides proportional. The tri- 
angles are, then, similar, and have their corresponding angles 
equal. (Prop, hi.) Since the corresponding angles at H, F, 
and B are equal, the lines HE, FS, and B C are parallel ; that 
is, H E and FS are parallel to the base B C. 

Concloflion : Since ABC'is any triangle, etc. 
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Proposition IX. 

399. Theorem: Either side of a right-angled tri* 
angle is a mean proportiancU between the hypotenuse 
and its projection upon the hypotenuse. 




Statement: Let ABC be any right-angled triangle, right- 
angled at B, Prove that 

AC:AB::AB:AH; ox, AC : B C : : B C : C H. 

Demonstration : The two triangles ABC and A B H are equi- 
angular, as the angles at / are common to the two triangles ; 
and the angle at B/mAB C, is equal to the angle at H,'mAB H, 
each being a right angle. The triangles are, therefore, simi- 
lar (Prop, i., Cor. i.) ; and 

AC : AB: : AB: AH ; also, A C : B C : : B C : C H. 
Conclusion : A B C being any right-angled triangle, etc. 



Corollary I. The square on either side of a right-angled 
triangle is equal to the rectangle of the hypotenuse and its 
projection upon the hypotenuse. 



EzerciBe. i. The sides being 3, 4, and 5, find projec- 
tion of 3. 
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Proposition X. 

400. Theorem : In any right-angled triangle^ the 
perpendicular from the right angle to the hypotenuse 
is a tnean proportioneU between the segments of the 
hypotenuse. 




Statement : Let AB C be any right-angled triangle, right- 
angled at £?. Let BH be the perpendicular from the right 
angle B to the hypotenuse. 

DemonstratLon : The triangles ABC and ABB are mutually 
equiangular, as each has a right angle, and one angle, A, com- 
mon to the two triangles. The third angle, /, of the smaller 
triangle is, therefore, equal to C, the third angle of the larger 
triangle. In similar manner, the trisingie BHC being simi- 
lar to ABC, the angle 2 of the smaller triangle is proved 
equal to the angle A of the larger triangle. The angles at B 
are right angles. The triangles A BH and BHC are, then, 
mutually equiangular, each being similar to ABC; and they 
are, then, similar to each other. (Prop, i.) A B, of the first 
triangle, opposite the angle 1,isto B H, of the second triangle, 
opposite the equal angle C, as B H, of the first triangle, opposite 
the angle A, is to H C, of the second triangle, opposite the equal 
angle 2; that is, 

AH : B H . : BH : H C. 
^^onclosion : ABC being any right-angled triangle, etc. 
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Corollary I. The square on the perpendicular from the 
vertex of a right-angled triangle to the hypotenuse equals 
the rectangle of the segments of the hypotenuse. 



MISCELLANEOUS EXERCISES. 

401. I. Divide a given straight line into parts propor- 
tional to given straight lines. 

2. Divide a given straight line into any number of equal 
parts. 

3. Construct a fourth proportional to three given straight 
lines. 

4. Construct a mean proportional between two given 
straight lines. 

5. Divide a given straight line into two such parts that 
the greater part shall be a mean proportional between the 
whole line and the other part ; that is, into extreme and mean 
ratio. [5, 6, and 7 for advanced students only. See p. 300.] 

6. Inscribe a regular decagon in a circle. 

Divide the radius into extreme and mean ratio. The greater seg- 
ment is the side of the decagon. 

7. Inscribe a regular pentadecagon in a circle. 

6 10 

8. Through a given point, in a given angle, draw a straight 
line so that the segments between the point and the sides of 
the angle shall be equal. 

9. From the obtuse angle of a triangle, draw a line to 
the base which shall be a mean proportional between the 
segments into which it divides the base. 
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10. Three, points being given, find a fourth point through 
which, if any straight line be drawn, perpendiculars upon it 
from two of the former shall together be equal to the per- 
pendicular from the third. 

11. Through a given point, between two non-parallel 
straight lines, to draw a third straight line, terminating in 
the former, which shall be bisected at the given point. 

1 2. Through a given point draw a straight line, so that the 
parts of it intercepted between that point and perpendiculars 
drawn from two other given points may have a given ratio. 

13. From a given point between two indefinite straight 
lines given in position, draw a line which shall be terminated 
by the given lines, and bisected in the given point. 

14. If from a given point any number of straight lines be 
drawn to a straight line given in position, determine the 
locus of the points of section which divide them in a given 
ratio. 

15. In any right-angled triangle, the straight line joining 
the right angle and the bisection of the hypotenuse is equal 
to half the hypotenuse. 

16. If from any point within an equilateral triangle perpen- 
diculars be drawn to the sides, they are together equal to a 
perpendicular drawn from any of the angles to the opposite 
side. 

17. If the points of bisection of the sides of a given triangle 
be joined, the triangle so formed will be one-fourth of the 
given triangle. 

18. If from the angles at the base of a triangle perpen- 
diculars be let fall on a line which bisects the vertical angle, 
the part of this line intercepted between these perpendiculars 
will be bisected by a perpendicular from the middle of the 
base. 
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19. If from any point in the base of an isosceles triangle 
perpendiculars be drawn to the sides, these together shall be 
equal to a perpendicular drawn from either extremity of the 
base to the opposite side. 

20. Bisect a given triangle by a line drawn from a given 
point in one of its sides. 

21. If in two triangles the vertical angle of the one be 
equal to that of the other, and one other angle of the former 
be equal to the exterior angle at the base of the latter, the 
sides about the third angle of the former shall be propor- 
tional to those about the interior angle at the base of the 
latter. 

22. If the sides of a triangle be cut proportionally, and 
lines be drawn from the points of section to the opposite 
angles, the intersections of these lines will be in the same 
line ; viz., that drawn from the vertex to the middle of the 
base. 

23. In any triangle, the intersection of the perpendiculars 
drawn from the angles to the opposite sides, the intersection 
of the lines from the angles to the middle of the opposite 
sides, and the intersection of the perpendiculars from the 
middle of the sides, are all in the same straight line ; and the 
distances of those points from one another are in a given 
ratio. 

24. If from any angle of a rectangle a line be drawn to 
the opposite side, and from the adjacent angle of the trape- 
zoid thus formed another be drawn perpendicular to the 
former, the rectangle contained by these two lines is equal 
to the given rectangle. 

25. The rectangle of two sides of any triangle equals the 
rectangle of the perpendicular to the third side and the 
diameter of the circumscribed circle. 
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SECTION III.— POLYGONS. 

Proposition XI. 

44MI. Theorem: HegtUar polygons of the same 
number of sides are similar. 





Statement : Regular polygons, as A and B, with the same 
number of sides are similar ; that is, the sides are propor- 
tional, and the angles are equal. 

GonstnLCtion : Circumscribe circles. (Book iv., Prop, xxiv.) 

Demonstration : The sides are proportional, because, being 
equal, by definition of regular polygons, they form equal 
fractions or ratios. 

As the sides form equal chords, the arcs in each circle are 
equal. (Book iv., Prop, hi.) 

The angles are, then, all equal, as they have equal meas- 
ures, the same fraction of a circumference. (Book vi., 
Prop, ii.) 



Conclusion : A and B, being any regular polygons, etc. 
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Proposition XII. 

403. Tbeorem : Similar polygons may be divided 
into the sam^e number of sim^ilar triangles similarly 
placed. 





Statement : Similar polygons, ABD and G H J, may be divided 
into the same number of similar triangles similarly placed. 

Construction : From 0, any point in ABD, draw straight 
lines to the vertices. Construct G H Q, similar to ABO; and, 
from Q draw straight lines to the remaining vertices of G H J. 

Demonstration : A B : G H : : B : H Q, by construction ; but, 
AB : G H : : BC : H I, by hypothesis ; then, B : H Q : : B C : H I. 
(Book v., Prop, xi.) The angles BC and QH I being equal, 
by equal subtractions, the triangles OBC and QH/are similar. 
(Prop, hi.) 

In similar manner, the triangles on the corresponding sides 
may be proved respectively similar. 

Condnsion \ AB D and G H J being any similar, etc. 
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Proposition XIII. 

4<M. Theorem : JPoiygons composed of the same 
number of triangles, sitnilar e€ich to etich, and simi- 
larly placed, are similar. 




1 ya 




4 >s 



Statement: Let any polygons, ABiC and F$ f, contain the 
same number of triangles, 1, 2, 3 and 4, 6, 6, similar, each to 
each, and similarly placed. The polygons are similar. 

Demonstration : The angles of the corresponding triangles 
being equal, by hypothesis, the angles of the polygons are 
equal, each to each, being either corresponding angles of 
corresponding triangles, as £ and J, or the sums of corre- 
sponding equal angles, as A and F. 

AB: FS: : BC: S H, and BC: SH: : AC:FH.sls 1 and 4 are 
similar ; but, C K : H I : : AC : FH,2 and 5 being similar ; then, 

B C : S H : : C K : H I. (BoOK V., Prop. XI.) 

In similar manner, the other sides in succession may be 
proved to be proportional. 



Conclusion \ AB K and FS I being any polygons, etc. 
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Proposition XIV. 

405. Theorem : The perimeters of simUar polygons 
are proportional to any homologous lines* 





Statement : Let A BD and F6 /be any similar polygons, the 
lines drawn from X and L making similar triangles. The per- 
imeters ABODE and FG H / J are proportional to any of the 
homologous lines. 

Demonstration : By hypothesis, 

AB: FG : : BC : GH : : CD: H I : : DE : U : : EA: J F; or, 

AB + BC + CD -{- DE + EA:FG + GH-\-HI + IJ + JF::AB: FG 

(Book v., Prop, xvi.), or, as any antecedent is to its conse- 
quent ; that is, the perimeters are proportional to the cor- 
responding sides of the polygons. 

The sides of the polygon, however, are sides of the similar 
triangles, so that the perimeters, being proportional to the 
corresponding sides of the polygons, are proportional to the 
corresponding sides of the triangles, or any homologous 
lines. (Book v., Prop, xi.) 



Condasion : ABODE and FG H I J being any, etc. 
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Proposition XV. 

400. Theorem : Perimeters of regtUar polygons are 
proportional to the apothems, or to the radii, or the 
diameters of the inscribed or circumscribed circles.. 




H 



\ ! / 



Statement : Let AB D and G HJbe regular polygons. Their 
perimeters are proportional to the apothems, or to the radii, 
or the diameters of the inscribed or circumscribed circles. 

Constmotion : Find the centers, and draw the inscribed and 
circumscribed circles ; also, the apothems, and the straight 
lines from the centers to the vertices of the polygons. 

Demonstration : The triangles thus constructed are all simi- 
lar, as the corresponding angles are all equal. (Book iv , 
Prop, xxv.) As the apothems, and the radii and the diam- 
eters of the inscribed and circumscribed circles, are homol- 
ogous lines, the perimeters are proportional to them. (Prop. 

XIV.) 



Conclusion : A B D and G H J being any regular polygons, etc. 
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MISCELLANEOUS EXERCISES. 

407. I. The rectangle of any two sides of a triangle is 
equal to the rectangle of the altitude to the third side and 
the diameter of the circumscribed circle. 

2. If from one of the angles of a parallelogram a straight 
line be drawn, cutting the diameter, a side, and a side pro- 
duced, the segment intercepted between the angle and the 
diameter is a mean proportional between the segments in- 
tercepted between the diameter and the sides. 

3. If two lines be drawn parallel and equal to adjacent 
sides of a parallelogram, the lines joining their extremities, 
if produced, will meet the diameter in the same point. 

4. If two opposite angles of a trapezium be right angles, 
the angles subtended by either side at the two opposite angu- 
lar points will be equal. 

5. Inscribe a square in a given semicircle. 

6. Determine the figure formed by joining the points of 
bisection of the sides of a trapezium, and its ratio to the 
trapezium. 

7. Construct the square, the difference between the diame- 
ter and the side of the square being given. 

8. Construct a regular pentagon, the length of one of its 
sides being given. 

9. The sides of a triangle are 15, 18, and 20. If, in a 
similar triangle, the side corresponding to 15 is 5, what are 
the other sides of the similar triangle ? 

10. If a chord 10 inches long is 5 inches distant from the 
center of a circle, what is the radius and the distance from 
the end of the chord to the end of the radius perpendicular 
to the chord ? 
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SECTION IV.— CIRCLES. 

Proposition XVI. 

409. Theorem : The segtnents of intersecting chords 
in a circle are reciprocally proportional. 




Statement : Let the circle whose center is be any circle, 
^nd A B and C H any two of its intersecting chords. 
Prove that AE: H E: : C E : B E. 

Coiifltraction : Draw the chords B C and A H. 

Bemonfltration : The angles at £are equal (Book i., Prop. 
VII.) ; and 3 and 4 are equal, each being measured by half of 
the arc B H. (Book vi., Prop, ii.) The triangles AH E and 
B C E are, therefore, similar (Prop, i.), and, therefore, the 
sides opposite the equal angles are proportional ; thus, 

AE: EC: : EH : EB; that is, 
the segments are reciprocally proportional. 

Goncliision : The circle whose center is being, etc. 



Corollary L The rectangle of the segments of chords 
passing through a common point is a constant quantity. 



J 
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Proposition XVII. 

409. Theorem : Secants drawn from the same paint 
without a circle are reciprocally proportional to their 
external segments. 




Statement : Let kBC and >l /^ £ be any secants drawn from 
the same point h, without any circle. 
Prove AC: AE: : AH : A B. 

Confltraction : Draw the chords C H and B E. 

Demonstration : The two triangles ACH and >l ^ £ are simi- 
lar ; for the angle A is common, and the angles C and £ are 
equal, each being measured by half of BH. (Prop, l, Cor. 
I.) The corresponding sides are, therefore, p'roportional ; 
that is, the sides opposite the equal angles are proportional ; 
thus, AC: AE: : AH : AB. 

Conduflion : The circle whose center is being, etc. 



Corollary I. The rectangle of the external segments and 
the secants drawn from the same point is constant. 
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Proposition XVIII. 

410. Tbeorem ; If from any point without a circle, 
a tangent and secant are drawn, the tangent is a 
mean proportional between the secant and its eactemal 
segment. 



A 




Statement : Let M B and BC be respectively any tangent 
and secant drawn from the same point, B, without any 
circle. Prove, B C: A B : : M B : B H. 

Constructioii : Draw the chords A C and A H. 

Bemonstration : In the triangles ABC and AB H, the angle 
B is common ; and B A H \s equal to AC H, each being measured 
by half of the arc A H. (Props, ii. and iii.) The triangles 
ABC and AB H are, then, similar (Prop, i., Cor. i.) ; and 

BC: AB: : AB: BH, 
the tangent being a mean proportional between the secant 
and its external segment. 

Conclusion : The circle whose center is being, etc. 



Corollary L The rectangle of any secant and its external 
segment equals the square of the tangent from the same point. 
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Proposition XIX. 

411. Theorem : Circumferences of circles are pro^ 
portionaZ to the diameters or to the radii. 





Statement : Let AB KC and EFH Ghe any two circles. The 
circumference A BKC is to the circumference EFH G as the 
diameter B C is to the diameter FG; or, as the radius ^ C is to 
the radius M G. 

Demonstration: Expressing the relation between the cir- 
cumferences and the diameters, 

ABJCC = ttBC; and, £FHG = ttFG (Book vi., 

^ , . AB/CC , EFHG _ . 

Prop. xxi. ) ; then, 7t = ; and, tt = — ^-r— • Therefore, 

^ B C FG 

AB/rC: BC: : £FHG: FG; OX, A 6 K C : E F H G : : B C : F G 

(Book v., Prop, ii.) ; that is, the circumferences are pro- 
portional to the diameters. Q, E, D. 

Since, BC : FG : : C : M G (BooK v., Prop, xv.. Cor.), 

ABKC : EFHG: : DC : MG; that is, the cir- 
cumferences are proportional to the radii. Q, E, D, 

Conclusion : ABKC and EFHG being any circles, etc. 
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Proposition XX. 

412. Theorem : Arcs of similar sectors of circles are 
proportional to the radii or the diameters of the cir^ 
des f or, to the chords of the arcs. 





Statement : Let BAC and E HFbt similar sectors. The arcs 
B C and £ F are proportional to the radii A B and H E, or to 
the diameters ; or, to the chords B C and E F. 

Demoiistration: 

BC: 27tAB: : a: 360, and EF: 2 nH E: : d : 360; 



then, 



BC = 



27C X A B X a 
360 



and EF = 



2 Ttx HE X d 
~ 360 

, EF 2nd 
^^^ rE = ^60 



(Book vi., Prop, i.); hence, -—: = ^^^ ; 
^ ' ' AB 360 

The angles a and d being equal, by definition, 

BC EF 

— - = -— ; and, B C : A B : . E F : H E. 

AB H E 

The arcs are, then, also proportional to the diameters. (Book 
v.. Prop, xv., Cor.) The triangles ABC and H EFare, how- 
ever, similar (Prop, i.. Cor. ii.) ; and, therefore, the radii are 
proportional to the chords. The arcs are, then, also propor- 
tional to the chords. (Book v., Prop, xi.) 
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Condaflion : BAC and £ H F being any similar sectors, etc. 



Scholium I. In similar manner, it may be proved that 
the arcs of similar segments are proportional to the chords, 
or to the radii or diameters of the circles. 



MISCELLANEOUS EXERCISES. 

413. I. If a line, tangent to two circles, cuts another line 
joining their centers, the segments of the latter will be to 
each other as the diameters of the circles. 

2. If, from a point in the circumference of a circle, any 
number of chords be drawn, the locus of their points of 
bisection will be a circle. 

3. If, from the extremities of any chord in a circle, perpen- 
diculars be drawn, meeting a diameter, the points of inter- 
section are equally distant from the center. 

4. If, from the extremities of the diameter of a semicir- 
cle, perpendiculars be let fall on any line cutting the semi- 
circle, the parts intercepted between those perpendiculars 
and the circumference are equal. 

5. In a given circle, to construct a chord parallel to a given 
chord, and having a given ratio to it. 

6. From a given point in the diameter of a semicircle 
produced, to draw a line cutting the semicircle so that lines 
drawn from the points of intersection to the extremities of 
the diameter, cutting each other, may have a given ratio. 

7. If two circles are tangent to each other, externally or 
internally, any straight line drawn through the point of con- 
tact will cut off similar segments. 
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8. If two circles are tangent to each other, externally or 
internally, any two straight lines drawn through the point of 
contact, and terminated both ways by the circumference, will 
be cut proportionally by the circumference. 

9. If two circles are tangent to each other externally, and 
parallel diameters be drawn, the straight line joining the 
extremities of these diameters will pass through the point of 
contact. 

10. If two circles are tangent to each other and to a straight 
line, the part of the line between the points of contact is a 
mean proportional between the diameters of the circles. 

1 1. If two circles are tangent to each other internally, and 
any two perpendiculars to their common diameter be pro- 
duced to cut the circumferences, the lines joining the points 
of intersection and the point of contact are proportional. 

12. If, from any point in the diameter of a circle produced, 
a tangent be drawn, a perpendicular from the point of con- 
tact to the diameter will divide it into segments which have 
the same ratio that the distances of the point without the 
circle from each extremity of the diameter have to each 
other. 

13. If, from the extremities of the diameter of a circle, 
tangents be drawn, any other tangent to the circle, terminated 
by them, is so divided at the point of contact that the radius 
of the circle is a mean proportional between its segments. 

14. Through a given point within a given circle, to draw a 
straight line such that the parts of it intercepted between 
that point and the circumference may have a given ratio. 

15. A straight line being divided in two given points, find 
a third straight line, such that its distances from the extremi- 
ties may be proportional to its distances from the given 
points. 
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16. In a straight line given in position, find a point at 
which two straight lines drawn from given points on the 
same side will contain the greatest angle. 

17. Divide a straight line into parts, such that their rect- 
angle may be equal to the square of their difference. 

18. Draw two lines such that the sum of their squares may 
equal a given square, and their rectangle, a given rectangle. 

19. Divide a straight line into two parts, so that the rect- 
angle contained by the whole and one of the parts may equal 
the square of a line given less than the line to be divided. 

20. Divide a given line into two such parts that the rect- 
angle contained by the whole line and one of the parts may 
be m times the square of the other part, m being any number. 

21. Divide a given line into such parts that the square of 
the one shall be equal to the rectangle contained by the other 
and a given line. 

22. A straight line being given in magnitude and position, 
draw to it, from a given point, two lines whose rectangle 
shall be equal to a given rectangle, and which shall cut off 
equal segments from the given line. 

23. From any angle of a triangle not isosceles, about the 
given angle, draw a line without the triangle to the opposite 
side produced, which shall be a mean proportional between 
the segments of the side. 

24. Bisect a triangle by a line parallel to one of its sides. 

25. Divide a given triangle into any number of parts, hav- 
ing a given ratio to each other, by lines drawn parallel to one 
of the sides of the triangle. (See Prop, xxi., for 24 and 25.) 

26. Construct a rectangle which shall equal a given square, 
and have its adjacent sides together equal to a given line. 

27. Construct a rectangle which shall equal a given square, 
and have the difference of its sides equal to a given line. 
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28. If the radius of a circle be cut in extreme and 
mean ratio, the greater segment will equal the side of an 
equilateral and equiangular decagon inscribed in the circle. 

29. If, through the middle point of a chord of a circle, two 
chords be drawn, lines joining their extremities will intersect 
the first chord at equal distances from the middle point. 

30. If, from the vertex of an isosceles triangle, a circle be 
described, with a radius less than one of the equal sides but 
greater than the perpendicular, the parts of the base cut off 
by it will be equal. 

31. If, in a right-angled triangle, a perpendicular be drawn 
from the right angle to the hypotenuse, and circles inscribed 
in the triangles on each side of it, their diameters will be 
proportional to the subtending sides of the right-angled 
triangle. 

32. If three circles are tangent to each other, two of which 
are equal, the vertical angle of the triangle formed by join- 
ing the points of contact equals either of the angles at the 
base of the triangle, formed by joining their centers. 

^^. If three equal circles are tangent to one another, com- 
pare the area of the triangle formed by joining their centers 
with that formed by joining the points of contact. 

34. If the diameter of a semicircle be divided into any 
number of parts, and on them semicircles be described, their 
circumferences will together be equivalent to the circumfer- 
ence of the given semicircle. 

35. Construct a triangle, the vertical angle, the ratio of its 
sides, and the diameter of the circumscribing circle given. 

36. If the diagonals of a quadrilateral divide one another 
so that the rectangle contained by the parts of the one is 
equal to the rectangle contained by the parts of the other, 
then a circle may be circumscribed about the quadrilateral. 
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37. Construct a right-angled triangle whose perimeter is 
given and whose sides are in geometrical progression. 

38. If two opposite sides of a quadrilateral be prolonged 
to meet, and if it be found that the rectangle contained by 
one of the lines thus produced, and the part produced, equal 
the rectangle contained by the other line and the part pro- 
duced, then the vertices of the quadrilateral are concyclic. 

39. The sides of a pedal triangle are equally inclined to 
the sides of the original triangle which they meet. 

40. The three other parts of the original triangle cut off 
by the sides of the pedal triangle are triangles mutually 
equiangular with one another and the original triangle. 

41.' The three circles, the circumferences all passing 
through the orthocenter, and each through the extremities 
of one side of a triangle, are equal to one another and the 
given triangle. 

42. The radius of a circle is 7 inches. If a tangent is 15 
inches long, what is the length of the secant from the same 
point, the secant being 5 inches from the center ? 

43. Find the radius of a circle to which a tangent 1 2 inches 
long is drawn, and from the same point, a secant whose inter- 
nal segment, or chord, is 5 inches long. 

44. If three or more straight lines cut two parallels pro- 
portionally, they pass through a common point. 

45. Find the side of a square, which is equal to a rect- 
angle whose sides are 5 and 7. 

46. Find the length of the longest and shortest chords 
that can be drawn through a point 7 inches from the center 
of a circle with a radius of 15 inches. 

47. Find the length of a chord joining the points of contact 
of two tangents drawn from a point 12 inches from the center 
of a circle with a radius of 8 inches. 
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SECTION v.— PROPORTIONAL AREAS. 

Proposition XXI. 

414. Theorem : Similar triangles are proportion^ 
to the squares of their homologous sides. 

A 





E 
B 
Statement : Let ABC and B £ Fbe any two similar triangles. 
Their areas are proportional to the squares of their corre- 
sponding sides ; thus, A B C : B £ F : : A B^ : D E^. 

Demonstration : The triangles being similar, the sides are 
proportional ; thus, A B : B £ : : AC : B F. Multiplying by the 
proportion, AB : B £ : : AB : B £ (BoOK v.. Prop, xiv.), 

AE^ : B£ : : AB x A C : B £ x B F. 

Since the triangles are similar, the corresponding angles, 
as A and B, are equal ; and, therefore (Book vi.. Prop, vii.), 

ABC : B EF: : AB x A C : B £ x B F. 
Comparing the last two proportions, it is evident that 

ABC: BEF: : A E^ : BE^ 
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(Book v., Prop, xi.) ; that is, the triangles are proportional to 
the squares of two corresponding sides. 

The lines A B and H E are, however, proportional to any 
other corresponding sides, or homologous lines ; and, there- 
fore, kE^ : H ^ equals the ratios of the squares of any other 
homologous sides or lines. (Book v., Prop, ix.) By sub- 
stitution, then, ABC : H EF as the squares of any other ho- 
mologous sides or lines. (Book v., Prop, xi.) 

Goncliuiion : AB C and H EE being any two similar, etc. 



ESercuea i. What is the area of a triangle similar to a 
triangle whose area is 25 square inches, one side of the former 
being to a side of the latter as 2 : i ? 

2. Prove that R^ =z p^ — if, where B is the radius, and P and 
D are the sides, respectively, of a regular inscribed pentagon 
and decagon. 

3. Construct a triangle which shall contain four times the 
area of a triangle whose sides are 5, 6, and 7. What is the 
length of the sides ? 

4. Find the sides of a triangle similar to the triangle 
whose sides are 8, 9, and 10, and whose area shall be nine 
times the area of the latter triangle. 

5. In any equilateral triangle, inscribe three equal circles, 
tangent to each other and the given circle. 

6. The sum of the squares of the diagonals of any quadri- 
lateral is twice the sum of the squares of the diameters. 

7. If two homologous sides of similar triangles are as 
4:5, what is the ratio of their areas ? 

8. What is the ratio of the areas of two similar triangles 
whose sides are as 2 : 3 ? 
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Proposition XXII. 

41ft. Theorem : Similar polygons are proportionai 
to the squares of any homologous lines* 





Statement : Similar polygons, as A BD and G HJ, are propor- 
tional to the squares of any homologous lines, as the squares 
o( A F and G L 

Constraction : Draw the diagonals ACAD, and A £, and also 
G /, GJ, and G K, from corresponding angles, A and G. Num- 
ber the triangles as in the diagram. 

Demonstration : The polygons have been divided into the 
same number of similar triangles similarly placed. (Prop. 
XII.) Then, 1 : 5 : : A t : G IC" (Prop. XXI.) ; 

and, also, 2 : 6 : : Af : GK^ (Prop, xxi.) ; 

and, therefore, 1:5: : 2 : 6. (Book v., Prop, xi.) 

In similar manner, it may be shown that 

2 : 6 : : 3 : 7, and 3 : 7 : : 4 : 8; 
and, thus, 1 : 6 : : 2 : 6 : : 3 : 7 : : 4 : 8 (BoOK V., PrOP. XI.) ; 

and, also, 1 -h 2 -\- 3 -\- 4 : 5 + 6 -{- 7 -{■ 8 : : 1 : 5. (BoOK v., 
Prop, xvi.) 
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The triangles /, 2, 3, and 4, however, together equal the 
polygon AB C D E F; and the triangles 5, 6, 7, and 8, the poly- 
gon G H IJ K L. (Axiom, ii.) By substitution, therefore, 

ABCDEF.GHIJKL:: 1:5; 

but, 1 : 5 : : AF : G L^ (PROP. XXI.) ; 

therefore, AB CD EF : GH IJ KL: : AF^ : G L^ (Book v.. Prop. 
XI.) ; that is, the polygons are proportional to the squares 
of the corresponding sides. As the corresponding sides are 
proportional to any homologous lines, the squares of any 
two homologous lines may be substituted for A F^ : G L*, 
(Book v.. Prop, xi.) 

Condiudon : ABD and G H J being any two similar, etc. 



Corollary I. In similar polygons, homologous triangles are 
like parts of the polygons to which they belong. 



Exercises, i. The square of the bisectrix of any angle of a 
triangle is equal to the rectangle of the sides of the given 
angle diminished by the rectangle of the segments of the 
third side. 

2. The bisectrices of the exterior angles of a triangle form 
a triangle whose angles are each equal to the half of two 
of the angles of the given triangle. 

3. The line joining the middle point of the diagonals of a 
quadrilateral is bisected by the lines joining the diameters of 
the quadrilateral. 

4. Prove that five times the square of the hypotenuse of a 
right-angled triangle is equal to four times the sum of the 
squares of the medians from its extremities. 
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Proposition XXIII. 

416« Theorem : Of three similar figures constructed 
on the hypotenuse and the aides of a right-angled tri" 
angle, the figure constructed on the hypotenuse is equal 
to the sum of the two other figures. 




Statement : Let ABC he any right-angled triangle ; and 
1, 2, and 3. similar figures. Prove / equal to 2 and 3. 

Demonstration : 1:AC^::2:A^::3:B C* (Prop. XXII. ) ; 
then 1 .AC^: : 1 -{-2 -h 3:AC^ -{-Ag"^' BC^ (Book v., Prop. 
XVI.) ; and, f :A C^ : : 2 + 3 : A ^ + B C (BooK v., Prop, v.) 

As / is equal to the sum of 2 and 3 (Book hi., Prop, xxiv.), 
A C* is equal to the sum of A B^ and B C^. 

Conclusion : A B Che'ing any right-angled triangle, etc. 



Corollary I. The figure constructed on either side of a 
right-angled triangle is equal to the difference between simi- 
lar figures constructed on the hypotenuse and the other side. 
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Proposition XXIV. 

41T. Ttaeerem : The areas of circles are praparHanfU 
to the squares of their roMi* 





Statement: Let the circles B C K and FG H be any two cir- 
cles. Prove the areas proportional to A B^ and E f^. 

Demonstration: AxtdiB KC = n x A^,andrGH= n x fF* 

i 

(Book vi., Prop, xxii.) ; therefore, 

area BKC, , area FGM 

n = T-^ — , and, n = 



aresiBiCC areaF©// 
then, — jj^— = — jj^— ; or, 

area^/rC; SLteSi FG H : : A^ : £F\ 
Condniion \ B K C and F6 H being any two circles, etc. 



Corollary I. The areas of circles are proportional to the 
squares of any homologous lines in the circles. 



Exercises, i. Find area, when radius is 5 inches. 
2. Find area, when diameter equals 20 inches. 
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Proposition XXV. 

418. Theorem : T^ie areas of si'tnUanr sectors of cir^ 
cies are proportional to the squares of the radii or 
chords, or any homologous lines of the circles* 





Statement : Let ABC and H £ Fbt similar sectors of circles ; 
that is, they have equal angles, a and h. Prove ABC and 
H £F proportional to the squares oi AB and H £, or of the 
chords, B C and E F; or, of any homologous lines. 

Demonstration: Area ABC = — ----- — , and (Book vi., 

360 ^ 

Prop, xxiii.), area H £ F = — -— ; then, 

^' 3 60 

_ area ABCx360 area H E F x 360 

"" ~ T^TTW ' ^"^^ h xAte ~ ' 

as a = A, area >li?C; aresi H£F: : AB": H £^, Q, E. D, 

The radii are, however, proportional to the chords, the 
diameters, or any homologous lines (Prop, xx.) ; and, the 
squares of these lines are proportional. (Book v.. Prop. 
XIX.) The sectors are, then, proportional to the squares of 
any homologous lines. (Book v.. Prop, xi.) 

Condnsion \ ABC and H £F being any similar sectors, etc. 
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Scholium. In similar manner, it may be proved that similar 
segments are proportional to the squares of their chords or 
radii or diameters, or any homologous lines of the circles. 



MISCELLANEOUS EXERCISES. 

419. I. A trapezium is divided by its diagonals into four 
triangles proportional to one another. 

2. If, from the three angles of a triangle, lines be drawn to 
the points of bisection of the opposite sides, the squares of 
the distances between the angles and the common intersec- 
tion are together one-third of the squares of the sides of the 
triangle. 

3. If, from any point within or without any rectilineal fig- 
ure, perpendiculars be let fall on every side, the sum of the 
squares of the alternate segments made by them will be 
equal. 

4. The square of a side of a regular inscribed decagon, 
together with the square of the radius, equals the square of 
a side of a regular inscribed pentagon. (See p. 300.) 

5. If, on any two segments of the diameter of a semicircle, 
semicircles be described, the area included between the three 
circumferences will be equal to the area of a circle whose 
diameter is a mean proportional between the segments. 

6. If the diagonals of an equilateral and equiangular pen- 
tagon be drawn to cut one another, the greater segments will 
be equal to the side of the pentagon ; and the diagonals cut 
each other in extreme and mean ratio. 

7. Construct a square equal to the sum of two squares. 

8. Construct a square equal to the difference of two squares. 
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9. In a thangie whose sides are 7, 8, and 9 inches, find 
the area ; the altitude ; the median to 7 ; the bisectrix to 8. 

10. A cane, 3 feet long, when in a vertical position, casts 
a shadow i foot 6 inches long. How high is a steeple 
which at the same time casts a shadow 75 feet long ? 

11. If the sides of a triangle are 7, 5, and 8, and the side 
corresponding to 5, in a similar triangle, is 25, how long are 
its other sides ? 

12. Of an equilateral triangle, find the side, when the alti- 
tude is 4 ; find the altitude, when the side is 4. 

13. The sides of a triangle are 4.5, and 6 ; find the seg- 
ments of 4 made by a line, 4.5, parallel to 6. 

14. If the sides of a triangle are 3, 5, and 6, what is the 
length of a line parallel to 6 that divides 3 into two parts, as 
2:1, the shorter segment being nearer 6 ? 

15. What is the area of the rectangle that can be made by 
the segments of any chord, 3 inches from the center of a 
circle whose diameter is 20 inches ? 

16. When a ladder, 30 feet long, touches the side of a 
house at a point 25 feet from the ground, how far from the 
house is the lower end ? 

17. The radius of a circle is 5 inches ; what is the length 
of the tangents drawn from a point 10 inches from the cen- 
ter ? 15 inches ? 

18. How far from the center are the chords joining the 
points of tangency in each part of the last exercise ? 

19. If one side of a polygon is 2 feet 6 inches long, what 
is the length of the corresponding side of a similar polygon, 
the perimeters being, respectively, 20 feet and 30 feet ? 

20. Find the side of a regular decagon inscribed in a circle 
whose radius is 12 inches. 
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NUMERICAL EXERCISES. 

430, I. Find medians of a triangle, in terms of sides. 

m -\ V2{a* + 6*) — c'; m being the median to c. 

2. Find the line that bisects an angle of a triangle, in 
terms of the sides. 

2 



jr = 



= a ^ ff Vq b c {a — c), x being the bisectrix to c. 

3. Find radius of the circumscribed circle, in terms of sides. 

abc 

* V s (s — a) (s — 6) (s — c) 

4. Find area, in terms of radius of circumscribing circle. 

abc 



Area = 



~rw' 



CONSTRUCTIONS. 



431. Prove the following constnictions: 
/. A fourth proportional to three lines. 



B 




2, A third proportional to two lines, 
J. A mean proportional to two lines. 



y 



a 



T-r 




4, A straight line^ eqtuU parts. 
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J. A straight ling y proportional parts. 



B 




6. A straight line^ extreme and mean ratio ; that is, so that 
entire line is to greater segment^ as greater segment is to less 
segment. 



^Cisequal to <j 4^. AD — ME, 

AF: AB: :MB:{AD,0T)M£ 
(Book vii., Prop, xviii.) ; 
and, then (Book v.. Prop. -. 
Y.\{AF-AB,or)AE:AB ^ 



k 



W 



• • ' 



T^ 



!5^ 



/. 






: :{AB -^A £, or) EB : AE; inverting, AB: A E: : A E : EB. 

Q. E, D, 

y, A regular decagon, inscribed in a given circle. 

Divide radius into extreme and mean ratio ; thus, 

AB: AD: :AD:DB. /'' N 

Const. — Make B C equal to A D ; and, draw D C, 
Dem.—By substitution, A B : B C : : B C : D B, 

The A DB Ch, then, similar to A ABC; that 

is, it is isosceles ; and, D C equals BC and AD. 

^xt, ZBDC =2 X ABAC; .-. i D BC = 2 x Z. D AC ; 

.'. I ACB — 2x iDAC. .'. I DAC— 1 of two right angles 

or 1^ of four right angles, and B C is the chord of an inscribed 
regular decagon. Q. E, E. 

8, A regular pentagon inscribed in a given circle. 
Construct decagon ; join alternate vertices. 

g, A regular inscribed pentedecagon, (g - /^ 
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10. A square equal to a given parallelogram. 



LUIL 



x* = ab 



>». 



X 



\ 



T 



II, A square equal to a given triangle. 




SL 





12. On a given line, a rectangle equal to a given rectangle. 
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SYNOPSIS. 



SECTION I.— ONE PLANE. 



tdS. I. Definitions. 
2. Propositions. 

Prop. I. Of lines drawn from the same point to the same plane 
(I.), the perpendicular is the shortest ; (II.) oblique lines meeting 
the plane at points equally distant from the foot of the perpendic- 
ular are equal ; and (III.), of oblique lines meeting the plane at 
points unequally distant from the foot of the perpendicular, that 
which meets the plane at the greater distance is the longer line. 

Prop. II. If a straight line is perpendicular to two straight lines at 
their point of intersection, it is perpendicular to the plane of 
those lines. 

Prop. III. If two straight lines are perpendicular to the same 
plane, they are parallel. 
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Prop. IV. From a given point, only one perpendicular to a plane 

can be drawn. 
Prop. V. If one of two parallel straight lines is perpendicular to a 

plane, the other, also, is perpendicular. 

3. Miscellaneous Exercises. 



SECTION II —TWO PLANES. 

433. I. Definitions. 

2. Propositions. 

Prop. VI. The intersection of two planes is a straight line. 

Prop. VII. If a straight line is perpendicular to a plane, every plane 
passed through that line is perpendioular to the plane. 

Prop. VIII. If a straight line is perpendicular to one of two paral- 
lel planes, it is perpendicular also to the other plane. 

Prop. IX. Planes perpendicular lo the same straight line are par- 
allel. 

Prop. X. Parallel lines between parallel planes are equal. 

3. Miscellaneous Exercises. 



SECTION III.— SEVERAL PLANES. 

434. I. Propositions. 

Prop. XI. Lines intersecting parallel planes are divided into propor- 
tional segments. 
Prop. XII. If two intersecting planes are perpendicular to a third 

plane, their intersection is perpendicular to that plane. 
Prop. XIII. The sum of any two of the three plane angles formed 

by the edges of a trihedral angle are together greater than the third 

angle. 
Prop. XIV. If the plane angles of two trihedral angles are equal, each 

to each, the planes of the equal angles are equally inclined to 

each other. 
Prop. XV. The sum of the plane angles made by the edges of any 

convex polyhedral angle is less than four right angles. 

3. Miscellaneous Exercises. 
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SECTION 1.— ONE PLANE. 







DEFINITIONS. 

435. A plane is a surface such that, if any two of its points 
are joined by a straight line, that line will lie wholly in the 
surface. 

436. A line is perpendicular to a plane when it is perpen- 
dicular to every line in the plane drawn through its foot. 

The line ^ ^ is perpendicular to the plane 12; it is perpendicular to 
CFand SH, lines in the plane 12 drawn through B, the foot 
of the perpendicular. The plane is perpendicular to the line. 

437. A line or a plane is parallel to a plane when it cannot 
touch that plane, how far soever in any direction either may 
be produced. The plane is, then, parallel to the line. 

43§. A plane is determined by the following : 

1. Three points not in the same straight line ; 

2. A straight line and a point without the line ; 

3. Two straight lines that intersect ; 

4. Two parallel straight lines. 

Pass a plane through any two points, and turn it on the line joining 
these points, as an axis, until it includes the third point. Any 
motion, in either direction, will cause the plane to contain no 
longer the third point. The four statements are different 
expressions of the same facts 
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Proposition I. 

439. Theorem: Of ItT^es dratun frmn the same point 
to the gatne plane, J« The perpendicular is the shortest ; 
II. Oblique lines ineeting the plane at points equaUy 
distant from the foot of the perpendicular , are equal ; 
and, III. Of oblique lines meeting the plane at points 
unequally distant from the foot of the perpendicular , 
that which meets the plane at the greater distance is 
the longer line. 

4 




Statement : Let >l be a given point without the plane of B C, 
and let AH ht the perpendicular to the plane. AH \s the 
shortest line from the point A to the plane BC. li H F and H E 
are equal, the oblique lines A F and A E are equal. \i H K is 
greater than H F, AK \s longer than A F, 

Constractioii : Take /^ 5, a part of H K, equal to H F, and 
draw A S. 

« 

Demoiutration : I. AH, the perpendicular, is the shortest 
line ; for, if not, suppose that A F were shorter. This ia im- 
possible ; for, A H, being perpendicular to the plane, is per- 
pendicular to FH \n the plane \ AH is, therefore, less than A F. 
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(Book i., Prop, xxi.) In the same manner, it may be shown 
that no other line from A to the plane B C 'v& shorter than 4 H, 
the perpendicular. The perpendicular is, then, the shortest 
distance from the given point to the given plane. 

II. Oblique lines, as >l r and 4 £, meeting the plane at 
points equally distant from the foot of the perpendicular, are 
equal. The triangles MH F and AH E are right-angled tri- 
angles. AH IS common, and £ H and H F are equal, by hy- 
pothesis. A E and A F ditty therefore, equal (Book ii.. Prop. 
I.) ; but A E and A F are oblique lines meeting the plane at 
equal distances from the foot of the perpendicular. 

III. The oblique line meeting the plane at the greater dis- 
tance from the foot of the perpendicular is the longer line. 
4 rand A S are equal (Book ii., Prop, i.) ; but A/C is longer 
than 4 5. (Book I., Prop, xxiii.) AiC is, therefore, longer 
than A F. 

Gondiudon : B C being any plane, and A being any point, etc. 



Corollary I. The shortest line from a point to a plane is 
the perpendicular ; equal lines meet the plane at equal dis- 
tances ; and the longer of two lines, at the greater distance 
from the foot of the perpendicular. 

Corollary II A plane perpendicular to a given line is the 
locus of the perpendiculars to the given line at the point of 
piercing. 

No line not in B C can be perpendicular at H to A H ; for, through 
A H and any such line pass a plane, and from any point of its 
intersection with the given plane draw a line to H. There 
are, then, two perpendiculars to A H at H in this last plane. 
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Proposition IV. 

433. Theorem : Front a given paint only one per- 
pendicuiar can be drawn to a plane. 




fitotement : From any given points, as A, either in a given 
plane or without it, only one perpendicular, A B, can be 
drawn to the plane / 2. 

Constrnotion : If possible, through either point A, draw a 
second perpendicular, A C. 

Demonstration \ \i AB and ACht both perpendicular to / 2, 
they are both parallel to every other perpendicular to the 
plane, as B A. (Prop, hi.) This cannot be true, as, then, 
there would be two straight lines drawn through the same 
point parallel to the same straight line. (Post, hi.) A sec- 
ond perpendicular cannot, then, be drawn ; that is, only one 
perpendicular to the plane / 2 can be drawn through any 
given point, A. 

Condiudon : / 2 being any plane, and A being any point, etc 
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Proposition V. 

434. Theorem : If one of two parallel straight lines 
is perpendicular to a plane, the other is also perpen- 
dicular to the plane* 




Statement : li AB, one of two parallel straight lines, A B and 
C H, is perpendicular to the plane / 2, the other, C H, is also 
perpendicular to 1 2. 

Construction : li CH is not perpendicular to / 2, draw C £ 
perpendicular to / 2. 

Demonstration: The lines C£ a,ndAB are parallel (Prop 
I.) ; and, C H and C £ are both parallel to A B, which is impos- 
sible, as through a given point only one straight line can be 
drawn parallel to a given line. (Post hi.) The supposition 
that C H is not perpendicular to / 2 should be abandoned. 
C H isy then, perpendicular to 1 2, 

Conclusion: A B and CH being any two parallel lines, etc. 



Corollary. If one of any number of parallel straight lines 
is perpendicular to a plane, the others are also perpendicular 
to that plane. 
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MISCELLANEOUS EXERCISES. 

4M. I. If a plane bisects a straight line at right angles, 
every point in the plane is equally distant from the extremi- 
ties of the line. 

2. A straight line and a plane perpendicular to the same 
straight line are parallel. 

3. Find the locus of the points in space, any one of which 
is equally distant from all points of the circumference of a 
circle. 

4. If a straight line is parallel to a plane, any plane per- 
pendicular to the line is perpendicular to the plane. 

5. If, through one of the diagonals of a parallelogram, we 
pass any plane, the perpendiculars let fall from the extremities 
of the other diagonal on this plane will be equal. 

6. Find the locus of all the points, in a given plane, which 
are at a given distance from a given point without the plane. 

7. Find the locus of all the points, any one of which is 
equidistant from three given points. 

8. Find the locus of the points in a given plane, the dififer- 
ence of the squares of the distances of which from two given 
points without the plane is constant. 

9. In a given plane, and through a given point in this 
plane, draw a straight line perpendicular to a straight line in 
space. 

10. In any circle, inscribe three equal circles tangent to 
each other and the given circle. 

11. From a given point without the plane, inscribe a circle 
in the plane. 

12. How long is the radius of a circle described by a line, 
10 inches long, from a point 5 inches from the plane ? 
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13. In a plane, to describe a circle having; a radius of 6 
inches, how long must the line be, if the point from which 
the circle is described is 8 inches above the plane P 
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DEFINITIONS. 

436. A dihedral angle is the angle made by two planes that 
meet. 

437. A dihedral angle is measured by the plane angle made 
by two straight lines, one in each plane, drawn perpendicular 

to the intersection at the same point. 

The dihedral angle made by the planes / 2 and 54 is measured by 
the plane angle 7 5B, made by two lines, 6 6 and 5 7, drawn 
one in each plane perpendknlar to the inleisection. This may 
be proved as in the case of any two like quantities, whether 
commensurable or incommensurable. Illustrate with folded 
paper, a door, the covers of a book, or the lid of a Imx. 

438. A tziliedial angle is an angle made by three planes, 
and a polyhedral angle, one by many planes meeting at a point 
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Proposition VI. 

439* Theorem : The intersection of two planes is a 
straight line. 




Statement : Let the two planes / 2 and 3 4 intersect. Prove 
that their intersection is a straight line. 

Constmction : Join A and B, two points in the intersection, 
by the straight line A B. 

Demonstration: The straight line AB having two of its 
points, A and B, in the plane / 2, it lies wholly in the plane 
/ 2 (Def.) ; and, for the same reason, A B lies wholly in 
the plane 3 4. AB, therefore, lies wholly in both planes, and 
no point outside of >l ^ is common to both planes ; for, then, 
there would be two planes passing through the same straight 
line and the same point without that line ; but there can be 
only one such plane, as the straight line and the point with- 
out it determine the position of the plane. 

A B, the straight line, lies wholly in both planes, and con- 
tains all the points common to both planes ; it is, therefore, 
the intersection of those planes 

Conclusion : / 2 and 3 4 being any two planes, it follows, 
in general, that : The intersection of two planes is a straight 
line. 
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Proposition VII, 

440. Theorem ; If a line is perpendicular to a 
plane, every plane paused through that line is perpen- 
dicular to the plane. 



; it A B is perpendicular to the plane 1 2. every 
plane, as 3 4, passed through A B, is perpendicular to f 2. 

CoQBtnictioii : In / 2, draw B C perpendicular to B 4. 

Demonstratioii : Since AB is perpendicular to f 2, it is 
perpendicular to BC, a line in 1 S passing through B. ABC 
is, then, a right angle ; but ABC is, by definition, the meas- 
ure of the dihedral angle made by the two planes. The 
one plane is, therefore, perpendicular to the other plane. 

Conclnmoa : / 2 being any plane, and A B being, etc. 



Corollary I A line in one of two perpendicular planes, 
perpendicular to the intersection, is perpendicular to the 
other plane. 

Corollary It A line perpendicular to one of two perf>en- 
dicular planes, at a point of the intersection, lies in the 
other plane. 
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Proposition VIII. 

441. Theorem; If a straight line is perj^endieuiar 
to one of two parallel planes, it is perpendicular, also, 
to the other plane. 




Statement : li AB is perpendicular to 3 4, one of two par- 
allel planes, / 2 and 3 4, it is, also, perpendicular to / 2. 

Construction : In / 2, draw any line, A C, and pass a plane 
through A C and A B, intersecting 3 4'm B H. 

Demonstration : Since the planes / 2 and 3 4 are parallel, 
they cannot meet. The line A Cr therefore, cannot rtkeet 
the line BH; but they are in the same plane, >l //. ^ C and 
B H are, then, parallel. A B is, however, perpendicular to 
B H, by hypothesis ; it is perpendicular to A C, then. (Book 
I., Prop, xiv.) B A being perpendicular to A C, any line in 
/ 2, it is perpendicular to / 2. 

Conclusion : / 2 and 3 4 being any two parallel planes, and 
A B being any line perpendicular to one of them, it follows, in 
general, that : If a straight line, etc. 
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Proposition IX. 

443. Theorem: Tlanes perpendicular to the same 
straight line are parallel. 




Statement : If the planes / 2 and 3 4 are perpendicular to 
the same straight line, A B, they are parallel. 

Demonstration : The planes / 2 and 3 4 are parallel ; for, if 
they are not, they meet. If they meet, two straight lines, as 
A C and B D, can be drawn from the extremities of A B, one in 
each plane, to a point in the intersection. These two lines 
will thus meet ; but, being each perpendicular to A B, by 
hypothesis, they are parallel and cannot meet. The planes, 
then, do not meet. They are parallel. - 

Conclusion: / 2 and 3 4 being any two planes, etc. 



Corollary I. A straight line and a plane perpendicular to 
the same line are parallel. 

Corollary IL A line parallel to a line in a plane is parallel 
to the plane. 
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Proposition X. » 

443, Theorem: BaraUel lines between paraUei 
planes are eqtuU, 




Statement : U A B, C H, and E F are parallel lines intercepted 
between parallel planes, / 2 and 3 4, they are equal. 

Construction : Draw AC, C £, and A £ ; also, B H, H F, and B F. 

Demonstration : A C and B H are parallel, as they lie in the 
same plane, A H ; and, being in parallel planes, they cannot 
meet. In the same manner, A £ and BF are proved parallel ; 
also, C £ and H F. The figures AH, C F, and A F are, there- 
fore, parallelograms, and the opposite sides, AB, CH, and £ F, 
are equal. (Book hi., Prop, i.) 

Conclusion: AB, C H, and £^ being any parallel lines, etc. 



Corollary L Parallel planes are everywhere equally distant. 
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Corollary n. The intersections of a plane with two paral- 
lel planes are parallel straight lines. 

Corollary m Angles lying in different planes and having 
sides respectively parallel are equal. 

Corollary IV. Lines parallel to the same line are parallel 
to each other. 



MISCELLANEOUS EXERCISES. 

444. I. If a straight line intersects two parallel planes, it 
makes equal angles with them.- 

2. Two planes which are parallel to the same straight line 
are either parallel to each other or their intersection is paral- 
lel to this line. 

3. A line parallel to each of two intersecting planes is 
parallel to their intersection. 

4. Two planes which are parallel to two planes which inter- 
sect each other will also intersect, and the line of intersec- 
tion of the first planes will be parallel to the line of inter- 
section of the second. 

5. Find the locus of all the points at a given distance from 
a given plane. 

6. Through a given, point, draw a straight line parallel to 
two given planes. 

7. The angles which two parallel lines, oblique to a plane, 
make with that plane are equal. 

8. Find the locus of all the points, any one of which is 
equally distant from two given points. 

9. Any point on the plane bisector of a dihedral angle is 
equally distant from the faces of the angle ; any point not in 
this plane is unequally distant from the faces. 
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SECTION III.— SEVERAL PLANES. 

Proposition XI. 

445. Theorem: lAnes intersecting paraUeH planes 
are divided into proportional segments. 




Statement : Let ABC and H E Fht two straight lines cut by 
parallel planes 1 2, 3 4, and 5 6. The segments are propor- 
tional ; that is, A B : H E : : B C : E F. 

Conrtraction : Draw A F, A H, B S, S E, and C F. 

Demonstration: BB and C^are parallel (Prop, x., Cor. ii.), 
and, also, £5 and AH ; therefore (Book vii., Prop, vi.), 

AB: AS: : BC: SF, and, H E : A S : : E F : S F; 

therefore, AB : H E : : B C : E F. (Book v., Prop. xiii. ) 

Conclnsion : A C and H F being any two lines, etc. 



SECTION III.—SEVERAL PLANES. 



319 



Proposition XII. 

446. Theorem : If two intersecting planes are per- 
pendicular to a third plane, their intersection is per- 
pendicular to that plane. 




Statement : Let / 2 and 3 4ht two intersecting planes per- 
pendicular to 5 6. Prove their intersection perpendicular to 
5 6. 

Demonstration: The plane f 2 intersects 5 6 in B2; and, 
3 4 intersects 5 6 in B 4. (Prop, vi.) At B, erect a perpen- 
dicular to 5 6; it will lie in 1 2 and in 3 4. (Prop, vii., 
Cor. II.) A B, being in / 2 and in 3 4, is, then, their inter- 
section (Prop, vi.), and it is perpendicular to 5 6. 

Condnsion : / 2 and 3 4 being any two intersecting planes, 
perpendicular to a third plane, it follows, in general, that : If 
two intersecting planes are perpendicular to a third plane, 
their intersection is perpendicular to that plane. 
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Proposition XIII. 



44». Tboorem : The gum of any two of the three 
plane angles formed by the edges of a trihedral angle 
U greater than the third angle. 



it : Let A be any trihedral angle. / i 2 and 2M3, 
any two of the three plane angles formed by the edges of the 
trihedral angle, arc greater than ! A 3, the third plane angle. 

Coiutraction : If any two of the plane angles are equal, the 
theorem is obviously true. Conceiving t A3 to be greater 
than }A2. take a part, tA4, equal to tA2. Draw BEO, 
any line in the plane f A 3. Take A C, equal to A f, and draw 
B C and C D. 

Demoiutration : The triangles BAC and BAE are equal. 
(Book ii., Prop, i.) BC + CO^ BD (Book ii., Prop, xi.) ; 
subtracting BC= BE, from the inequality, gives CB^ ED. 

In triangles CAO and BAE, then, the angle CAD> BAE 
(Book u., Prop, xv.) ; and, adding 8 AC = BAE, 
BAC + CAD>BA£ + EAO. or BAD. 

Confiluioii: A being any trihedral angle, etc. 



SECTION III.^SEVERAL PLANES. 



321 



Proposition XIV. 

44§, Theorem : If the plane angles of two trihedral 
angles are equal, each to each, the planes of the equal 
angles are equeUly inclined to each other. 





Statement : Let 1-2 3 4 and 5-$ 7 She two trihedral angles 
with equal plane angles. Prove the dihedral angles equal. 

Construction : Take / 3, equal to 5 7. Draw 3 2, 3 4, 7 6, 
and 7 8, perpendicular to / 3 and 5 7, in respective planes. 

Demonstration : The triangles 12 3 and 5 6 7 are equal 
(Book ii., Prop, ii.) ; as, also, 134 and 7 5 8. 2 3 and 6 7 
are, therefore, equal ; also, 3 4 and 7 8. The triangles 12 4 
and 5 6 8 are equal. (Book ii., Prop, i.) 2 4 and 6 8 are, 
therefore, equal. The two triangles 2 3 4 and 67 8 are, then, 
equal. (Book ii.. Prop. hi. ) The plane angles 2 3 4 and 
6 7 8, measuring the corresponding dihedral angles, are thus 
proved equal. In the same manner, the other dihedral 
angles are proved equal. 

Conclusion : 1-2 3 4 and 5-6 7 8 being any two trihedral, 
etc. 

ax 
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Corollary. Trihedral angles whose plane angles are equal, 
each to each, may be made to coincide. 



Proposition XV. 

449. Theorem : The sum of the plane angles made by 
the edges of any convene polyhedral angle is less than 
fmir right angles. 

Statement : Let A-1 2 3 4 be any con- 
vex polyhedral angle. Prove that the 
sum of the plane angles formed by its 
edges is less than four right angles. 

Constniction : Intersect the faces of 
the polyhedral angle by a plane, form- 
ing the polygon B C D £. From any point 
in the polygon, draw lines to its ver- 
tices ; as, OB, OC, etc. 

Demonstration : There are two sets of 
triangles, one set having vertices at A ; and the other set, at 
0. The number of triangles in the two sets is the same, 
as for each side of the polygon there is a triangle in each 
set. The sum of the plane angles in the two sets is, there- 
fore, the same. The angles at the base of the oblique set 
are, however, greater than the angles at the base of the 
horizontal set. (Prop, xiii.) The plane angles at the ver- 
tex A are, therefore, less than the angles at ; that is, the 
plane angles at A are less than four right angles. 




Gonclnsion: A-1 2 34 being any polyhedral angle, etc. 
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MISCELLANEOUS EXERCISES. 

450, I. If two parallel lines intersect a plane, they make 
equal angles with it. 

2. The three planes which bisect the dihedral angles of a 
trihedral angle meet in the same straight line. 

3. Find the locus of all the points, any one of which is 
equally distant from the three edges of a trihedral angle. 

4. Through a given point, draw a plane perpendicular to 
two given planes. 

5. Find the locus of all the points, any one of which is 
equidistant from two given planes. 

6. A straight line and plane which are perpendicular to the 
same plane are parallel. 

7. Through a given point, draw a plane parallel to two 
given straight lines. 

8. Through a given straight line, draw a plane which 
shall be parallel to a given straight line. 

9. All straight lines, perpendicular at a given point to a 
given straight line, lie in a plane perpendicular to the given 
line at the given point. 

10 From a given point without a straight line, one, and 
but one plane can be drawn to that line. 

11. If a straight line be drawn from the foot of a perpen- 
dicular to a plane perpendicular to any line in the plane, any 
line drawn from the latter point of intersection to any point 
in the perpendicular to the plane will be perpendicular to the 
line lying in the plane. 

12. A straight line in one of two perpendicular planes, 
drawn perpendicular to the intersection of the two planes, is 
perpendicular to the other plane. 
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13. A straight line in one of two perpendicular planes, 
perpendicular to the intersection, lies in the other plane. 

14. Find the locus of the points each of which is equally 
distant from all the points in the circumference of any given 
circle in a given plane. 

15. Find the locus of the points in space equally distant 
from any two given points. 

16. Any plane passed through a line perpendicular to a 
plane is itself perpendicular to the given plane. 

17. A plane perpendicular to each of two other planes is 
perpendicular to the intersection of these planes. 

18. A plane passed through one, and only one, of two 
parallel straight lines is parallel to' the other line. 

19. Through a given straight line pass a plane parallel to 
any other straight line. 

20. Through any given straight line without a plane, one, 
and but one plane can be perpendicular to a given plane. 

21. Two lines intersected by three planes are 12 and 20 
inches long. If the segments of the former are 9 and 3, what 
are the segments of the latter ? 

22. The sum of the dihedral angles formed by one plane 
meeting another plane is equal to two right angles. 

23. From a point without a plane, drop a perpendicular. 

24. From a point on a plane, erect a perpendicular. 

25. If two planes intersect, their vertical angles are equal. 

26. If one plane intersect obliquely two parallel planes, 
the four acute dihedral angles thus formed are equal, and, 
also, the four obtuse dihedral angles. 

27. The two interior angles on the same side are equal to 
two right angles. 

28. One perpendicular, and but one, can be drawn to two 
straight lines not in the same plane. 
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SYNOPSIS. 

SECTION I— SECTION& 

451* I. Definitions. 

2. Propositions. 

Prop. I. Parallel cross sections of a prism are equal. 

Prop. II. Parallel cross sections of a pyramid are similar polygons. 

Prop. III. The areas of parallel cross sections of a pyramid are pro- 
portional to the squares of their distances from the apex of the 
pyramid. 

3. Miscellaneous Exercises. 



SECTION II.— SURFACES. 

M9. I. Definitions. 

2. Propositions. 

Prop. IV. The lateral surface of any prism is equal to the perimeter 

of any right section multiplied by any one of the lateral edges. 
Prop. V. The lateral surface of a regular pyramid is equal to half the 

product of the perimeter of the base and the slant height. 
Prop. VI. The lateral surface of the frustum of a regular pyramid is 

equal to the product of the sum of the perimeters of the bases 

by half of the slant height. 

3. Miscellaneous Exercises. 
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SECTION III.— EQUIVALENT SOLIDS. 

453. I. Definitions. 

2. Propositions. 

Prop. VII. If the three faces forming any trihedral angle of one prism 
are equal, each to each, to the three faces forming any trihedral 
angle of another prism, and are similarly placed, the prisms are 
equal. 

Prop. VIII. Oblique parallelopipeds are equivalent to right rectan- 
gular parallelopipeds with equivalent bases and the same altitudes. 

Prop. IX. Pyramids with equivalent bases and the same altitude are 
equivalent. 

3. Miscellaneous Exercises. 

SECTION IV. -PROPORTIONAL SOLIDS. 

4A4. I. Definitions. 

2. Propositions. 

Prop. X. Parallelopipeds with equivalent bases are proportional to 

their altitudes. 
Prop. XI. Parallelopipeds with equal altitudes are proportional to 

their bases. 
Prop. XII. Parallelopipeds are proportional to the products of their 

three dimensions. 

3. Miscellaneous Exercises. 

SECTION v.— VOLUMES. 

4M. I. Definitions. 

2. Propositions. 

Prop. XIII. The volume of a prism is equal to the product of its three 
dimensions. 

Prop. XIV. The volume of a triangular pyramid is equal to one-third 
of the product of its base and altitude. 

Prop. XV. The volume of any frustum of a triangular pyramid is 
equal to the volume of three pyramids having for their altitude 
the altitude of the frustum, and for their bases, the bases of the 
frustum and a mean proportional between the two bases of the 
frustum. 

3. Miscellaneous Exercises. 
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DEFINITIONS. 

456, A solid is a portion of space bounded by one or more 
surfaces. 

In Geometry^ a solid is the space, and not the material that occupies 
the space. Volume is the word which refers to the quantity of 
space in a solid. 

457, A plane solid is a solid bounded by plane surfaces ; 
and a curved solid is a solid bounded by surfaces all or 
some of which are curved. 

458, If the solid is inclosed by four planes, it is called a 
tetrahedron. 

Figure / represents a tetrahedron. Four is the least number of plane 
surfaces that can inclose a solid. 

459, If the solid is inclosed by five planes, it is a penta- 
hedron ; if by six planes^ a hexahedron. 

The name of the solid is taken from the number of planes in its sur- 
face, Greek numerals, tetrad pente, hexa, hepta^ octa^ nana, deka, 
etc., being prefixed to edron, or hedron. All plane solids are 
called polyhedrons^ because they have many faces. 

Note. — Point to a number of solids, and name them with reference 
to the number of faces. What do figures 2 and 3 represent? 
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460. A prism is a plane solid two of whose faces are poly- 
gons, with corresponding sides equal and parallel. All of 
the other faces are parallelograms. The two polygons with 
sides equal and parallel are generally called the bases. 

The lines in which the planes intersect are called the edges. The 
points in which the edges intersect are called the vertices. 

461. Prisms with triangular bases are called triangular 
prisms; with quadrilateral bases, quadrangular prisms, etc., 
prisms being named from their bases. "^ 

Point to a number of prisms. Represent some on the blackboard.* 
Name them by letters. State the kind of prism. 

463. A parallelepiped is a plane solid all of whose faces 
are parallelograms. 

463. Parallelepipeds, and all other prisms, are said to be 
right parallelepipeds or right prisms when the lateral edges 
are perpendicular to the bases, and they are said to be oblique 
parallelepipeds or oblique prisms when the lateral edges are not 
perpendicular to the bases. In right prisms the lateral faces 
are all rectangles. 

464. A reg^ar prism is a right prism whose base is a reg- 
ular polygon. 

465. A rectangular parallelepiped is a parallelepiped whose 
bases are rectangles. All of the faces of a right rectangular 
parallelopiped are rectangles. 



* Draw the upper base first ; then draw the lateral edges, all of the 
same length, allowing for perspective, if desired ; and then draw the lower 
base by uniting the lower extremities of the lateral edges. The lines and 
parts of lines covered by planes should be represented by dotted lines. 
In naming the prism by letter, one of the bases and one point in the 
other base are generally named. 
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466. A cube is a plane solid bounded by six equal squares. 

467, A pyramid is 2i polyhedron^ or plane solid, 
having a polygon for its base, and triangles with 
a common vertex for its lateral surface. 

The common vertex of the triangles is called the apez of the pyra- 
mid. 

46§. A pyramid with a triangle for its base is a triangu- 
lar pyramid ; with a square for its base, a square p3rramid ; 
with a rectangle for its base, a rectangular pyramid, etc., 
pyramids being named from their bases. 

469. A regular pyramid is a pyramid whose base is a regu- 
lar polygon, and whose apex is perpendicularly above the 
center of the base. 

470. The lateral surface of a pyramid is the sum of all of 
the faces except the base. The lateral edges are the inter- 
sections of the tiiangles forming the lateral surface. 

471. The altitude of a prism is the perpendicular distance 
between the bases. 

472. The altitude of a pyramid is the perpendicular dis- 
tance between the apex and the base. 

473. The intersection of a plane with a solid is called a 
section. 

474. The right section of a prism is the section made by a 
plane perpendicular to the lateral edges of the prism. 

A section that cuts the lateral edges is called a cross section. A 
section that cuts the bases is called a longitudinal section. 
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Proposition I. 

47ft. Theoren : Partiflel croaa setHotis of a p^riatn 
are equal. 

Statement : h^iM BCD£F-e 
be any prism. If I 4 and 7 fO 
are parallel cross sections, they 
are equal polygons, 

SemonBtration : The corre- 
sponding sides of the sections, 
as 1 2 and 7 S, are parallel, being 
intersections of two parallel 
planeswithathirdplane. {Book 
viii., Prop, x.. Cor. ii.) The 
lines/ 7, 2 8, 39. etc., are paral- 
lel, because they are parts of 
the lateral edges. The figures 
7 27 8. 2398, 34 10 9, etc., are, thus, parallelograms. 

The corresponding sides of the cross sections are, then, 
equal ; as, 1 2 to 7 8, 2 3 to 8 9, etc. (Book in.. Prop, i.) 

The lines / 2 and 7 Shaving been proved parallel, as, also, 
2 3 and S 9. the angle 1 2 3\s equal to the angle 7 8 9. (Book 
VIII., Prop, x , Cor. hi.) In similar manner, the other 
corresponding angles may be proved equal ; as, 3 to 9. etc. 

Conoliudou : A?, A J is any prism, and as 1 4 and 7 10, etc. 



Corollary L A section parallel to the base equals the base. 
Corollary II. Opposite faces of parailelopjpeds are equal 
and parallel parallelograms. 
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Proposition II. 

476. Theorem : Parallel cross sections of a pyramid 
are sitnilar polygons, 

i 



Statement : Let A B C D E F and G H I J K L be parallel sec- 
tions of the pyramid 1-2 3 4 5 6 7. They are similar polygons. 

Demonstration : The corresponding sides, as ^ ^ and G H, are 
parallel. (Book viii., Prop, x., Cor. ii.) The correspond- 
ing angles, 2iS A B C and G H I, are, therefore, equal. (Book 
VIII., Prop, x., Cor. hi.) 

The sides of the triangles 1 A B and 1 G H are parallel, and 
the triangles are, then, similar (Book vii., Prop, iv.) ; hence, 

AB : GH : : IB: 1 H ; similarly, B C : H I : : 1 B : 1 H ; and, 
therefore, A B : G H : : B C : H I. (Book v., Prop, xi.) 

In similar manner, the other sides are proved proportional. 

Conclusion : 1-2 3 4 5 6 7 being any pyramid, etc. 

Corollary I. Sections parallel to the base are similar to the 
base. 
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■ITT. Theorem : The areas of par€Ulel croea section* 
of n pyramid are proportional to Uie aqutfrea of (Aeir 
distances from the apex of the pyramid. 



Statement: Let ,(-flC Off G beany pyramid. \ii234B6 
and 7 89 10 11 12 are any parallel cross sections, and A H and 
A h are their perpendicular distances from the apex, the areas 
of 1 4 and 7 10 are proportional to A H' and A h' ; that Is, 

t 4: 7 tO: : AiP : AH". 

Demonstration : If ;< # is perpendicular to f 4. it is also per- 
perdicular to 7 10. (Book viii., Prop, viii.) 

The cross sections being similar polygons (Prop, ii.), 
they are proportional to the squares of their corresponding 
sides (Book vii., Prop, xxi.) ; thus, 
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14: 7 10: : 12*: 7 8\ (A)' 

As A7 8 and A 1 2 are similar triangles (Book viii., Prop. 
X., Cor. II., and Book vii., Prop, iv.), 12: 7 8::A2:A8; 

but, A2 : A8 : : AH : Ah (BoOK viii., Prop, xi.) ; 

therefore, 1 2 : 7 8 : : AH : Ah (Book v.. Prop, xi.) ; 

and, 1 2\7 8* : : A H\ A h\ (B) (Book v., Prop, xix.) 

A couplet in each of the two proportions being the same, 

1 4:7 10: : Aie : Ah^ (BoOK v., Prop. XI.) ; 

that is, the area of the cross section is proportional to the 
square of its distance from the apex. 

Conclusion : A-B C D E FG being any pyramid, etc. 



Corollary I. If a cross section is parallel to the base, its area 
is to the area of the base, as the square of its distance from 
the apex is to the square of the altitude of the pyramid. 

Corollary IX If two or more pyramids have equal altitudes 
and equivalent bases, their cross sections, parallel to the 
bases, at equal distances from the apices, are equivalent. 



MISCELLANEOUS EXERCISES. 

47§. I. If the four diagonals of a quadrangular prism pass 
through a common point, the prism is a parallelopiped. 

2. Every section of a prism by a plane parallel to any 
lateral edge is a parallelogram. 

3. Any straight line drawn through the center of a parallel- 
opiped, terminating in a pair of opposite faces, is bisected at 
that point. 
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4. The diagonals of a right rectangular parallelepiped are 
equal. 

5. The lateral edges of a parallelepiped are all parallel. 

6. In any parallelepiped, the four edges meeting any face 
are parallel to one another. 

7. The diagonals of a parallelepiped bisect each other. 

8. The square of any diagonal of a right rectangular par- 
allelepiped is equal to the sum of the squares of the three 
edges meeting at any vertex. 

9. Any lateral edge of a right prism is equal to the alti- 
tude. 

10. The sum of the squares of the four diagonals of a 
parallelepiped equals the sum of the squares of all the 
edges. 

11. The lateral faces of right prisms are rectangles. 

12. The lateral faces of a regular prism are rectangles. 

13. What is the length of any diagonal of a right rectan- 
gular parallelepiped whose edges are 3, 4, and 5 ? 

14. Any straight line drawn through the center, and ter- 
minating in opposite faces of a parallelepiped is bisected at 
the center. 

15. If a pyramid is intersected by a plane parallel to the 
base, the lateral edges and altitude are cut proportionally. 

16. Find the lateral edge of a regular triangular pyrajnid, 
each side of the base being 4, and the altitude, 3. 

17. Find the locus of the points equally distant frerti the 
edges of a trihedral angle. 

18. A line parallel to two intersecting planes is parallel to 
their intersection. 

19. The plane angle formed by two perpendiculars from 
any point in a dihedral angle is the supplement of the dihe- 
dral angle. 
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SECTION II.— SURFACES. 



DEFINITIONS. 

JTO. A fnutnin of a pyramid is a part of a pyramid ii 
eluded between the base and a plane parallel to the base ; i 
AB, in the diagram. 

4S«. The base of tlie pyramid and the face parallel t 
it are called the bases of the frustum. 



4SI, The slant Iieight of a regular pyramid is the perpen- 
dicular distance between the apex and any one of the edges 
at the base of the pyramid. 

483, The slant height of a frnstum of a regnlar pyramid is 

the perpendicular distance between the parallel edges of any 
lateral face. 
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Proposition IV. 

483. Theorem : The lateral surface of any prism is 
equal to the perimeter of any right section muttiplied 
by any one of the lateral edges. 



Statement : Let t-8 be any pnsm, and let JIBCD£ be any 
right cross section. The lateral surface of the prism equals 
the broken line ABCD£ multiplied by any lateral edge ; as / ff. 

Demonitration : By definition, the lateral faces are all paral- 
lelograms. All of the lateral edges are, then, parallel (Book 
vTii., Prop, x., Cor. iv.) ; and they are equal, (Book viii.. 
Prop, x.) 

As the lateral edges are perpendicular to a right section, 
they are perpendicular to AS, BC, CO. Of. and E», which are 
lines in this plane passing through their feet. 

The hnesilfl, B C. etc., may represent the altitudes of the 
parallelograms of which the lateral edges are the bases. The 
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area of any lateral face is, then, equal to a lateral edge multi- 
plied by its intersection with the right section and the area 
of all the lateral faces, that is, the area of the lateral surface 
is equal to the lateral edge multiplied by the sum of these 
intersections, that is, by the perimeter of the right section. 
(Book vi.. Prop, xiv.) 

Conclnsion : 1-8 being any prism, and ABODE being, etc. 



Corollary I. The lateral surface of a right prism is equal to 
the product of the perimeter of its base by a lateral edge. 

Corollary IL The entire surface equals the lateral surface 
together with the area of the bases. 



Exercises, i. Find the lateral area of a regular triangular 
prism whose altitude is lo, each side of the base being 6. 

2. Find the entire surface of the solid in the preceding 
exercise. 

3. What is the lateral surface of a regular square prism 
whose altitude is 12, each side of the base being 6 ? 

4. Find the entire surface of the solid in the preceding 
exercise. 

5. Find the lateral surface of a regular hexagonal prism 
whose altitude is 10, each side of the base being 5. 

6. What is the entire surface of the solid in the preceding 
exercise ? 

7. The corresponding edges of two regular square prisms 

are as 4 : 5. If the surface of the former is 40 square inches, 

what is the surface of the latter ? 
22 
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Proposition V. 

4§4. Theorem: Tlu- lateral surface of a regular 
pi/rainid l« vqiiitl to tlie jteHmeter of its base miMlplied 
by htilf of the ulant keigM. 



Statement: Let A~BCD E FO be a regular pyramid, and 

let AH b^ its slant height. The lateral surface is equal to 
BCD E FG multiplied by one-half of AH. 

ConBtmction : Draw AO, the altitude of the regular pyra- 
mid, and draw from lines, as OB, OC, etc., to the vertices 
of the base. 

VemonBtration ; By the definitions of a regular pyramid and 
of a regular polygon, A OB. A C. etc., are right-angled 
triangles, with two sides and the included angles equal. 
The lateral edges AS. AC, etc., are, then, equal to one another. 
(Book ii.. Prop, i ) The lateral faces, having three sides of 
the one equal to the three sides of the other, each to each. 
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are equal in all their parts. (Book ii., Prop. hi. ) The straight 
lines drawn from A, the apex, perpendicular to the bases of 
the lateral faces, that is, the slant heights, as A H, are all 
equal. (Book ii., Prop, v.) 

The area of any one of the lateral faces is equal to the 
product of its base by one-half of the slant height. (Book 
VI., Prop, ix.) The area of the lateral surface, or the sum 
of the lateral faces, is equal to the sum of all of the bases of 
the lateral faces, or the perimeter of the base of the pyramid, 
multiplied by half of the slant height. (Axiom ii.) 

Conclusion . A-B C D E FG being any regular pyramid, etc. 



Corollary I. The lateral surface of any pyramid may be 
found by adding together the areas of the lateral faces. 

Corollary II. The entire surface of a pyramid is equal to 
the lateral faces together with the base. 



Exercises, i. Find the lateral surface of a regular triangular 
pyramid whose altitude is lo, each side of the base being 6. 

2. Find the entire surface of the solid in preceding exercise. 

3. What is the lateral surface of a regular square pyramid 
whose altitude is 12, each side of the base being 6 ? 

4. Find the entire surface of the solid in the preceding 
exercise. 

5. What is the lateral surface of a regular hexagonal pyr- 
amid whose altitude is 10, each side of the base being 5 ? 

6. Find the entire surface of the solid in preceding exercise. 

7. The corresponding edges of two regular square pyra- 
mids are as 4 : 5. The lateral surface of the former is 50 
square inches. What is the lateral surface of the latter ? 
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Proposition VI. 

4S9. Tbeorem : The lateral turface of the frustum 
of a regular pyramid i» equal to the product of the 
sum of the perimeters of the bases by heitf of the slant 
height. 



Statement : Let A' D be the frustum of a regular pyramid. 
The lateral surface is equal to the sum of the perimeters, 
MBCDEF a.nA K B' C 0' £' F'. multiplied by half of H H', the 
slant height. 

Coastmotioii ; Complete the regular pyramid. 

DemomtratioiL : As H' B' C D' t F' is a section parallel to the 
base, it is a regular polygon (Prop, ii.), and 0~K B' C' 0' £" F' 
is, then, a regular pyramid. 

As in Prop, v., the lateral faces of each of the two pyra- 
mids in the diagram are equal to one another. 

Subtracting the faces of the small pyramid from the corce* 
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Spending faces of the large pyramid, there remain the trape- 
zoids >1' ^, i?' C, C Z7, etc., equal in all their parts. (Axiom 
IV.) The slant height of the small pyramid, subtracted 
from that of the large pyramid, gives the slant height of the 
frustum. 

The area of any lateral face of the frustum is equal to the 
sum of its parallel sides by one-half of the slant height ; that 
is, one-half of the perpendicular distance between the parallel 
sides. (Book vi., Prop, xv.) The area of all of the lateral 
faces, that is, the lateral surfaces of the frustum, is equal to 
the sum of all the parallel sides, or the perimeters of the two 
bases, multiplied by one-half of the slant height. (Axiom ii.) 



ises, muitipuea oy one-nan oi tne siant neignt. ^a: 
Condusioii : A' D being any frustum of any regular. 



etc. 



Gorollaxy I. The lateral surface of any frustum of any 
pyramid may be found by adding together the sum of the 
areas of the lateral faces. 

Corollary II. The entire surface of any frustum may be 
found by adding to the lateral surface the areas of the bases. 



4§6. Exercises, i. Prove that the lateral surface of a pyr- 
amid is greater than its base. 

2. The corresponding edges of two similar tetrahedrons 
are as 3 : 4. What is the ratio of the surfaces ? 

3. Find the lateral surface of a frustum of a regular hex- 
agonal pyramid, the sides of the bases being 4 and 5, and the 
altitude, 6. 

4. What is the entire surface of a triangular pyramid each 
of whose edges is 5 ? 
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SECTION III.— EQUIVALENT SOLIDS. 

487. Solids are tquivaleni when they are equal in volume. 
They are equal, when they are equal in all their parts. 

Proposition VII. 

Thettrem : // the three faces forming any trihedral 
angle of one prism are equal, each to each, to the 
three facea forming any trihedral angle of another 
prSstH,nnd are aitnilarlg placed, the priatns are equal. 



Statement: Let ah and A' H' he two prisms, having the 
three faces BF, B H. and B D forming the trihedral angle B, 
equal, respectively, to three faces, B' F', B' H', and B' 0', form- 
ing the trihedral angle B' : and, let the equal faces be 
similarly placed. The prisms A H and A' H' are equal in all 
their parts. 

Semonatration : Suppose that the prism A' H' be applied to 
the prism AH. ^ that the equal bases, B D and B' 0', shall 
coincide. 
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The corresponding plane angles at B and B' being equal, by 
hypothesis, as they are the corresponding parts of equal faces, 
the trihedral angles B and B' coincide, and the lateral edge 
B' G' must take the same direction as the lateral edge B Q. 
(Book viii.. Prop, xiv.. Cor.) 

All the other corresponding lateral edges must coincide in 
direction, for their lower extremities coincide, and they are 
parallel to the lines B' G' and B G, which have already been 
proved to coincide in direction. (Book i.. Prop, xix.. Cor.) 

The upper extremities of the corresponding lateral edges 
must coincide, for the lateral edges are all equal (Book 
VIII., Prop, x.), being equal to B G and B' G', which are equal. 

The vertices of the upper bases thus coinciding, the sides 
of these bases must coincide, as between any two points only 
one straight line can be drawn. The prisms have thus been 
proved to coincide, throughout, and they are, then, equal. 

Conclusion : A H and A' H' being any two prisms, etc. 

Corollary I. A plane passed through the diagonally oppo- 
site edges of a parallelepiped divides the parallelopiped into 
equal triangular prisms. 

Corollary II Truncated prisms are equal, if they have 
three faces of any trihedral angle of one similarly placed and 
equal, each to each, to three faces of a trihedral angle of the 
other. 

A truncated prism is a part of a prism included between a base and 
a section not parallel to the base. 

Corollary III. An oblique prism is equivalent to a right 
prism with the same lateral edge, and a base which is a right 
section of the oblique prism. 

Equal subtractions of two equal truncated prisms. 
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Proposition VIII. 

4SS. Theorem ; Oblique paraUetopipedn are equiva~ 
lent to right rectangular paralleloptpeds with equiv- 
alent basea and the same altitude. 



3 



Statement : Let AG be any oblique parallelopipe^d. It will 
be equivalent to a right rectangular parallelepiped with equiv- 
alent base and the same altitude. 

CODBtmotion : Produce AB, C K. SF. and US, and construct 
between them H 0', an oblique parallelo piped with equal rec- 
tangular base, the lines H G and ff' G' being equal.- Produce 
£" A', f B', H' C, and G' K'. and construct between them a right 
rectangular parallelepiped, A" G". with an equivalent rec- 
tangular base, K", the lines H'C' and H" C" being equal. 

Demonstratiim : The three parallelepipeds have, by con- 
struction, equivalent bases, and the same altitude. 
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The solids A H' and B G', truncated prisms, may be proved 
to be equal by proving that the faces about the trihedral 
angles A and A' are equal. (Prop, vii., Cor. ii.) The face 
A C' is equal to the face B K', as all the sides and angles are 
equal, each to each. The side A C, of the one, equals the side 
B K, of the other, as they are opposite sides of the parallelo- 
gram AK ; A' C', of the one, equals B' K', of the other, as they 
are opposite sides of A' K' ; A A', of the one, equals B B', of the 
other, as each equals the line B A', together with A B or A' B', 
these latter lines being equal, by construction. In the same 
way, CC\ of the one, is shown to be equal to KK', of the 
other ; and the corresponding angles are all equal, because 
they are included between parallel lines. The face A C' is, 
then, equal in all its parts to the face B K'. In the same way, 
the face A £' may be shown to be equal to the face B F' ; while 
the face A H is, equal to the face B G, being opposite faces 
of the parallelopiped A G. 

The three faces about the trihedral angle A, of the trun- 
cated prism A H\ have thus been proved equal, each to each, 
to the three faces about the trihedral angle B, of the truncated 
prism B G'. A H' and B G' are, then, equal. (Prop, vii.. Cor. 
II.) Subtracting the common part B H' from A H' and B G', 
there remain the equivalent parallelopipeds A G and A' G'. 
(Axiom iv.) The two parallelopipeds A G and A' G' have thus 
been proved to be equivalent. 

In similar manner, the two parallelopipeds A' G' and A" G" 
may be proved to be equivalent. 

The parallelopipeds A G and A" G" being each equivalent to 
the parallelopiped A' G\ they are equivalent to each other. 

Conclnsion : The parallelopiped A G being any oblique 
parallelopiped, etc. 



34^ BOOK IX.— SOLIDS WITH PLANE SURFACES. 

Corollary I. Parallelopipeds having equivalent bases and 
the same altitude are equivalent. 

Corollary IL Triangular prisms with equivalent bases and 
the same altitude arc equivalent. (Prop. vii„ Cor.) 

Corollary m. Prisms having equivalent bases and the 
same altitude are equivalent. 

Corollary IV. Any prism is equivalent to a right prism with 
a cross section for its base and a lateral edge for its altitude. 



Proposition IX. 

4S9. Theorem : I'l/ramUls with equivalent baseti 
and the same altitude are equivalent. 



Btatement: Let o-JBC and //-f f G be any two triangulai 
pyramids, with equivalent bases, B C and CFG. and the same 

altitude. Prove the pyramids equivalent. 
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Gonstrnction : Conceiving the common altitude to be 
divided into any number of equal parts, through the points 
of division pass planes parallel to the bases. On ABC, and 
the cross sections in D-A B C, construct prisms, with lateral 
edges equal and parallel to A /C. Inside of H-EFG, on the 
cross sections as upper bases, construct prisms, with lateral 
edges equal and parallel to £ L 

Demonstration : The corresponding cross sections are 
equivalent (Prop, hi., Cor.) Each prism in H-^FG is, 
then, equivalent to the next higher prism in D-A B C. (Prop. 
VIII., Cor. III.) The difference between the two sets of 
prisms is the prism K-A B C. 

As the one set of prisms is greater than D-A B C, and the 
other, less than H-E FG, the difference between the pyramids 
is less than the difference between the sets of prisms. The 
difference between the pyramids is, then, less than K-A B C. 

By indefinitely decreasing the altitude of the prisms, or 
increasing the number of sections and prisms, the difference 
between the pyramids may become less than any assignable 
quantity ; the volumes of the sets of prisms finally becoming 
the volumes of the pyramids, without difference. The vol- 
umes of the pyramids are, then, equivalent. 

Conclnsion : A-B C D and H-EFG being any, etc. 



Exercises, i. Find the edges and the lateral surface of the 
frustum of a regular square pyramid, the sides of the bases 
being lo and 5, and the altitude being 8. 

2. What is the entire surface of a triangular pyramid, each 
edge being 10 ? 

3. Find the altitude of the solid in the preceding exercise. 
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SECTION IV.— PROPORTIONAL SOLIDS. 

Proposition X. 

490. Theorem : Parallelopipeds with equivalent 
bases are proportional to tfieir altitudes. 




j<t— - 



i 



p 
c 



H 



- M 




Statement : Let the parallelepipeds P and B have equiva- 
lent bases, C and D, and let 4 and H be their respective alti- 
tudes. Prove that P and B are proportional to k and H, 

I. Commensurable altitudes. 

Demonstration : Suppose the altitudes A and H contain their 
common measure, ^, respectively nine and seven times ; then, 

Through the points of division of the altitude, pass planes 
parallel to the bases. As the cross sections thus made are 
equal and parallel to their bases (Prop, i.), they divide P into 
nine and B into seven equal parallelepipeds. (Prop, viii.. 
Cor. I.) As P contains nine of the equal parallelepipeds, and 
B, seven, it follows, that, 

P : B : : 9 : 7 ; and, therefore 

(Book v.. Prop, xi.), P : B : : A : H. Q, E. D. 
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II. Incommensurable altitudes. 




=; H 




Demonstration : If it is not true that, 

P : B : : A : H, 
imagine that, P : B : : A : K, (A) 

in which K is any altitude greater than H. 

Divide A into equal parts, each of which is less than A K. 
At least one point of division, as K', will fall between A and K. 
Through K' pass a plane parallel to the base of P. The cross 
section thus made being equal and parallel to C, a parallele- 
piped, B\ is formed. 

As the altitudes of P and B' are commensurable, 

P : B' : : A : K\ (B) 

Comparing the two proportions, (A) and (B), 

B : B' : : K : K\ (BoOK v.. Prop, xii.) 

As B is greater than B\ the whole being greater than any 
of its parts, K must be greater than K\ On the contrary, by 
construction, it is less. 

The supposition that leads to a false conclusion must be 
abandoned. It cannot be supposed that the fourth term of 
the desired proportion is greater than H. In similar manner, 
it may be proved that it is not less than H, The fourth term 
must, then, be H ; that is, 

P : B : : A : H. 



Conclusion : P and B being any parallelepipeds, etc. 
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Corollary I. Triangular prisms with equivalent bases are 
proportional to their altitudes. 



Corollary n. Prii 
o their altitudes. 



Ftth equivalent bases are proportional 



Proposition XI 



191. Tbooreui : I'aratlelopipeds with equal atH- 
tudea are proportitmal to their baeea. 



t^' 1 


*■ A "'-If 


\ '\:c e 



statement: Let P and B be any two parallelepipeds with 
equal altitudes. They are then proportional to their bases. 

Constmotioti : Adjoining P, and between its edges pro- 
duced, construct the parallelepiped B'. having its base K' 
equivalent to K. Draw H H' perpendicular to the planes it 
intersects. 

Demonstratioii : B', having the same altitude as />, has also 
the same altitude as B ; and having, by construction, its base, 
JC', equivalent to K. it must be equivalent to B. {Prop, vm.) 

P and B' may be considered to be parallelopipeds with a com- 
mon base a. and altitudes, H and ff',- and, therefore, 



P : B' : 



H: H' 



(Prop, x.) , 
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but, C : K' : : L : L' . (BooK VI., Prop, xi.) 

As H H' and L L' are straight lines included between par- 
allel planes, // ; H' : : L : L' (Book viii., Prop, xi.) ; 

and, therefore, P : B' : : C : K'. (Book v.. Prop, xi.) 

By construction, however, B' is equivalent to B, and K' to K. 
By substitution, then, the last proportion becomes, 

P : B : : C : K (AxiOM I.) ; 

that is, the parallelopipeds are proportional to their bases. 

Conclusion : P and B being any parallelopipeds, etc. 



Corollary I. Triangular prisms with equal altitudes are 
proportional to their bases. 

Corollary IL Any prisms with equal altitudes are propor- 
tional to their bases. 



Exercises, i. Find the length of the diagonal of a right 
rectangular parallelopiped whose edges are 5, lo, and 15. 

2. What is the ratio of the volumes of two parallelopipeds 
with an altitude of 10, and bases, respectively, 5x6 and 

5x7? 

3. What is the ratio of the volumes of two parallelopipeds 

whose bases are 5x5, and whose altitudes are, respectively, 
7 and 12 ? 

4 Find the lateral surface of a right rectangular parallelo- 
piped whose edges are 10, 20, and 30, the latter being the 
altitude. 

5. Find the entire surface of a right rectangular parallelo- 
piped whose edges are 8, 10, and 12. 
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Proposition XII. 

4ftd. Theorem ; I'araUelopipetIs are proportional 
to tihe produi^e of their three Uimensions. 




Statement: Let P and B be any two parallelopipeds, B, A. 
and H and B", A', and fi' being their dimensions. Prove that, 
P: B: : A X B >: H: A' X B' X H'. 

Constrnction : Produce the lateral edges of B so as to make 

a parallelopiped, B'. of equal altitude with P. 

Demonstration: PandB' have the same attitude (Prop, xi.) , 
therefore, P : B' : : A x B : A' x B'. (Boqk vui.. Prop, xiv.) 

Having the same base, B' : B : : H : H' {Prop, x.), in which 
H is the altitude of B' or of P; then (Book v., Prop, xiv ), 
P: B: : A K 8 K H: A' K 8' yH'. Q. E. D. 

Conolnuon : P and 8 being any two parallelopipeds, etc. 



Corollary I. Triangular prisms are proportional to the 
products of their three dimensions. 



Corollary IL Prisms are proportional to the products of 
their bases and altitudes. 
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Proposition XIII. 

493, Theorem : The volume of a paraUelopiped is 
equal to the product of its three dintenwions. 




Statement : Let P be any parallelepiped ; A x B, its base ; 
and H, its altitude. Prove that P ~ H x B x H. 

CoDstnictioa : Construct a cube, C. each of whose edges or 
dimensions is equal to the linear unit. 

Demonstration : P: C : ; A x B x H: f x I x f { Prop, xii., 
Cor. II.) ; and, C being the solid unit (Book v.. Prop, i.), 
1 X P — I X A X B X U; or, P = 4 x B y. H. 
Conclnaion: P being any parallelopiped, it follows, etc. 



Corollary I. The volume of a prism is equal to the product 
of its base and altitude. 
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Corollary II. If prisms have equivalent bases, they are pro- 
portional to their altitudes ; if their altitudes are equal, they 
are proportional to their bases. 

Corollary HI, The volumes of similar prisms are propor- 
tional to the cubes of corresponding lines. 



Proposition XIV. 



494. Theorem : Tlie vidume of a triangtUar pyra~ 
mill is eqtiaZ to one-third of the prodiict of Us base 
and altitude. 




Statement : Let A-B C H bt any triangular pyramid. Its 
volume is equal to one-third of the product of its three 
dimensions. 

Constmction : Through C and H, draw C £ and H F, equal 
and parallel to A B. Join A and E ; also, 4. and F, and £ and F. 
Draw £ H. 
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Demonstration : The corresponding sides of the triangles 
A E F and B C H join the extremities of lines that are equal and 
parallel : they are themselves, therefore, equal and parallel. 
(Book hi.. Prop, hi.) The figure A E F-b C H is, then, a 
triangular prism. 

In the triangular prism thus constructed there are three 
pyramids : A-^ C H, H-A E F, and A-E C H. These pyramids 
may be proved to be equivalent ; thus, A-B C H and H-A E F 
are equivalent, as their altitudes are the same, being the 
altitude of the prism ; and their bases are equal, being the 
bases of the prism. (Prop, ix.) The pyramid H-A E Fmay 
be called the pyramid A-E H F, This pyramid is equivalent 
to the pyramid >I-£C^, as their altitudes are the same, being 
the perpendicular distance from A to FC; and their bases, 
HEF and E H' C, are equal, being (Book in.. Prop, xvi.) 
halves of the parallelogram FC. (Prop, ix,) The three 
pyramids have thus been proved to be equivalent to one 
another ; and any one of them, one-third of the prism. 

The prism is equal to the product of its base and altitude. 
(Prop, xiii.. Cor. i.) The pyramid A-B C H is, then, equal 
to one-third of the product of its base and altitude. 

Goncltudon : A-B C H being any triangular pyramid, etc. 



Corollary I. The volume of any pyramid is equal to one- 
third of the product of its base and altitude. 

Corollary II. The volumes of similar pyramids are propor- 
tional to the cubes of corresponding lines. 



Exercise. The distance between the centers of two circles 
is 12, the radii being 4 and 5. Find the common tangent. 
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Proposition XV. 

49S. Tbeorem: The rolnme of any fruatum of a 
triangular pyramUl in equal to the volume of three 
pyramittH haviuff for their altitude the altitude of the 
frustum, ami for their bases, the bases of the fruatum 
and a mean proportional between the two bases of the 
frustum. 



Statement: Let ABC-EHF be any frustum of any tri- 
angular pyramid. The volume of the frustum equals the 
volume of three pyramids whose altitude is the altitude of 
the frustum, and whose bases are the bases of the frustum 
and a mean proportional between them. 

ConstrDction : Draw B H, B F, and AF, thus dividing the 
frustum into three pyramids, B-H C F. F~A B C. and B-AHF. 

Demonstration : The pyramid / has for its base the lower 
base of the frustum, and for its altitude, the altitude of the 
frustum. The pyramid 2 has for its base the upper base of 
the frustum, and for its altitude, the altitude of the frustum. 
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Comparing pyramid / with pyramid 5, they may be con- 
sidered as having the same apex, F, with their bases in the 
same plane, A E. Having, then, the same altitude, 

1 : 3 : : H E B : H AB (Prop. XIV., CoR. II.) ; 

but H E B and H A B are triangles with equal altitudes, the dis- 
tance between A B and HE. Then (Book vi.. Prop, vi.), 

H EB: HAB: : HE: AB; and (BooK v.. Prop, xi.), 

1 : 3 : : H E : A B. 

In similar manner, it may be proved that 

3 : 2: : H F: AC^ 

ABC, being a cross section of the pyramid parallel to the 
base, is similar to the base (Prop, ii., Cor. i.) ; 
and, therefore, H E : AB : : H F : AC. 

1 : 3 : : 3 : 2 (BooK v.. Prop, xi.) ; 



and, 3 = ^/l x 2. (Book v., Prop, i.) 

Supposing the base of / to be 6 and of 2 to be 6', the alti- 
tudes being a, by substitution, this becomes, 



a/1 a 6 X la 6' (Prop, xiv.); 



or, 3 = Vl a' b b' or 1 a Vb b'. 

The third pyramid is, then, equal to one-third of the alti- 
tude of the frustum multiplied by a mean proportional 
between the bases of the frustum. 

Conclusion : A B C-H E F being any frustum, etc. 



Corollary I, The frustum of any pyramid is equal to the 
volume of three pyramids having for their altitude, etc. 
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MISCELLANEOUS EXERCISES. 

496. I. The volume of a triangular prism is equal to the 
product of one of its lateral faces by half the distance of this 
face from the opposite edge. 

2. Find the edge of a cubical vessel that will hold one ton 
of water. 

I cu. ft. of water weighs i,ooo oz. 

3. If mercury is fourteen times as heavy as water, what 
is the edge of a cube that will hold two tons of mercury ? 

4. How many square feet of tin will be required to cover 
the entire inside of a box, 4 ft. 3 in., by 5 ft. 2 in., by 6 ft. 
6 in.? 

5. What would be the cost of plastering a regular hex- 
agonal cistern 12 ft. deep, each side of the base being 3 ft. 
long, at 10 cents per sq. ft? 

6. A pyramid 20 ft. high has 100 sq. ft. in its base ; where 
must a cross section parallel to the base be placed to contain 

55 sq. ft.? 

7. If a pyramid is 15 ft. high, and its base contains 150 sq. 
in., what will be the area of a cross section parallel to the 
base at a distance of 5 ft. 5 in. from the base ? 

8. Find the volume of a regular pentagonal prism whose 
altitude is 12 ft., each side of the base being 10 ft. Of a 
similar solid, each side of base being 20 ft. 

9. If, from a point 6 in. from the center of a circle whose 
radius is 3 in., two tangents are drawn, what is the length 
of the chord joining the points of contact ? 

10. What are the parts of a line 15 in. long, divided into 
extreme and mean ratios ? 
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CONSTRUCTIONS. 

497. I. Five, and only five regular convex polyhedrons 
can be constructed ; viz., tetrahedron, hexahedron, octahe- 
dron, dodecahedron, and icosahedron. 

1. Every convex polyhedral angle has at least 

three faces, and the sum of the plane an- 
gles is less than four right angles. These 
conditions are fulfilled by the following, 
and by no other figures : 

2. Three, four, or five equilateral triangles, 

making the tetrahedron, octahedron, and 
icosahedron ; 

3. Three squares, making the hexahedron ; 

4. Three pentagons, making the dodecahedron. 

2. With a given line, construct the five regular polyhedrons. 




Icosahedron. 






Construct, first, the equilateral base ; in /, 3, 
5f erect a perpendicular from the center, 
and make the inclined lines equal to the 
given line. 3, 4, and 5 are parts of solids. 



3. With cardboard, construct the five regular polyhedrons. 
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4 5 

After folding, paste light paper over edges joined. 
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SYNOPSIS. 

SECTION I.— SECTIONS. 

408. I. Definitions. 

2. Propositions. 

Ppop. I. The right cross section of a cylinder is a circle ; the longi. 
tudinal section is a parallelogram. 

Prop. II. The right cross section of a cone is a circle ; the longitu- 
dinal section is a triangle. 

Prop. III. A section passing through the center of a sphere is a great 
circle ; any other section of a sphere is a small circle. 

3. Miscellaneous Exercises. 

SECTION II.— SURFACES. 

409. I. Definitions. 

2. Propositions. 

Prop. IV. The lateral surface of a cylinder is equal to^the product 
of the circumference of a right section and the axis, or any 
element. 

Prop. V. The lateral surface of a right cone is equal to half the 
product of the circumference of the base and the slant height. 

Prop. VI. The surface of a sphere is equal to four great circles. 

3. Miscellaneous Exercises. 
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SECTION III.— VOLUMES. 

500. I. Definitions. 
2. Propositions 

Prop. VII. The volume of a cylinder is equal to the product of its 

base and altitude. 
Prop. VIII. The volume of a right cone is eqiial to one-third of the 

product of its base and altitude. 
Prop. IX. The volume of a sphere is equal to the surface of the 

sphere multiplied by one- third of the radius. 



SECTION IV.— POLARITY AND SYMMETRY. 

501. I. Definitions. 

2. Propositions. 

Prop. X. If the vertices of one spherical triangle are poles of the 
opposite sides of another triangle, the vertices of the second tri- 
angle are poles of the opposite sides of the first. 

Prop. XI. The sum of the angles of a spherical triangle is greater 
than two, and less than six right angles. 

Prop. XI T. Symmetrical spherical triangles are equivalent. 

3. Miscellaneous Exercises. 



SECTION v.— SPHERICAL TRIANGLES. 
5<M2. I. Definitions. 

» 

2. Propositions. 

Prop. XIII. Spherical triangles on the same or on equal spheres are 

equal, when they have their parts, taken in the same order, equal, 

each to each. 
Prop. XIV. Many propositions are equally true with spherical and 

plane triangles. 
Prop. XV, The area of a spherical triangle is equal to its spherical 

excess multiplied by a tri-rectangular triangle. 

3. Miscellaneous Exercises. 
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SECTION I.— SECTIONS. 







DEFINITIONS. 

503. The cylinder, the cone, and the sphere are the three 
round bodies y or solids with curved surfaces. 

504. A spherical surfsice is a surface that may be generated 
by the motion of the semi-circumference of a circle around 
its diameter as an axis. 

505. A diameter of a sphere is any straight line passing 
through the center and terminating in both directions in the 
surface of the sphere. 

506. A sphere is a solid bounded by a surface, all points 
of which are equally distant from a point which is the center. 

507. A cylindrical surface is a surface that may be gener- 
ated by the motion of any straight line around a second 
straight line to which it continues parallel. 

The line that, by its motion, may generate the surface is, in any 
given position, an element of the surface. 

508. A cylinder is a solid bounded by a cylindrical surface, 
and two parallel planes cutting all the elements. The two 

'ane surfaces are called the bases. 
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509. A circular cylinder is a cylinder whose bases are 
circles. 

510. The axis of a cylinder is the straight line that joins 
the centers of the bases and is parallel to all the elements. 

511. A right cylinder is a cylinder whose axis is perpen- 
dicular to the bases. 

512. An obKqne cylinder is a cylinder whose axis is oblique 
to the bases. 

513. A conical surfisice is a surface that may be generated 
by the motion of any straight line around another straight 
line which it meets or intersects. 

The line that, by its motion, may generate the surface of the cone is, 
in any given position, an element. 

514. A cone is a solid bounded by a conical surface, and 
a plane cutting all the elements. 

515. The point in which all the elements meet is the 
vertex, or apex. 

516. A circular cone is a cone whose base is a circle. 

517. The axis of the cone is the straight line that joins 
the vertex with the center of the base. 

518. A right cone is a cone whose axis is perpendicular to 
the base of the cone. 

519. An oblique cone is a cone whose axis is oblique to 
the base of the cone. 

5^80. The cone of revolution is a right cone with circular 
base ; it may be generated by the revolution of a right- 
angled triangle about one of its sides as an axis. 

5121. The cylinder of revolution is a right cylinder with 
circular base ; it may be generated by the revolution of a 
rectangle about one of its sides as an axis. 
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393. A right ctom section of a cylinder or of a cone is a 
section made by a plane perpendicular to the axis. 

5i8. A loagitadinal section of a cylinder or of a cone is the 
section made by a plane passing through any element. 

Onl]' one element can be drawn Ihroiigh a given poini in the surface 
of a cylinder (Post, in,), or of a cone. (Post. 1.) 



Proposition I, 



S!I4, Theorem : Any longitudinal section of any 
cylinder Is a p<irallelogram. Any section of a circu- 
lar cylinder, parallel to the base, is a circle. 




L Statement : Let 4 be any cylinder ; 5 6, any element ; 
ind 3 6. any section passed through 3 B. 



Constmotlon ; In 3 6, draw a 



e from 4 parallel t 



3 5. 



Demonstration: The line drawn from 4 is an element 
(Post, hi,) ; and, being in the plane 3 8. it is 4 6. the in- 
tersection of Jfiwith the cylindrical surface. 4 6 and 3 5 
being, then, parallel, they are equal (Book vni,. Prop, x) ; 
and 3 6 is, therefore, a parallelogram. (Book hi., Prop, iil ) 



SECTION /.—SECTIONS. 3^5 

n. statement : Let AD ht any circular cylinder ; and 
/ 2, any section parallel to >l ^ and C D. Prove 12 a, circle. 

Constraction : Draw the axis £ 6. Through the axis pass 
the plane 3 6, intersecting the surface oiAD\i\35 and 4 6. 

Demonstration : The longitudinal sections 3 6, 3 8, and 7 6 
have been proved to be parallelograms. £ and G being cen- 
ters of circles, the line £ G, as a diameter, divides each of 
these parallelograms into two equal parallelograms. (Book 
III., Prop, xviii.) The lines F7 and F8 are, then, equal to 
the equal radii, £ 3 and £4, or 6 5 and 6 6 ; and these lines 
are all equal. (Axiom i.) As 7 5 may be any line in / 2, 
and it is bisected at F, / 2 is a circle, by definition. 

Conclnflion : A D being any cylinder fulfilling the given con- 
ditions, it follows, in general, etc. 



Corollary I. The longitudinal section of a right cylinder 
is a rectangle. 

Corollary H. The bases of any cylinder are equal. (Su- 
perposition.) 

Corollary IIL The bases of any circular cylinder are equal 
circles. 

Corollary IV. A section parallel to the base of a cylinder 
is equal to the base. 

Corollary V. Parallel sections of any cylinder cutting all 
the elements are equal. 
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Proposition II. 

999. Tfaeorem : Tlie longitudinal itectitm of any 
cone is a triangle; any aet^ion of a circular cone, 
parallel to the base, is a circle. 



I Statement : Let AS c be any cone ; A 3. any element ; 
and A3 4, the section of a plane passed through A 3. 

Constmotion : Join 4 4 by a straight line. 

Demonstration: A 3 is a. straight line, by hypothesis ; and 
3 4, because it is the intersection of two planes. (Book viii., 
Prop, vi.) A 4, being a straight line, is an element (Post. 
1.) ; it, therefore, lies in the surface, and it is the intersection 
of the plane A3 4 with the conical surface. The figure A 3 4, 
having three straight sides, is a plane triangle. 

IL Statement: htt ABC be any circular cone; and 1 2, a- 
section parallel to the base. 
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Construction : Draw the axis A K E, and through it pass the 
planes, A E 3 and A E 4, intersecting / 2 in any Hnes, 5 K and 
6K. 

Demonstration : AK 5, A K 6, A E 3, and A E 4 are triangles. 
AT 5 is parallel to E 3 ; and fC 6, to E 4. (Book viii. , Prop, x.. 
Cor. II.) Then (Book vii., Prop, vi.), 

5K:3E::AK:AE, 

and, 6 K : 4 E : : A K : AE ; 

therefore, 5 K : 3 E : : 6 K : 4 E. (Book v., Prop, xi.) 

As 6 ^ equals 4 E, 5 K equals 3 E. Any two lines drawn to 
the circumference from K being equal, / 2 is a circle. 

Conclusion : As A-B C is any cone fulfilling the given con- 
ditions, it follows, in general, that, etc. 



Corollary I. The axis of a circular cone passes through 
the centers of all sections parallel to the base. 

Corollary II. Sections parallel to the base are proportional 
to the square of the distance from the apex. 

Corollary III, Right cross sections are proportional to the 
square of the distance from the apex. 

Corollary IV. In cones with equal bases and altitudes, 
sections parallel to the bases and at equal distances from the 
apices, or from the bases, are equal. 

Corollary V. In cones with equal bases and altitudes, right 
cross sections at equal distances from the apices, or from the 
bases, are equal. 
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Proposition III. 

5a6. Theorem ; A section pas»tng through the cen- 
ter of a sphere Ui a great circle ; any other section 
of a sphere i» a smatt dreie. 



Statement : Let the sphere whose center is C be any 
sphere, and let A Bbe any section passing through the center ; 
and f G. any section of the sphere not passing through its 
center. f is to be proved a great circle, or a circle having 
for its radius the radius of the sphere ; and F B.a small circle, 
or a circle with a radius less than the radius of the sphere, 

Conitrnction : DrawCO, C f, C f, andc 2in figure /. Draw 
CC perpendicular to the plane of the section FO, in figure Z; 
and then draw C F, C G. etc. 

Bemoiutratioii : I. In figure I. all the points, as D, 1, f, 2, 
etc., in the perimeter of the section are points in the surface 
of the sphere. These points, by the definition of a sphere, 
are all equally distant from the center C. As, however, C and 
the points 0, 1, £, 2, etc., are all, by construction, in the same 
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plane, the section must be a circle. It has for its radius the 
radius of the sphere, and it is, therefore, a great circle. 

II. In figure 2, the triangles C C F,C C' G, etc., are all right- 
angled at C\ by construction. The hypotenuses C F, C G, 
etc., are all equal, being radii of the sphere. The lines C F, 
C G, etc., are, then, all equal. (Book ii.. Prop, hi.) As all 
the points in the perimeter of the section have, thus, been 
proved equally distant from the point C' in the plane of the 
section, the section must be a circle. C' G, the radius of the 
section, is less than C G, the radius of the sphere. (Book iv.. 
Prop, vi.) The section of the sphere not passing through 
the center having a radius less than the radius of the sphere, 
the section is called a small circle. 

Conclusion : As the sphere whose center is, etc. 



Corollary I. All sections of spheres are circles. 

Corollary II. All great circles are equal. 

Corollary III. All great circles bisect the sphere and its 
surface. 

Corollary IV. All great circles bisect each other. 

Corollary V. The poles of a section of a sphere are equally 
distant from every point of its circumference. 

Corollary VL The polar distances of all the points in the 
circumference of a section of a sphere from either pole are 
equal. 

Corollary VIL Sections at equal distances from the centers 
of the same or of equal spheres are equal. 

Corollary VIII. Sections are proportional to the products 
of the segments of the diameter drawn perpendicular to them. 
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Corollary IX. A plane perpendicular to a radius at its 
outer extremity is tangent to the sphere. 

Corollary X. A plane tangent to a sphere is perpendicular 
to the radius drawn to the point of contact. 



MISCELLANEOUS EXERCISES. 

527. I. Prove that the sum of the squares of three chords 
at right angles to one another from any point in the surface 
of the sphere is equal to the square of the diameter. 

2. The rectangles of secants and their respective external 
segments are equal, if the secants are from the same point. 

3. The rectangle of a secant by its external segment is 
equal to the square of the tangent from the same point. 

4. The rectangles of the segments of chords intersecting 
at the same point are equal. 

5. Find the locus of the centers of spherical sections made 
by planes ihat contain a given straight line. 

6. Find the locus of the centers of spherical sections which 
pass through a given point. 

7. Construct a sphere of given radius, which shall pass 
through two given points and be tangent to a given plane. 

8. Construct a sphere of given radius, the surface passing 
through three given points. 

9. Construct a sphere of given radius, and tangent to three 
given planes. 

10. What is the area of a section, 5 inches from the cen- 
ter of a sphere, the radius of the sphere being 7 inches ? 

11. How much larger than the section in the last exer- 
cise is one 4 inches from the center. 
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DEFINITIONS. 



528. The altitude of a cylinder is the perpendicular dis- 
tance between its bases ; as //, in figure /. 

529. The altitude of a right cylinder is equal to the axis 
or to any one of the elements of the cylinder. 

530. The altitude of a cone is the perpendicular distance 
between its apex and its base ; as A, in figure 2. 

531. The altitude of a right cone is equal to the axis ; as 
A, in figure 3. 

532. The slant height of a right cone is any one of its 
elements ; as H, in figure 3. 

533. The firnstam of a cone is a portion of a cone included 
between the base and any section parallel to the base ; as 
the figure 4. 

534. The altitude of the frustum of a cone is the perpen- 
dicular distance between the bases ; as A, in figure 4. 

535. The slant height of the frustum of a right cone is 

the part of any element between the bases ; as //, in figure 4, 
24 
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536. A prism is inscribed in a cylinder, when the bases of 
the prism are inscribed in the bases of the cylinder and the 
lateral edges of the prism are elements in the lateral surface 
of the cylinder. 

The diagram on the opposite page illustrates an inscribed prism. 

53T. A prism is circumscribed about a cylinder, when the 
bases of the prism are circumscribed about the bases of the 
cylinder and the lateral edges of the prism are elements in 
the lateral surface of the cylinder. 

538. A pyramid is inscribed in a cone, when the apices 
coincide, the base of the pyramid is inscribed in the base of 
the cone, and the lateral edges of the pyramid are elements 
in the lateral surface of the cone. 

539. A pyramid is circumscribed about a cone, when the 
apices coincide, the base of the pyramid is circumscribed 
about the base of the cone, and the lateral edges of the 
pyramid are elements in the surface of the cone. 

540. A frustum of a pyramid is inscribed or circumscribed 
about a frustum of a cone, when the bases of the frustum of 
the pyramid are inscribed or circumscribed about the bases 
of the frustum of' the cone and the lateral edges of the frus- 
tum of the pyramid are elements in the lateral surface of the 
frustum of the cone. 

541. A zone is a portion of the surface of a sphere In- 
cluded between two parallel planes. 

54!2. The projection of one line upon another is the part 
of the second line included between perpendiculars let fall 
upon it from the extremities of the first line. 

What is the projection of a figure upon a plane ? 
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Proposition IV, 



343. Theorem; The lateral surface of a cylinder 
is equal to the product of the circumference of a right 
gection and the axis, or any element. 

Statement : Let A BCIC he any 

circular cylinder. Let 3 4 he the 
circumference of any right cross 
section, and let I 2 be the axis. 
The lateral surface is to be 
proved equal to the product of 
3 4 and f 2. 

Constrnctioii : In the cylinder, 
inscribe a regular prism. 

Demonstration ; The lateral surface of the prism is equal 
to the perimeter of a right section multiplied by any one of 
the lateral edges. (Book ix., Prop, iv.) If the number of 
faces of the regular prism be increased indefinitely, the bases 
of the prism become the bases of the cylinder ; the cross sec- 
tion of the prism, the cross section of the cylinder ; the lat- 
eral surface of the prism, the lateral surface of the cylinder ; 
the edges become elements ; and, in its entirety, the prism 
becomes the cylinder. The lateral surface of the cylinder 
is, then, equal to the circumference of a right section, as 
3 4, multiplied by any element, or by the axis, as the elements 
and the axis are all equal and parallel straight lines. 

Condiuion ; As it jT is any cylinder, etc. 
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Corollary I. The lateral surface of a right cylinder is 
equal to the product of the circumference of the base by the 
axis, or by any element. 

Corollary II. The entire surface of a cylinder is equal to 
the lateral surface and the areas of the two bases. 



Proposition V. 

544. Tlieorem : • Tlie lateral surface of a right 
circular cone is equal to hfUf of the product of the 
circumference of the base anil the slant height* 

A 




Statement : Let A-B C be any right cone, and let B C be the 
circumference of the base ; and A B, the slant height. The 
lateral surface is equal to half of the product of the circum- 
ference of the base and the slant height. 

Constraction : In the cone, inscribe a regular pyramid. 

Demonstration: The lateral surface of the regular in- 
scribed pyramid is equal to half of the product of the cir- 
cumference of its base and its slant height. (Book ix., 
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Prop, v.) If the number of faces of the regular inscribed 
pyramid be increased to infinity, the base of the pyramid 
becomes the base of the cone, the lateral surface of the 
pyramid becomes the lateral surface of the cone, the slant 
height of the pyramid becomes the slant height of the cone, 
and, in its entirety, the pyramid becomes the cone. The 
theorem, then, applies to the confe as well as to the pyramid, 
and the lateral surface of the cone is equal to half of the 
product of the circumference of the base and the slant 
height. 

Conclusion : A-B C being any right cone, it follows, in gen- 
eral, that : The lateral surface of a right cone is equal to 
half of the product of the circumference of the base and the 
slant height. 

Gorollaxy I. The entire surface of a right circular cone is 
equal to the lateral surface and the area of the base. 

Corollary II. The lateral surface of the frustum of a right 
circular cone is equal to half of the sum of the circum- 
ferences of the two bases multiplied by the slant height. 

Corollary III. The entire surface of the frustum of a cone 
is equal to the lateral surface and the sum of the two bases. 

Corollary IV. If one line be revolved about another line in 
the same plane, without changing the distance or inclination 
to each other in the plane, the surface generated by it is 
equal to the product of the revolving line and the circum- 
ference described by its middle point. The surface gener- 
ated is the surface of the frustum of a cone, and the cir- 
cumference described is equal to half of the sum of the 
circumferences of the bases. 
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Proposition VI. 

545. Theorem : The surface of a sphere is equal to 
four great circles* 




Statement: The surface of a sphere is equal to four circles, 
each having for its radius the radius of the sphere. 

Constmctioii : Construct a semi- circumference AC F, and in 
it inscribe a regular semi-polygon, ABCDEF. Draw OG 
perpendicular to B C ; BJ and C K perpendicular to AF; and 
B I perpendicular to C K. 

Demonstration : If the figure AC F\s revolved about 4 F as 
an axis, the semicircle will generate a sphere ; and the regular 
semi-polygon, a regular inscribed polyhedron. 

The surface generated by any part of the perimeter of the 
regular semi-polygon, as B C, is equal to the product oi B C 
and the circumference described by its middle point, G ; that 
is, the circumference H G. (Prop, v., Cor. iv.) 

Since the triangles CBI and GOH have their sides re- 
spectively perpendicular to one another, they are similar 
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(Book vii., Prop, v.) ; and, therefore, 

C B:{B I or) J K :: GO : GH : : Circ. G : Circ. GH; 

then, C B X Circumference G H =1 J K x Circumference G 0, 
(Book v., Prop, i.) 

The surface generated, then, by any part of the regular 
semi-perimeter is equal to the product of the projection of 
that part on the axis and the circumference of the inscribed 
circle. 

The surface generated by the entire semi-perimeter is, by 
the addition of its parts, equal to the product of the entire 
axis by the circumference of the inscribed circle. This 
proposition is true, whatever be the number of sides in the 
regular semi-perimeter. 

If the number of sides of the regular semi-perimeter is 
increased to infinity, the semi-perimeter becomes the semi- 
circumference, the inscribed circle becomes a great circle, 
and the solid generated is a sphere, the axis being one of 
its diameters. The theorem, then, applies to the sphere ; 
and its surface is equal to the product of the axis, or diam- 
eter, and the circumference of a great circle. 

The diameter equals 2 R, and the circumference of the great 
circle equals 2 tt R. The product is, then, 4 n R^. As n R'^ is 
the area of a great circle, the surface of the sphere equals 
four great circles. 

Conclusion : The semi-circumference, A B C D E F, etc. 



Corollary I. The area of a zone is equal to the product of 
its projection upon its axis and the circumference of a great 
circle. 
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Corollary IL The surface of a sphere is equal to the lateral 
surface of the circumscribed cylinder. 

Corollary ni. The surface of a sphere is to the surface of 
the circumscribing cylinder as 2 is to 3. 



MISCELLANEOUS EXERCISES. 

546. I. If two straight lines are tangent to a sphere at the 
same point, the plane determined by them is tangent to the 
sphere. 

2. Prove that the surface of a sphere is equal to the lateral 
surface of its circumscribed cylinder. 

3. The locus of points, the sum of the squares of the dis- 
tances of which from two fixed points are constant, is a sphere. 

4. Construct a sphere of given radius which shall pass 
through a given point and be tangent to two given spheres. 

5. Construct a cylinder, the altitude being given, and the 
convex surface being equivalent in area to the two bases. 

6. Find the locus of all the points which are at a given 
distance from the surface of a given cylinder of revolution. 

7. Find the locus of all the points, the distances of 
each one of which from two given spheres of equal radii 
are equal. 

8. Find the locus of all the points at a given distance from 
a given straight line. 

9. Find the lateral surface, and the entire surface, of a 
cylinder of revolution whose altitude is 10, the radius of the 
base being 6. 

10. Find the lateral surface, and the entire surface, of a 
frustum of a cone of revolution, the radii of the bases being 
5 and 10 and the altitude being 4. 
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DEFINITIONS. 

947. Similar cylinders and cones are those whose axes are 
equally inclined to the bases and whose axes are proportion- 
ate to the diameters of the base ; thus, A and B are similar 
cylinders, and and D are similar cones. 




548. A spherical segment is a portion of a sphere included 
between parallel planes ; thus, in the right-hand figure 
above, 4, B. and C are spherical segments. 

549. A spherical sector is a volume that may be generated 
by the revolution of the sector of a circle' about a straight 
line in its plane as an axis ; thus, in the left-hand figure, A 
and B are spherical sectors. 
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MO. A polyhedron is said to be inscribed in a sphere 
when the vertices of all of its solid angles are in the surface 
of the sphere. 

931. A polyhedron is said to be circumscribed about a 
sphere when all of its faces are tangent to the sphere. 



Proposition VII. 

553. Tbeorem : The volume of a cylinder is eq-iuU 
to the product of Us base and altitude. 



Statement : Let ABC Khc any cylinder ; B K. its base ; and H. 

its altitude. The volume of A B C It is equa.i to the product 
of Br and H. 

Constmcttoii : Inscribe a regular prism in the cylinder. 

Demonitratioii : The volume of the prism is equal to the 
product of its base and altitude. (Book ix., Prop, xiii,) 
This theorem is trlie, whatever be the number of sides of the 
prism. If the number of sides of the regular inscribed prism 
be increased to infinity, the bases of the prism become the 
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bases of the cylinder, the lateral surface of the prism the 

lateral surface of the cylinder, and, in its entirety, the 

prism becomes the cylinder, the altitudes remaining the 
same. The theorem, then, applies to the cylinder as well as 

to the prism, and the volume of the cylinder is equal to the 
product of its base and altitude. 

Conclusion \ AB C K being any cylinder, etc. 



Corollary I. The volume of a right cylinder is equal to the 
product of its base and axis, or, of its base and any element. 

Corollary II. Cylinders are to each other as the products 
of their bases and altitudes. 

Corollary III. If cylinders have equal bases, they are pro- 
portionate to their altitudes ; if they have equal altitudes, 
they are proportionate to. their bases. 

Corollary IV. Similar cylinders are proportionate to the 
cubes of any homologous lines. 



Exercises, i. Find the entire surface of a right circular 
cylinder whose altitude is 10 inches, the radius of the base 
being 5 inches. 

2. Find the entire surface of a right circular cone whose 
altitude is 10 inches, the radius of the base being 5 inches. 

3. What is the entire surface of the frustum of a right 
circular cone whose altitude is 10 inches, the radii of the 
bases being 5 inches and 6 inches ? 

4. What is the volume of a cylinder whose altitude is 12 
feet, the radius of the base being 3 feet 4 inches ? 
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Proposition VIII. 

M3. Theorem : The volutne of a right circular etyne 
is equal to one-third of the product of ita base and 
altitude. 



Statement : Let A-B C be any right cone ,- 8 C, its base ; and 
H, its altitude. The volume of A-B C is equal to one-third of 
the product of SC and H. 

Coubmotiott : Insciibe a regular pyramid in the cone. 

Demonstratioii : The volume of the pyramid is equal to 
one-third of the product of its base and altitude, whatever be 
the number of its faces. If the number of the faces of the 
inscribed pyramid be increased to infinity, the pyramid, in 
its entirety, becomes the cone. The theorem, then, applies 
to the cone as well as to the pyramid, and the volume of the 
right cone is equal to one third of the product of the base 
and altitude. 

Concludon : A-B C being any right circular cone, etc. 
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Corollary I. Right cones are to each other as the products 
of their bases and altitudes. 

Corollary II. If cones have equal bases, they are propor- 
tionate to their altitudes ; if they have equal altitudes, they 
are proportionate to their bases. 

Corollary III. Similar cones are proportionate to the cubes 
of any homologous lines. 



554. Exercises, i. Find the volume of a right circular 
cone, the radius being 5 ft. 5 in., and the slant height, 6 ft. 

2. What is the volume of a circular cylinder 14 ft. long, 
the radius of the base being 2 ft.? 

3. How high is a circular cylinder that holds 50 gallons, 
the radius of the base being i ft. 8 in.? 

A gallon contains 231 cu. in. 

4. How many bushels of coal will the frustum of a right 
square pyramid hold, the edges of the bases being 30 ft. and 
20 ft., and the slant height, 12 ft.? 

A bushel contains 2,150.42 cu. in. 

5. The frustum of a right circular cone, the diameters of 
the bases being 10 ft. and 12 ft., and the altitude, 4 ft., will 
hold how many pounds of wheat ? 

A bushel equals 60 lb. 

6. How many tons of coal will a pocket of the form and 
dimensions given in the preceding exercise hold ? 

Assume 35 or 40 cu, ft. to the ton, according to the size. 

7. How many cubic yards are there in a tunnel one mile 
long, the cross section being a semicircle with radius, 8 ft. ? 
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Proposition IX. 

553, Theorem ; The volume of a sphere ia equal to 
the surface of the sphere tnultiplieU by one-third of the 
radius. 



; The volume of a sphere is equal to its surface, 
four great circles, multiplied by one-third of its radius. 

Constraction : About the sphere circumscribe a cube, and 
draw straight lines from the center of the sphere to the 
polyhedral angles of the cube. 

Demonstration : The volume of any pyramid is equal to 

one-third of the product of its base and altitude. By con- 
struction, the bases of the pyramids in the figure are all 
tangent planes, and the altitudes of the pyramids thus 
constructed are, therefore, the same ; viz., the radius of the 
sphere. (Prop, hi.. Cor.) The sum of the volumes of the 
pyramids is, then, equal to the surface of the circumscribed 
solid multiplied by one-third of the radius. (Book ix., Prop. 
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XIV.) This will be true, whatever be the number of tangent 
planes in the surface of the circumscribing polyhedron. The 
number of faces or tangent planes of the circumscribing 
polyhedron may be increased by passing tangent planes 
through the intersections of the surface of the sphere with 
the radii drawn to the vertices of the polyhedral angles. 

If this process is continued without limit, the circum- 
scribing polyhedron will become the sphere and the surface 
of the polyhedron will become the surface of the sphere. 
The volume of the sphere is, then, equal to its surface, or 
the aggregate of the bases of the pyramids multiplied by 
one-third of the radius of the sphere, or the common altitude 
of the pyramids. (Book ix., Prop, v.) 

Conclusion : As the sphere whose center is C, etc. 



Corollary I. The volume of a sphere equals | n /?', or 

Corollary II. The volumes of spheres are proportionate to 
the cubes of their radii, or to the cubes of their diameters. 

Corollary III. The volume of the sphere is to the volume 
of the circumscribing cylinder as 2 is to 3. 

Corollary IV. The volume of a spherical sector is equal to 
the zone that forms its base, multiplied by one-third of the 
radius of the sphere. 

Corollary V. The volume of a spherical segment is equal to 
the corresponding spherical sector and the sum or difference 
of the corresponding cones, according as the segment does 
or does not include the center of the sphere. 
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5<^6. Exercises, i. Find the surface of a sphere whose 
diameter is 4 feet. 

2. Find the volume of a sphere the diameter being 4. 

3. What is the area of a zone of the earth's surface, the 
radius being 4,000 miles and the projection on the axis 
being 1 ,000 miles ? 

4. If two boxes are similar, and one, with dimensions 2 ft., 

4 ft., and 5 ft., holds one-fourth as much as the second, what 
are the dimensions of the second ? 

5. The volumes of two similar cones are 27 cu. ft. and 
1,000 cu. ft. The height of the first is 12 ft; what is the 
height of the second ? 

6. The circumference of a bowl in the form of a hemi- 
sphere is 30 in. What is the area of the surface? 

7. At what distance may mountains 5 miles high be seen, 
if the earth is an exact sphere whose radius is 4,000 miles, 
and making no allowance for refraction of the atmosphere ? 

8. What is the ratio of the surface to the volume of a 
sphere whose diameter is 10 ft,? 

9. Find the number of square inches of tin in a funnel, the 
altitude being 5 in., and the diameters of the bases 10 in. 
and 6 in. 

10. The edge of a cube is 10 in., what is the volume of 
the inscribed sphere ? 

11. What is the surface of the inscribed sphere in the last 
exercise ? 

12. If a sphere has a diameter of 20 in., what is the 
surface of a polar zone, the projection on its axis being 

5 in.? 

13. If each edge of a cube is 24 in., what is the volume 
of a polar segment of the inscribed sphere, the projection on 
the axis being 8 in. ? 



SECTION IV.— POLARITY AND SYMMETRY. 3^7 



SECTION IV.-POLARITY AND SYMMETRY. 




DEFINITIONS. 

557. The diameter of a sphere, perpendicular to the plane 
of any circle, great or small, is the axis of that circle, or of 
any arc of the circle ; thus, ^B \^ the axis of the small 
circle D F; and, also, of the great circle G K. 

55§. The extremities of the axis of any arc or circle are 
the poles of the arc or circle ; thus, A and B are the poles of 
the ci cles D F and G K ; and, of all their arcs. 

Parallel circles or arcs have the same axes and poles. 

559. A spherical angle is an angle on the surface of a 
sphere formed by the intersection of the arcs of two great 
circles ; thus, P 4 £ is a spherical angle, and A is its vertex. 

Is OF A a spherical angle? GHF? DFH? GHB? Point to 
other spherical angles. Construct several spherical angles. 
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560. The measure of a spherical angle is the included 
arc of its great polar circle ; thus, G H is the measure of 
A, or of B. 

This is proved by methods entirely similar to those employed with 
other commensurable and incommensurable quantities. 

The spherical angle and the dihedral angle formed by the planes of 
its two great circles are, then, evidently equal. 

561. The plane angle formed by the intersection of the two 
great circles with any one of the polar circles may be taken 
as the measure of the dihedral angle, or of the spherical 
angle, as its sides are perpendicular to the axis, which is the 
edge of the dihedral angle. The plane angle formed by the 
tangents to the great circles at the vertex may also be taken 
as the measure of the dihedral angle, or of the spherical 
angle (Book viii., Def.) ; thus, any one of the angles 1 A3, 
DOE, GCH, may be taken as the measure of the dihedral 
angle formed by the planes of the two great circles, or of the 
spherical angle, DAE. 

The included arcs of the small polar circles may, in 
different problems, be taken as measures of the equal plane 
angles, but the included arcs of great polar circles are the 
only arcs that serve as measures for spherical angles. 

562. A spherical polygon is a portion of the surface of a 
sphere bounded by the intersecting arcs of great circles, 

I each arc beingr less than a semi-circumference. 



I 



The arcs of small circles do not serve as sides of spherical polygons. 

563. A spherical triangle is a spherical polygon with three 
sides. 

Spherical triangles are classified in the same manner as plane trian- 
gles ; thus, an isosceles spherical triangle is a spherical triangle 
with two of its sides equal. 
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564. Equal spherical triangles or polygons, on the same 
or equal spheres, are triangles or polygons whose sides and 
angles, taken in the same order, are equal, each to each ; 
thus, / and 7 are equal spherical triangles. 





565. Triangles and polygons having sides and angles, 
taken in the reverse order, equal, each to each, are said to 
be gymmetrical triangles and polygons. 

See KB C and D E F, page 394. 

566. Polar triangles are triangles the vertices of one of 
which are poles of the opposite sides of the other ; thus, the 
triangles in the right-hand figure are polar triangles, the 
vertex / being the pole of A ; 2, of B ; 3, of C. 

Each pole is at the distance of a quadrant from the arc of which it is 
the pole. 

567. Polar distance between points, or points and lines, is 
the distance between them measured on the arc of a great 
circle. 

56§, Every arc of the circumference of a great circle is 
the measure of a plane angle at the center of the sphere ; 
thus, G H is the measure of G C H, in the figure on page 387. 
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Proposition X. 

560. Theorem : If the vertices of one spherical tri- 
angle are poles of the opposite sides of another 
triangle, the vertices of the second triangle are poles 
of the opposite sides of the first triangle. 

Statement : Let the vertices of the spherical triangle 12 3 
be poles of the respectively op- 
posite sides of the triangle A B D. 
The vertices of the triangle A B D 
are then the poles of the re- 
spectively opposite sides of the 
triangle 12 3. 

Gonstrnotion : Let straight lines 
be drawn from C, the center of 
the sphere, to / and 2, and to 
any point of A B, as X. Pass the arc of a great circle from / 
to X. 

Demonstration : As >1 fi is the side of a spherical triangle, it 
is the arc of a great circle, and its plane must pass through 
the center of the sphere. The radius C X must, then, be in 
the plane of A B. The point / being the pole of A B, the 
radius / C is, by definition, perpendicular to the plane of A B. 
If / C is perpendicular to the plane of A B, it is perpendicular 
to C X, which passes through its foot. The lines / C and 
C X are, then, two radii at right angles, and the arc / ^^ is a 
quadrant. (Book vi.. Prop, i., Cor. hi.) As X is any point, 
/ is at a quadrant's distance from every point of A B. 

In similar manner, 2 is a quadrant distant from every 




SECTION IV.— POLARITY AND SYMMETRY. 39' 

point of A D, and 5 is a quadrant distant from every point 
oi DB. 

It has, thus, been shown that / and 2 are each at a quad- 
rant's distance from A. The angles AC 1 and AC 2 must, 
then, be right angles, and 4 C is perpendicular to C 1 and C 2. 
It is, then, also perpendicular to their plane ; that is, the 
plane of 1 2. The point A being, then, the extremity of the 
diameter perpendicular to the plane of / 2, it is, by defini- 
tion, the pole of / 2. (Book viii., Prop, iv.) 

In similar manner, as it has been shown that / and 3 are 
each a quadrant distant from B, it may be proved that B 
is the pole of 13; and, as it has been shown that 2 and 3 are 
each a quadrant distant from D, it may be proved that D is 
the pole of A B. A, B, and D are, then, the poles of the respect- 
ively opposite sides of the other triangle. 

Conclnsioii : As / 2 3 is any spherical triangle, etc. 



Corollary I. The pole of a circle, great or small, is equally 
distant from all the points in the circumference of the circle. 

Corollary II. The poles of equal circles, on the same or on 
equal spheres, are equally distant from the circumferences of 
these circles. 

Corollary III. The pole of the side of a spherical polygon 
is at a quadrant's distance from every point in the side. 

Corollary IV. If a point is at a quadrant's distance from 
each of two points of the arc of a great circle, it is the 
pole of that circle. 



392 BOOK X,^SOLIDS WITH CURVED SURFACES. 



Proposition XI. 

570. Theorem : The sum of the angles of a spherictU 
triangle is greater than two, and less than six right 
angles. 



Statement: Let AB Cht any spherical triangle. The sum 
of its angles is less than six, and greater than two right 
angles. 

Conrtmctioii : Construct the polar triangle 12 3. Pro- 
duce the sides of ABC \.o 4, 6, 6, 7, 8, and 9, points in the 
pblar triangle. 

Bemonstration : Any one of the angles of a spherical tri- 
angle is measured by the supplement of the opposite side of 
the polar triangle ; thus, A is measured by the supplement of 
/ 2. This may be proved by showing that 4 5, the included 
arc of the great polar circle of A, and, therefore, the meas- 
ure of A, is the supplement of / 2. The arc / 5 is a quadrant, 
as / is the pole of A C. (Prop, x., Cor. ii.) The arc 2 4 is a 
quadrant, as 2 is the pole of A B. The arcs / 5 and 2 4, then. 
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are together equal to a semi-circumference. If from their 
sum / 2 be subtracted, 4 5 will remain ; that is, 4 5 is the sup- 
plement of / 2. The arc 4 5, then, which is the measure of 
A, has been proved to be the supplement of / 2, the opposite 
side of the polar triangle. 

Each angle of the spherical triangle is, then, measured by 
a semi-circumference, less the opposite side of the polar tri- 
angle. The three angles of the spherical triangle must, then, 
be measured by three semi-circumferences, less the sum of 
the sides of the polar triangle. 

As the semi-circumference is the measure of two right 
angles, each angle of the spherical triangle is less than two 
right angles, and the three angles together are less than six 
right angles. 

The sides of the polar triangle are measures of corre- 
sponding plane angles at the center of the sphere. As these 
three plane angles are less than four right angles (Book viii., 
Prop, xv.), their measures, the sides of the polar triangle, are 
together less than the circumference. 

As the arcs to be subtracted from three semi-circumference^ 
are less than a circumference, the remainder must be greater 
than a semi-circumference. That is, the measure of the 
angles of the spherical triangle must be greater than a semi- 
circumference. The sum of the angles is, then, greater than 
two right angles ; and it has been proved to be less than six 
right angles. 

Gonclnsion : As A B C is any spherical triangle, etc. 



Corollary I. An angle of a spherical triangle is equal to 
the supplement of the opposite side of the polar triangle. 
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CoroUar; H. The sides of a spherical polygon are together 
less than the circumference of a great circle. 

CoroUary m The sum of any two of the sides of a spheri- 
cal triangle is greater than the third side. 



Proposition XII. 



971. Theorem: SymmetricfU apherieal triangles 
are equivalent, 

Statement : Let ABC and 
D£F bt any two symmetrical 
triangles, having MB^DK 
JIC = BE. and BC = £F; that 
is, the sides equal, each toeach, 
taken in the reverse order. 
Prove the triangles equiva- 
lent. 

Conrtrnotion : Find P, the 
pole of the small circle passing through A. B, and C; and 
draw PA.PB, and P C. arcs of great circles. In similar man- 
ner, having found Q. the pole of the small circle passing 
through D. £. and F. draw 0. QE. and F. arcs of great circles. 

Semonstratioii : The small circle that may be passed 
through A, B. and C is equal to that which may be passed 
through 0. £. and F. for, the sides of the given triangles being 
arcs that are equal, each to each, the corresponding chords 
are equal. The plane triangles formed by these chords are, 
therefore, equal. (Book u.. Prop, hi.) The plane triangles 
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may, then, be made to coincide, and the small circles will coin- 
cide ; and they are, therefore, equal. 

The small circles being equal, their polar distances are 
equal (Prop, x., Cor. ii.) ; that is, the arcs P A, P B,P C,Q D, 
Q £, and Q F are equal. 

The triangles P AC and QD E are, then, isosceles triangles, 
and they have the three sides of the one equal to the 
three sides of the other, each to each. The same is true of 
the triangles P AB and Q D F; and, also, oi P B C and Q F E. 

The corresponding isosceles triangles may be proved equal, 
by superposition, with respect to the corresponding trihedral 
angles at the center of the sphere. As the sides ol P AC and 
QBE are respectively equal, the corresponding plane angles 
at the center are equal. The corresponding trihedral angles 
are, therefore, equal. (Book viii.. Prop, xiv.) The tri- 
hedral angles may, then, be made to coincide, and, therefore, 
the included spherical surfaces, that is, the corresponding 
isosceles spherical triangles, must coincide ; otherwise, points 
in the surface of the sphere would be unequally distant from 
the center. 

P A C coincides, then, with QBE, and is equal to it. In 
similar manner, P >1 iff may be proved equal to QBF; and 
PBC, to QFE. 

By equal addition and subtraction (Axioms hi. and iv.), 

PAB-{-PBC — PAC — QBF-{- QFE — QBE. 

The first member is equal to A B C, and the second, to B E F; 
then, ABC and B E F are equivalent. (Axiom i.) 

Conclusion \ A B C and B E F being any symmetrical, etc. 



Corollary I. Symmetrical spherical pyramids are equivalent. 
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Scholium. If the poles are within the triangles, the tri- 
angles are then equal to the sums of their three respect- 
ively equal isosceles triangles. 



MISCELLANEOUS EXERCISES. 

573. I. The smallest circle whose plane passes through a 
given point within a sphere is that one whose plane is per- 
pendicular to the radius through the given point. 

2. Two spherical triangles are equal in surface, if their 
polar triangles have equal perimeters. 

3. The radius of a spherical section is one-half the radius 
of the sphere, if the polar distance of its circumference is 
one -third of a quadrant. 

4. Find the volume of the crust of the earth, 20 miles 
thick, assuming the earth to be a sphere with a radius of 
4,000 miles. 

5. What is the volume of the earth's atmosphere, if it 
extends 50 miles from the surface ? 

6. If the radius of a sphere is 12 ft., what is the volume of 
a spherical wedge whose angle is 45° ? 

7. The three planes passing through the edges of a tri- 
hedral angle perpendicular to the opposite faces intersect in 
the same line. 

8. The altitude of a regular tetrahedron equals the sum 
of the four perpendiculars from any point within to the four 
faces. 

9. Find the section of a cube by a plane making a regular 
hexagon. 

10. The volume of a right circular cylinder equals the lat- 
eral area multiplied by one-half of the radius. 



SECTION v.— SPHERICAL TRIANGLES, 



39? 



SECTION v.— SPHERICAL TRIANGLES. 





DEFINITIONS. 

573. A spherical triangle may have one, two, or even 
three right angles, or, obtuse angles. 

574. A spherical triangle having a right angle is said to be 
rectangular, sls G H D; it is birectangular, if it has two right 
angles, as D£F; and trirectangular, if it has three right 
angles, as, A B C, or AC D, in figure /. 

575. The spherical excess of a spherical triangle is the 
excess of the sum of its angles over two right angles. 

576. The trirectangular triangle is the unit of spherical 
surface. Four units make a hemisphere ; and eight, a sphere. 

577. A lune is the spherical surface included between two 
semi-circumferences of great circles ; sls^ A B C D, in figure 2. 

57S. A spherical wedge is the portion of a sphere bounded 
by a lune as base, and the planes of its sides ; as, B D E. 

579. A spherical pyramid is that which is included between 
a spherical polygon and the planes of its sides ; as, £-FH G, 
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Proposition XIII. 

580. Theorem : Spiterical triangles on the same or 
on equtU spheres are equal, w/ien tfiey have their parts, 
taken in the satne order, equal, each to each, as fol' 
lows; either, 

I. Two sides and the included angle ; III. Three sides ; 
II. Two angles and the included side ; IV. Three angles ; or, 
V. In right-angled triangles, the hypotenuse and one side 
or angle. 





Statement : Let ABC and /? £ F be any two spherical tri- 
angles, fulfilling the conditions in any one of the preceding 
cases. 

Construction : Draw the radii to the vertices of the triangle. 

Demonstration: I., II., III., IV., and V. are all proved by 
reference, in each case, to the corresponding plane and tri- 
hedral angles formed at the center by the radii. (Book viii.) 

I., II., III., and V. may, also, be proved as the same prop- 
ositions, with plane triangles, are proved in Book ii. 

Conclusion : hsABC and D E F are any spherical, etc. 
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Corollary I. Spherical triangles on the same or on equal 
spheres are equivalent, when they are symmetrical. 



Proposition XIV. 



5§1. Theorem Many propositimis are equally 
true tvith sjthericeU and jdane triangles ; thus, 

I. In an isosceles triangle, the angles opposite the equal 
sides are equal. 

II. If two angles of a triangle are equal, the sides opposite 
are equal. 

III. If a triangle is equilateral, it is also equiangular. 

IV. If a triangle is equiangular, it is also equilateral. 

V. The greater side of any triangle has the greater angle 
opposite. 

VI. The greater angle of any triangle has the greater side 
opposite. 



Scholium. The demonstrations are identical in method 
with the demonstrations of the same propositions with plane 
triangles, in Book ii. 



Exercises, i. Find the volume of a sphere, the diameter 
being 12. 

2. What is the volume of a sphere whose radius is 7 ? 

3. Two spheres have radii, 5 and 6. If the first has a 
vplume equal to 28 cu. in., what is the volume of the 
second ? 
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Proposition XV. 

5Sil» Theorem : The area, of a spherictU triangle 
is equfU to its spherical excess tntUtiplied by a tri" 
rectangular triangle. 




-^JD 



Statement : Let / be any spherical triangle. Its area is 
equal to its spherical excess multiplied by the tri rectangular 
triangle of the sphere. 

Constrnctioii : Complete one of the great circles of which 
the sides of the triangles are arcs; thus, complete BCCF. 
Produce the other sides to meet the great circle ^C£F. 
Beyond the great circle, produce the sides of the angle >l. so 
as to complete its lune. 

Demonstration : The angle A is the vertical angle of two 
triangles, B AC and F AE; B is the angle of the lune BAE C ; 
and C, of the lune C A FB. 

The triangles £?>! Cand F A E are, however, equal to the lune 
whose angle is A ; that is, to A BDC, as the triangle FAE may 
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be proved equal to B DC. The three sides of the one may be 
proved equal, each to each, to the three sides of the other ; 
thus, DA equals C F, as each is a semi-circumference, and, if 
the common part C A is subtracted, there remains D A, equal 
to A F. In similar manner, it is proved that B C equals EF, 
and BD equals A F. The triangles are, then, equal (Prop. 
XIII.), and the two triangles have, thus, been proved equiva- 
lent to the lune whose angle is A. 

By a course of reasoning entirely analogous to that in 
Book vl. Prop, i., and Prop. vi. and Prop, xl, it may be 
proved that the surface of any lune is to the surface of the 
sphere as the angle of the lune is to four right angles ; that is, 
L : 8 T : : A : 4, in which L may represent any lune ; T, the tri- 
rectangular triangle ; and A, the angle of the lune. 

8 X A X T 

Any lune equals, therefore, , or 2x A x T ; that 

4 

is, a tri-rectangular triangle, multiplied by twice the angle 
of the lune. 

It has been proved, that for each angle of the triangle 
there is a lune in the hemisphere A-B C £ F. The sum of 
these three lunes must, then, be equal to 

{2A ■\- 2B + 2C) X T. 

It is obvious that they exceed the hemisphere, or 4 T, by 
twice the area of the given triangle ; that is, 

{2H + 2B ^ 2C) X T—4T+2X. 
By transposing and dividing, according to the axioms, 
2X={2A-{-2B^-2C — 4) x T; and, 

X=(A-^B + C — 2)x T; or, / equals the spher- 
ical excess multiplied by a tri-rectangular triangle. 

Conclugion : A^ ABC'xs any spherical triangle, etc. 
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Corollary I The vertical triangles formed on a hemi- 
sphere by the intersection of two semi-circumferences of 
great circles are equivalent to a lune whose angle is the 
vertical angle of the two triangles. 

Corollary IL The area of a lune, 2kT, may be said to be 
equal to twice the angle of the lune, T, the trirectangular tri- 
angle, being represented by / as the unit of area. 

Corollary III. The area of a spherical polygon is equal to 
its spherical excess multiplied by a trirectangular triangle ; 
that is, to the sum of its angles diminished by two right 
angles, taken as many times as the polygon has sides less two, 
multiplied by a trirectangular triangle. 



Scholium 1 By analogous reasoning, it may be proved 
that a spherical wedge is equal to twice the angle of the lune 
that forms its base multiplied by the trirectangular pyramid. 

Scholium IL A triangular spherical pyramid is equal to the 
spherical excess of its base multiplied by the trirectangular 
pyramid. 

Scholium III. A spherical pyramid with any polygon for its 
base is equal to the spherical excess of that polygon multi- 
plied by the volume of the trirectangular pyramid. 



MISCELLANEOUS EXERCISES. 

5S3. 1 . The sum of the two arcs of great circles drawn 
from any point within a spherical triangle to the extremities 
of any side is less than the sum of the two other sides of the 
triangle. 
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2. Draw an arc perpendicular to a given spherical arc, 
from a given point without it. 

3. Bisect an arc of a great circle. 

4. Prove that the sides opposite the equal angles of a 
birectangular triangle are quadrants. 

5. Prove that the sum of two angles of a spherical tri- 
angle is less than the third angle increased by two right 
angles. 

6. Bisect a spherical angle. 

7. Construct a spherical triangle, two sides of the included 
angle being given. 

8. Construct a spherical triangle, two angles and the in- 
cluded side being given. 

9. Construct a spherical triangle, the three sides being 
given. 

10. Construct a spherical triangle, the three angles being 
given. 

11. Construct a sphere tangent to three given planes. 

12. Construct a sphere tangent to two planes and a given 
sphere. 

13. Construct a sphere tangent to one plane and two 
spheres. 

14. Construct a sphere tangent to three given spheres. 

15. Through any given straight line without a sphere pass 
a plane parallel to the sphere. 

16. Prove that the surface of a sphere is equal to the lat- 
eral surface of the circumscribing cylinder. 

17. Prove that the surface of the sphere is to the entire 
surface of the circumscribing cylinder, as 2 : 3. 

18. Prove that the volume of the sphere is to the volume 
of the circumscribing cylinder, as 2:3. 
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19. A plane bisecting a dihedral angle is everywhere 
equally distant from the planes of the given angle. 

20. Any point not in the bisecting plane is unequally dis- 
tant from the planes of the dihedral angle. 

21. Find the locus of a point in space equidistant from 
the extremities of a given line. 

22. Find the locus of a point in space equidistant from 
two parallel planes. 

23. Find the locus of a point in space equidistant from 
two intersecting planes. 

24. Find the locus of a point in space equidistant from 
two parallel planes, also, equidistant from any two points. 

25. An oblique straight line makes with its projection on 
a plane the least angle which it makes with any line in the 
plane. 

26. Find the locus of a point in space equidistant from 
the three edges of a trihedral angle. 

27. Find the locus of a point in space equidistant from 
the three faces of a trihedral angle. 

28. Tetrahedrons with two equal solid angles are propor- 
tional to the products of the edges of the equal angles. 

29. Similar polyhedrons may be separated into the same 
number of similar tetrahedrons, similarly placed. 

30. In any polyhedron, the number of edges increased 
by two is equal to the number of vertices increased by the 
number of faces. (Euler's Theorem.) 

31. The sum of the plane angles in the surface of any 
polyhedron equals four right angles multiplied by the num- 
ber of vertices, minus two. 

32. A sphere may be inscribed in any tetrahedron. 

^^. A sphere may be circumscribed about any tetrahe- 
dron. 
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34. The arc of a great circle is the shortest distance 
between any two points on the surface of a sphere. 

35. The polar distance of any arc of a great circle is a 
quadrant. 

36. A plane perpendicular to a radius at its outer ex- 
tremity is tangent to the sphere. 

37. A plane tangent to a sphere is perpendicular to the 
radius drawn to the point of contact. 

38. Construct a spherical triangle, the poles of the respect- 
ive sides being given. 

39. The intersection of two spheres is the circumference 
of a circle whose plane is perpendicular to the line joining 
the centers and whose center is the point of intersection 
with this line. 

40. The sides of a spherical polygon are together less than 
the circumference of a great circle. 

41. The equal sides of a birectangular spherical triangle 
are quadrants, and the third side is the measure of their 
included angle. 

42. The sides of a trirectangular spherical triangle are 
quadrants. 

43. Erect a perpendicular to the given arc of a great 
circle from a point on the arc. 

44. From a point without an arc of a great circle, let fall a 
perpendicular to the arc. 

45. Find the surface of a sphere, the diameter being 12. 

46. Find the surface of a lune, the angle being 45°, the 
radius being 10. 

47. What is the area of a spherical triangle, the angles 
being 45°, 90°, and 120'', the radius being 5 ? 

48. Find the radius of a sphere, if the surface is 500 
square feet. 
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49. Find the volume of a sphere, if the surface is i.ooo 
square inches. 

50. What is the area of a spherical quadrilateral, the 
angles being 120°, 130°, 140°, and 150°, the volume of the 
sphere being 1 ,000 cubic feet ? 

51. Find the area of the spherical pentagon, the angles 
being 90°, 110°, 130°, 150°, and 170°, the diameter being 
20 feet. 

52. Find the volume of a triangular spherical pyramid, 
the angles of the base being 60°, 120"^, and 240°, and the 
radius being 1 2 feet. 

53. Find the volume of a spherical wedge, the angle 
being 72", the volume of the sphere being 1,728 cubic feet. 

54. Find the volume of a spherical segment, the radius 
being 25 feet, the planes of the bases being 10 feet and 15 
feet from the center. 

55. Find the entire surface of a spherical cone, the radius 
of the sphere being 10 feet, and the radius of the base being 
an arc of 10°. 
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